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'PBEFACE 

TO THE FI RET EDITION. 

• • 


It may truly asserted that the* rapid progress of the 
physical sciences during* the last three centuries has not 
been accompanied by a corresponding advance in the 
theory of reasoning. Physicists speak familiarly of 
Scientific Method, but they could not readily describe 
what they mean by that expression. Pitfoundly engaged 
in the study of particular classes of natural phenomena, 
they are usually too much eiigross|d in the immense and* 
ever-accumulating# details of their special sciences to 
generalise upon the methods of reasoning which they 
uncons^usly employ. Yet few will denjf that these 
methods of reasoning ought to be studied, especially by 
those who endeavour to introduce scientific order iitfo less 
successful ancl methodical branches of Icnowh^lge. 

The ♦application of Scienti^c Method cannot be re- 
stricted to the sphere of lifeless objects. We must sooner 
or later hav^ strict scientes of those meital and sociaj 
phenomena, which, if compaiison be possible, are of .more 
interest to us than purely material phenomena. But it 
is the proper course of reasoning jto proceed from%ie 
known, to the npknown— from the efident%o the obscure 
— from the material and palpable ti, the sublie and 

refined. Xhe physical sciences may therefore be proj^erly 

• • 
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made the practice-groumd of the reasoning powers, because 
ttiey furnish us with a great body of precise and successful 
investigations. In these sciences we meet with happy 
instances *of unquestionable decftictive^ reasoning, of <55*1 
tensive generalisation, of happy predictioi^, of satisfactory 
veri% 5 atio^ of lAce calculation of probabilities. We can 
note how yie slightest analogical clue has been followed 
tip tcba glorious discovery, how a rash generalisation has 
at length been ei:posed, or a conclusive experimenti^n 
cruds has decided the fong continued strife between twii 
rival theories. • . 

Irk^following out my design of detect®g the general 
methods St inductive investigation, I have found that the 
more elaborate and interesting processes of quantitative 
induction have their necessary fcjundation in flie simpler 
science of*FormAl Logic. The earlier, and probably by 
far the least attractive part of this wor^,. consists, there- 
fore, in a statement of the so-called Fundamental Laws 
of Thought, and ©f tlie all-important Principle of Substi- 
tution, of which, as I think, all reasoning is a develop- 
pinent. the whole procedure of inductive inquiry, in its 
most complex cases, is foreshadowed in^the combinational 
view of Logic, which arises directly from these fundamental 
principles. | Incidentally I have described the mechanical 
arrangements by which ^the* use of the imporfiliit form 
ealled^tha Logical Alphabet, and the whole working of 
thS combinQi^ional system of Formal Logic,* may be ren- 
dered evident* to the eyfi, and easy to the mipd and 
hand. 

* 

^ The study l|)th of Formal l^ogic and of ^lie Theory of 
Probabilities has led me to#adopt tlic opinion that tliere 
is no such thing as a distinct method of induction as 
cdlftrasted with deduction, but that induction is simply 
an inverse eifployment of deduction, ^ithin the last 
century a reaction«has been setting in against the purely 
empirical proceduie of Francis Bacon, and physicists have 
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learnt to advocate the use of hjtpotheses. I take the 
extreme view of holding that Francis Bacon, although he 
correctly insisted upon constant reference tp experience, 
J^no correct notjpns as* to the logical method* by u^ich 
from particular f|Lcts we educe laws of^^natui'e^ I endea- 
tour^to shoj^ that kypothctical anticipation dfc nature is 
an# essential fart of inductive inquiry, and that it is the 
Ifewtonian Method of deductive reasoning conabined, with 
elg.borate experimental verification, which has led to alj 
file great triumphs of scientific research. • ^ 

In attempting ^to give an explanatio^i.of this view of 
Scientific MetBod, I haf e first to show that the sciences 
of number and quantity repose upon and spring from the 
simpler %nd more general science of Logic. The Theory 
of ProbabSlity, which enables us to estimate and calculate 
quantities of knowledge, is then described, aM especial 
attention is drawp to the Inverse Method of Pjrobabilities, 
which involves, as I conceive, the true principle of a in- 
ductive procedure. No inductive conolusions are more 
than probable, and I adopt the opinion that the theory of 
probability is an essential part of logical method, so that 
the logical value oj every inductive result must be deter- 
mined consciously or unconsciously, according to the 
principles of the inverse method of probability^ 

The jfhenomena of natufe are commonly manifested 
in quantities of time, space, force, energy, &c., a^fti the 
observation, measurement, and analysis of the varit)us 
quantitjitive conditions or remits involv(!d, even in a 
simple experiment, demand much employment of system- 
atic proceduie. I devote^ a book, therefore, to a simple 
and general description of tjie devices by which exact 
measurement is effected, Errors eliminated, a probable 
mean result attained, and the probable error of that 
ascertained. IJhen proceed to the pjjjincipal and probably 
the nfost interesting, object of the^ bo^, illu^ating 
successively the conditions and precatj^tions requisite for 
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aeCRrate observation, successful experiment, and for 
Ijie sure detection of the quantitative laws of nature* 
As it is imjmssible to comprehend aright the valUe of 
quaiftitative laws without constantly bearing in mind iha 
d%ree of ^antitative approximation to^the truth probably 
attaShed, ijftave devoted a special chapter toi the Theory 
of Approximation, and however imperfectly* I may^hgve 
Isreated thil subject, I must look upon it as a very essent^ 
part of a work on Scientific Method. 

It then xemains to Illustrate the sound use of hypo- 
thesis, to distingjuffeh between the portions of knowledge 
whicji we owe to empirical observation, T:o«accidental dis- 
cover^, o^to scientific prediction. Interesting questions 
arise concerning the accordance pf* quantitative theories 
and experiments, and I point out how the^ ifticcessive 
verification of an hypothesis by*distinct methods of ex- 
periment yiplds conclusions approximating to but never 
attajining certainty. Additional illustrations of the general 
procedure of inductive investigations are given in a 
chapter on the Character of the Experimentalist, in which 
I endeawDur to show, moreover, that the inverse use of 
deduction was really flie logical method of such great 
masters of experimental inquiry as iTewton, Huygheiis, 
and Faraday. 

In treating Generalisation and Analog, I coBftider the 
precai^iions requisite in iifferring from one case to another, 
or rfrom one part of the universe to another part ; the 
validity of^Ji such inferences resting ultimately upon 
the inverse method of probabilities. The treatment of 
Exceptional Phenomena appeared to afford jn interesting 
Subject for a fiftther chapter illustrating the various modes 
in which an outstanding fact may eventually be explained. 
Ttyi formal part of the book closes with the subject of 
Classification, jwhich ts, however, very inadequately treats, 
I have^i^in fact, almost restricted •myself 15 showing that 
aU classification is fundamentally carried out upon the 
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principles of Foxyofial Logic and ^the Logical Alphabet 
described at the outset. ^ 

In ^certain , concluding remarks I have expressed the 
'eaaviction which the study of Logic ha^’ by degrees 
forced upon my mind, that serious misconceptions sa*e 
entertained ^ some scientific men as to Icsgical value 
of ^ our knowledge of nature. We have heard much of 
wjfat has bffen aptly called the Eeign of LaV, and th§ 
necessity and uniformity of natural forces has been not 
isncommonly interpreted as involving the non-existence 
of an intelligent and benevolent Powe;> fapable of inter- 
fering with tire '‘course of natural events. Fears have 
been expressed that the progress of Scientific Mfethod 
'must therefore result in dissipating the fondest beliefs 
of the human heart. Even the ‘Utility of lleligion* is 
seriously proposed as a subject of discussion. >It seemed 
to be not out of place in a work on Scientific Method to 
allude to the ultimate results and limits of that metliod. 
I fear that I have very imperfectly succeeded in expressing 
my strong conviction that before a rigorous logical scrutiny 
the Reign of Law will prove to be an unveri%d hypo- 
thesis, the Uniformity of Nature a© ambiguous expression,^ 
the certainty of o\fr scientific inferences to a great extent 
a delusion. The value of science is of coui’se very high, 
while tlj^a conclusions are kept well within tSie limits of 
the data on which they are founded, but it is pointed out 
that our experience is of the most limited character com- 
pared with what there is to leawi, while our^'Sntal powers 
seem fall infinitely short of the task of comprehending 
and explaining fully the nature of, any one object. I 
draw the conclusion that* we must interf^et the results 
of Scientific Method in an, affirmative sense only. Ours 
must be a truly positive philosophy, not that false 
tive philosophy which, building on a few material facts, 
presuntes to aisert that it has compass^ the bounds 
of existence, while it nevertheless ignores the most 
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unquestionable phenomena of the human mind and feel- 
ings. 

It is approximately certain that in freely employing^ 
illustrations drawn from many Siffereut sciences, I hS^ 
frequently^allen into errors of detail. Iji this respect I 
must threw mySelf upon the indulgence of the rpadet, 
who wOl bear in mind, as I hope, that the scientific facts 
tire generally mentioned purely for the* purpose of illms- 
Jtration, so that inaccuracies of detail will not in the 
majority •'f* cases affect the truth qf the general principles 
illustrated. 

December 15 , 1873 . 
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Ficw alterations of importance have been macfe in- 'pre- 
paring this second edition. Nevertheless, advantage has 
been talrea of the oppbrtnnity to revise very carefully 
botli the language and "the matter of the beok. Cor- 
respondents and eritics having pointed cut inaccuracies 
of more or les.s importance in the first edition, suits^le 
corrections and emendations have been made. I am under 
obligations to Mr. C. J. Monro, M.A., of Barnet, and to 
Mr. W. H. Brewer, M.A., one of Her Majesty’s Inspectors 
of Schools, for numerous correctichs. 

Among several Editions which have been made to the 
text, I may mention the abstract (p. 143) of Professor 
Clifford’feiremarkiJble investigation into the^number of 
types of compound statement involving four classes of 
objects. This inquiry carries forward the inverse logical 
problem described in the preceding sections. "Again, the 
need of*some better logical method than the old Barbara 
Celarent, &c., is strikingly shown by. Mr. Venn’s logical 
problem, described at p. 90.’ A great numbef of candidates 
in logic and philosophy wera tested by Mr. Venn with this 
problem, which, though simple in reality, was solved jff 
very few of those who were ignorant of Boole’s Logic. 
Other evidence aould be widuced by l 4 r, Vera of the need 
for some better means of logical training, To enable the 
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lineal stirient to test Ms skill in the solution of inductive 
Logical problems,, I have given (p. 12 }^) a seriei^ of ten*^ 
jiToblems grfednated in difficulty. 

To prevent misapprehension, it should be mentioned 
fchai? throilgheut this edition, I htive substituted the nasaae* 
IfOgicoU Alphabet igic Logical Ahecedarium,^^ name applied 
in the fir^ edition to the exhaustive series of logical 
combinations represented in terms of A,B^C,D (p. 94). 
it objected by some readers that •AbeStdarium i% a 
Jong and unfamili^ name. ^ 

^0 the chapter on tjnits and Standards of Measurt^ 
ment, I have ad 4 ed two sections, one (p. 325) containing 
a btief statement of the Theory of Dimensions, and the 
other (p.^319) discussing Professor Clerk Maxwell’s very 
original suggestion of -a Natural JS^stem of Standards for 
the measurement of space and' time, dependit!^ upon the 
length and rapidity of waves of light. 

In niy description of the Logical* Machine in the 
Philosophical Transactions (vol. 160, p. 498), I said — 
“ It is rarely indeed that any invention is made without 
some anticipation being sooner or later discovered ; but up 
to the pfesent time I ^m totally unaware of even a single 
previous attempt to devise or construct a machine which 
should perform the operations of logical inference ; and it 
is only, I l^lieve, in the satirical writings of Swift that an 
allusion to ’an actual reasoning machine is to found.” 
Befc^ the paper was printed, however, I was able to refer 
(p. 518) to the ingenious designs of the late Mr. Alfred 
Smee as attempts to represent thought mechani(Jhlly. 
Mr. Smee’s machines indeed were never constructed, and, 
if constructed, would not have performect actual logical 
' inferenca I? has now ju|t come to light, however, that 
the celebrated Lord Stanhope actually did construct a 
Mechanical device, capable of representing syllogistic 
inferences ima coi^rete form. It appears that logic was 
one of the favourite studies of this tftly origlhal anrf 
it^enious noblec^n. The^e remain fragments of a logical 
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work, printed by the Earl at his own press, which show 
•that he ha-d arrived, before the year 1800, at the principle 
of the quantified predicate. He puts forward this print) 
cfple in the most explicit planner, and proposes to employ 
* if throughout his ^yllogfetic system. Moreover, he fcon- 
verts Negative propositions into affiripative . ones, and 
represents th|se by means of the copula '^is identic with.” 
Thus he anticipated, probably by the force of his own 
unaided insight, the main points of the logical method 
or^nated in the works of George Beptham and George 
fioole, and developed in^ this work. Stanhope, •indeed, ^has 
no claim to priority of discovery, because he seems never 
to have published his logical writings, although they were 
put into print. There is no trace of them in tlie British 
Museum , Library, nor in any other library or logical work, 
so far as Tam aware, ^oth the papers and the logical 
contrivanoe have been placed by the present Eaii Stanhope 
in the hands of the Eev. Eobert Harley, F.E.S., who will, 
I hope, soon publish a description of them.^ i. 

By the kindness of Mr. Harley, I have been able to 
examine Stanhope’s logical contrivance, called by him the 
Demonstrator. It consists of a square piece of feay-wood 
with a square depression in the centre, across wliich two 
slides can be pushed, one being a piece of red glass, and 
the other consisting of wood coloured gray. The extent 
to whiclf each of these slides is pushed in is indicated by 
scales and figures along the edges of the aperture, a^d the 
sim|)le rule of inference adopted by Stanhope is : ** To ’ihe 
gray a^jd the red and subtracfb the holon** meaning by 
holon (^\ov) the whole width of the aperture. This rule 
of inference is a curious^ anticipation of^ De Morgan’s 
numerically definite syllogisni, (see below, p. 168), and o^ 
inferences founded on what Hamilton called “ Ultra 4 otal 
distribution.” Another curious point about Stanhb^’s 

«» ^ Sm<!| the abor^as written Mr. Harl^ haa read aij^account of Stan- 

hope’s logical rcitiSns at the®Dablm Meeting .j( 1878) of thj British 
Association. The paper will he printed in Mind. (Note added November, 
1878.) ^ 
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device i8> that one slide can be drawn out and pushed in 
again at right angles to the other, ai^d the overlapping 
part of the slides then represents the probahilily of a 
conclusion, derived from two premises of which the pro- 
babilities ere, respectively represented by the projectixig 
pdrts of the slides. Thus it appears that Stanhope had 
studied theflogia of probability as we^i as\ha# of certainty, 
here again anticipating, however obscurely, the ^fecent 
f)rogTess of logical science. It will be acen, however, t^at 
between Stanhope's Demonstrator and my Logical Machine 
there is na resemtlancl beyond the fact that they bSth 
peil’orm logical p3&rence. * 

In the first edition I inserted a section* (wol. i. p. 25), on 
** AnticipStions of the Principle of Substitution," and I 
have reprinted that section unchanged in this edition 
(p. 21). I remark therein that, In such a subject asl^ogic 
it is hardly possible to put forth *any opinions which have 
not been in some degree previously entertained.^ The 
geign at least of every doctrine will be found in Earlier 
writings, and noyelty must arise chiefly in the mode of 
harmonising and developing ideas/' I point out, as 
Professor T. M. Lindsay had previously done, that Beneke 
^had employed the namS and principle of substitution, and 


that doctrines closely approximating fb substitution were 
stated by the Port Eoyal Logicians more than 200 years 
ago. ' • - 


I have not been at all surprised to learn, however, that 
other logicians have more or less distinctly stated this 
principle 0? substitution .during the last two centuries. 


As my friend and successor at Owens College, professor 
Adamson, has discovered, this principle can j3e traced back 
\o no less a philosopher than Leibnitz. 

The remarkable tract of L^bnitz,^ entitled **Non inelegans 
Specimen Demonstrandi in Abstraetis,” commences at once 


with a definit|on corresponding to the principle ; — 

' Leibhitii Opera PhMosqphica quae extant, Erdmann, Pars I.^Berolini 
1840^ p. 94. ’ 
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" Eadein sunt quorum unura potest substitui alteri salva 
vcritate. ♦ Si sint A et B, et A ingrediatiir aliquam pro- ^ 
jositionem veram, et ibi in aliquo looo ipsius A pro ipso 
^.ubstituendo B fiat nova prppositio oeque itideni vera, idque 
semper succedat in*quacunque tali propositione, .4 et 
licnntur esse^ eadem ; et contra, si eaddh^ siniiT*^ et B, 
pr?)ced<€^ subst^tutio quam dixi.” 

Leibnitz, explicitly adopts the principle of sub- 

stittition, but he puts it in the form of a definition, sapng 
tl^ti those things are the same whkjh cAn be substituted 
one for the other, without affecting tl^ truth of the 
proposition. Tt^is^iily after having tliiis^ tested the same- 
ness of things that we can turn round and say thiiifc A mnd 
B, being the same, may Jje substituted one for the other. 
It would S5gp as if we wire here in a vicious circle ; for 
we are not allowed to substitute A for B, imlessi^we have 
ascertained by trial that the result is a true proposition. 
The difficulty does* not seem to be removed byTLeibnitz’ 
proviso, "‘idque semper succedat in quacunque tali pro- 
positione.” llow can we learn that because A and B may 
be mutually substituted in some propositions, th^ may 
therefore be substituted in others ; ami what is the criterion 
of likeness of propo«itions exptessed in the word ’‘‘tali” ? 
Whether the principle of substitution is to be regarded as 
postulate, yf axiom, tor a definition, is just one offthose fun- 
damental questions which it seems impossible to settle tUj^the 
present position of philosophy, but this uncertainty wilf no^ 
prevent our making a considerable step in logical science. 

Leibnite proceeds to establish in the form of a theorem 
what is usually taken as an axiom, thus (Opera, p. 95) : 

Theorema I. ^use sunt eadem uni tertic^eadem sunt 
inter se. Si -^4 a ^ et oc G*Qnt A on 0 , Nam si in 
propositione A oz B (vera ea hypothesi) substituitur G i^ 
locum B (quod facere licet per Def. I. quia B oz G ex 
hypothesj) fiet ^ o: ( 7 . ^Q. E. Demf' Tli^s Leibnitz 
precisely anticipates the mode of treating inference *with 
two simple identities described Itt p. 5 1 of thi^ work.' 

• 7 
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Bveii the mathematical axiom that ‘equals ^ded to 
equals make equals/ is deduced frcto the principle of 
^ substitution. At p. 95 of Erdmann’s edition, we find : “ Si 
ei^m a 4 dantur coincidentia fiunt coincidentia. Si A oc 
erit A + C hi B + C. Nam si in propositione A + C A 
+ C (qufi^est ves?a per se) pro A semel aubsjituas J? (quod 
facere licet per Def. I. quia A (x BJ fiet A^ C oc^ C 
Q. E. Desn.” This is unquestionably the mo^e of deducing 
the" several axioms of mathematical reasoning from Hhe 
higher axiom of •substitution, which is explained in#^e 
section on mathematical inference (p. 162) in this work, 
and which had wsen previously stated nn^my Substitvi^m 
p. 16. 

There are one or two other brief^tracts in which Leibnitz 
anticipates the modern views! of logic. Thus in the 
eighteen^ tract in Erdmann’s edition (p. 92), "called 
“Fundamenta Calculi Eatiocinatoris, he says: “Inter ea 
quorum unum alteri substitui potest, salvis calculi legibus, 
dlcetur esse sequipollentiam.” There is evidence, also, that 
he had arrived •at the quantification of the predicate, and 
that he fuUy understood the reduction of the universal 
affirm^ive propositiott to the form of an equation, T^hich is 
the key to an improved view of logia Thus, in the tract 
entitled “Difficultates Qusedam Logicce,”^ he says : “Omne A 
est B ; id ^st equivalent AB et A, seu A non B ^t non-ens.” 

It is curious to find, too, that Leibnitz was fully ac- 
^uamted with the Laws of Commutativeness and “ Simpli- 
city ” (asti have called the second law) attaching to logical 
symbols. In the ^ Addenda ad Specimen Calculi Univer; 
salis” we read as follows.^ “ Transpositio Hterarum in 
eodem termiuo nihil mutat, sit ab coinciftet cum Ja, seu 
animal rationale et rationale animal/’ 

“Kepetitio ejusdem litere*in eodem termino est inutilis, 
h est aa; vel W est a; homo est animal animal, vel 
homo homd est animal. Sufflcit cnira^ dici a est seu 
borne est animali^’ 

^ Brdmaiii, p. 102. r 


* Ibid p. 98. 
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, Compariug this with what is stated in Boole's Maiht- 
matical Analym* of Logic, pp. 17-18, in his Laws of 
Thought, p. 29, or in this work, pp. 32-35, we find thsit 
Leibnitz had arrived two centuries ago at a clear ^perception 
8f the bases of logical ndttation. When Boole pointed (yit 
t|iat,/n logic, this seemed to mathematicians to be 

ft paj*adox, er in^afiy case a wholly new discovery; but 
here we have it plainly stated by Leibnitz. • 

♦The reader mtst not assume, however, that beeause 
Lgibnitz correctly apprehended thg fundamental principles 
of logic, he left nothiiig for modern logicians* to do. mOn 
the contrary, Leibnitz obtained no usq^h results from his 
definition of substitution. When he proceeds ^ ejy^lain 
the syllogism, as in the paper on " Defiuitiones Logicae,” ^ 
he gives# up substitutioi^ altogethel*, and falls back upon 
the1ibti6?of inclusion ^f class in class, saying, ‘^Inclu- 
dens includentis est inemdens inclusi, seu si jf includit £ 
et £ includit C^ timm A includet G'' He proceeds to 
make out certain rules of the syllogism involving Hhe 
distinction of subject and predicate, and in no important 
respect better than the old rules of the syllogism. 
I.ieibnitz' -logical tracts are, in fac|, little more tfian brie^ 
memoranda of investigations which seem never to have 
been followed out. They remain as evidence of his 
wonderful sagacilgr, but it would be difiBcult to show that 
they ha^e had any influence on the progress of logical 
science in recent times, C 

I should like to explain how it happeneej^ that thl5se 
logical ^writings of Leibnitz w^re unknown to me, until 
within the last twelve months. I am so slow a reader 
of Latin boolts, indeed, th|it my ovarlooki]^ a few pages 
of Leibnitz' works would ^ot have been in any case 
surprising. But the fact fei that the copy of Leibnitz’ 
works of which I made occasional use, one of She 
edition of Dutens, contained in O^iiens C|liege Library, 
The lineal t%ftts in qifestion were rg)t printed jn that 

^ Erdmaiw, p. 100. 
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edition, and with one exception, they remained in manu- 
script in the Koyal Library at HanoveV, until edited by 
lErdmann, in 1839-40. The tract "Difficultates Qusedam 
Log^se/' though not known to Dutens, ^yas published by 
Easpe in 176$, in his collection called CEuvres Phdlo- 
sophiques feu Leibnitz: but thi^ wqrk had not 
come to my notice, nor does the trabt in question «eem 
to contaii^ any explicit statement of the ^principle 'bf 
substitution. * 

It is, I presume, •the v>niparatively recent publication<»o5 
Leibnitz* most r^arkable logical* tracts which explains 
the apparent ighosance of logicians as regards their con- 
tent!^ importance. The most learned logicians, such 
as Hamilton and Ueberweg, ignore^Leibnitz* principle of 
substitution. In the *A.ppendix to the fourth Jfolume of 
Hamilton*^ Lectures on Metaphysics and Logic, is given 
an elaborate compendium of the views of logical WTiters 
concerning the ultimate basis of deductive reasoning. 
Lefbnitz is briefly noticed on p. 319, but without any 
hint of substitutfon. He is here quoted as saying, “ What 
are the same with the same third, are the same with each 
c other; tiiat is, if A be? the same with B, and^C be the 
same with B, it is necessary that A and G should also 
be the same with one another. For this principle flows 
immediate! from the principle, of corftradiction, and is 
the ^ound and basis of all logic ; if that fail, there is no 
longer any way of reasoning with certainty.** This view 
or the matter seems to be inconsistent with that which he 
adopted in his posthumous tract, • 

Dr. Thomson, indeed, was acquainted with Leibnitz* 
^.racts, and refers to them in his Outline of the Necessary 
Laws of Thought He callsf them valuable ; nevertheless, 
he seems to have missed the really valuable point ; for in 
n^ing two brief quotations,^ he omits all mention of the 
principle of sfibstitutton. , # • 

Uebftrweg is probably considered the best authority 
* 'Ji’ifth Edition, i860, p. k,8. 
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Concerning the history of logic, and in his well-known 
Bystem of Logic arid History of Logical Doctrines^ he giveg 
some account of the principle of substitution, especially 
as it is implicitly stated ^ the Port Royal Logic, BiJit he 
omits all reference lo Leibnitz in this connection, nor does 

elsewhere, so^far^as I can find, suj^ftly tbSe' omission. 
His English editor, Professor T. M. Lindsay, in referring to 
mj Substitution of Similars, points out how I Was antici-. 
pated by Beneke ; but he also ignores Leibnitz. It isTihus 
•p|)arent that the most learned logicians,* even wjien writing 
especially on the history of logic, displ|yed ignorancff of 
Leibnitz’ most^valuable logical writings.® 

It has heen recently pointed out to me, however/Ahat 
the Eev. Robert Harley did draw attention, at the Not- 
tingham ^Meeting of the Biitish Association, in 1 866 , to 
Leibnitz’ anticipations of Boole’s laws of logical notation,^ 
and I am informed that Boole, about a year after the pub- 
lication of his Laws of Thought, was made acquainted with 
these anticipations by E. Leslie Ellis. 

There seems to have been at least one other German 
logician who discovered, or adopted, the principle of sub- 
stitution. Eeusch, in his Systemc^Logicum, published m% 
1734) laboured to Tgive a broader basis to the Dictum de 
Omni et Nullo, He argues, that the whole business of 
ordinary jreasonin^ is accomplished by the substitution of 
ideas in place of the subject or predicate of the i^nda- 
mental proposition. This some call the equation of thdUghj^'* 
But, in the hands of Eeusch, sul)stitution does^ot seem to 
lead to* simplicity, since it has to be carried on according 
to the rules of Equipollence, Reciprocation, Subordination, 
and Co-ordination.^ EeusCh is elsewhere s^ken of ^ as the 
“ celebrated Eeusch ” ; nevejthbless, I have not been able to 

* Section 120. 

* See hia “Remarks on Boole’s Mathennftical Anjlysis of Logic.’* 
Report of the ^Oth Meeting of %ke BHHsh Assodcgion, Traiisacti^m of the 
Se’stions, 3 '— 6 - 

* Hamuton’s Lectures, vol. iv. p %i 9 . 

* Ibid> p. ^26. t 
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fmd a copy of his book in London, ev^n in the Britisli 
l^useum Library; it is not mentioned in the printed 
catalogue of the Bodleian Library; Messrs. Asher have 
failefi to obtajii it for me by acV/ertisepent in Germany.; 
and Professor Adamson has been equally unsuccessful. 
From the ^ay ki* which the principle olf siAstitution ia 
mentioned by Eeusch, it would seem likely that other 
logicians of the early part of the eighteenth Century wq?.’e 
acquainted with it j but, if so, it is still more curious that 
recent histo-^ians of lo^cal science have overlooked tli€ 
doctrine. ^ f 

It is a strange afld discouraging fact, tfiat? true views of 
logic'shoifid liave been discovered and discussed from one 
to two centuries ago, a?id yet shojiiltl have remained, like 
George Bentham’s work in this ' century, witlTOut influ- 
ence on the subsequent progress of the science. It may 
be regarded as certain that none of the discoverers of 
the^^ quantification of the predicate, Bentham, Hamilton, 
Thomson, De Mo^’gaii, and Boole, were in any way assisted 
by the hints of the principle contained in previous writers. 
As to my own views of logic, they were originally, moulded 
^by a careful study of Boole’s works, as fully stated in my 
first logical essay. As to tlie process of substitution, it 
was not learnt from any work on logic,^but is simply the 
process of substitution perfectly familiar to inatheAiaticians, 
and with which I necessarily became familiar in the course 
ofcmy long-continued study of mathematics under the late 
Professor iSe Morgan. ‘ 

o i; 

I find that the Theory of Number, which I explained in 
the eighth chapter of- this work, is also partially anticipated 
fh a single scSolium of Leibnitz. He first gives as an 
axiom the now well-known law of Boole, as follows : — 
Axioma I. Si idem secum ipso sumatur, nihil consti- 
tuitur novum, seu ^ + A cc A.” Then follows this 

^ t- C * 

Pure Logic, or the Logic of Quulrtg apart from Quantity^ v.'ilh 
Herfuirhs ou Poole s Sy^hcai, CLTid on ^ic llclation of Logic wnd% MO/th&niaticB. 
London, 1S64, p. 3. • 
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remarkable scholium : “ Equideni in numeris 4+4 facit 
8, seu bini nummf binis additi faciunt quatuor numriios, 
sed tunc bini additi sunt alii a prioribus ; si iidem essenf 
, nihil novi prodiret et perinde esset ac si joco ^ex tr^bus 
ovis facere vellemuis sex numerando, primum ^ ova, dein^e 
uno sublato» residua 2, ac denique ufio rnr|^i-s sublato 
residuum/* • 

Translated*this would read as follows : — 

Axiom I. If the same thing is taken together with 
i^<s«lf, nothing new arises, or A + A == A. 

“ Scholium. In numbers, indeed, 4 + ^ makes 8, or 4 iwo 
coins added t^ bwo coins make four ^oifis, but tlien the 
two added are different from the former ones ; if theyjfvere 
the same nothing ne’y' would be produced, and it would 
be just aifjf wo tried in Joke to mal^e six eggs out of three, 
by counting firstly the tli^ee eggs, tlien, one being removed, 
counting the remaining two, and lastly, one being again 
removed, counting the remaining egg/' 

Compare the above with pp. 156 to 162 of the presTjnt 
work. 

■ M, Littrc has quite recently pointed out^ what he thinks 
is an analogy between the systenB of formal logic, stated, 
in tlie following pages, and the logical devices of the 
celebrated Eaymond Lully. Lully’s method of invention 
was described in ft great number of medisevgl books, but 
is best stated in his^7’s Coiajpendiosa Invenicndi Veritatem, 
seu Ars Magna et Major. This method consisted in placing 
various names of things in ^the sectors of» concentric 
circles , *80 that when the circles w^ere turned, every possible 
combination of the things was easily produced by mechani- 
cal means, ft might, perhaps, be possible tto discover i© 
this method a vague and rryie^anticipation of combinational 
logic; but it is well known that the results of LuUy’s 
method were usually of a fanciful, if not absurd characftr. 

A tnuch clq^er analogue of th^ Logicil Alphabet is 
probably to be found in the Logical Square, inv^ited by 

^ Za PHlosonhic PosiMve 1877, tfui. xyiii. p. 456. 
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John Christian Lange, and described In a rare and un- 
noticed work by him which I have recently found in the 
British Museum.^ This square involved the principle of 
bifurcate classification, and was ^an improved form of the 
Rg.mean and^Porphyrian tree (see belorw, p. 702). Lange 
seems, indeed, Jo*^ have worked out hi& Logical Square 
into a mechanical form, and he suggests that it might be 
employed rsomewhat in the manner of Napier's Bones 
(p. 65). There is much analogy between his Square and 
my Abacus, but Lange thad not arrived at a logical systei?^ 
enabling him to qse his invention' for logical inference in 
the manner of' the Logical Abacus. Another work of 
Lan^e isoaid to contain the first publication of the well 
known Eulerian diagrams of proposition and syllogism.^ 
Since the first edition was published, an /important 
work by ^r. George Lewes has appeared, namely, his 
Problems of Life and Mind, which to a great extent treats 
of scientific method., and formulates the rules of philo- 
sophising. I should have liked to discuss the bearing 
of Mr. Lewes’s views upon those here propounded, but 
I have |*elt it to be impossible in a book already filling 
1- nearly 800 pages, by enter upon the discussion of a 
yet more extensive book. For tlie same reason 1 have 
not been able to compare my own ti*eatment of the subject 
of probability with the views expressefl by Mi? Venn in 
his f^ogic of Chance. With Mr. J. J. Murphy’s profound 
^d Remarkable works on Hahit and Intelligence, and on 
The Scientific Basis of Faith, I was unfortunately unac- 
quainted when I wrote tlic lollowiiig pages. Tfiev can- 
not safely be overlooked by any one who wislies to 
comprehend the tendency of* philosophy and scientific 
method in the present day. * . 

^Jt seems desirable that I should endeavour to answer 
some of the critics who have pointed out what they 

Invmtum Nowam iQmdrati Logicif Giss^e Hassorum, 1714, 

Svo. 

See Ueberweg^s Sfitani of Log^, &c., trausUieJ by Liudsay, p. 302. 
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consider defects in the doctrines of this book, especially in 
the first part, which treats of deduction. Some of the 
notices of the work were indeed rather statements of its 
contents than critiques. ^ Xlius, I am much indebted to 
M. Louis Liard, Professor of Philosophy at ‘'Pordeaux, for 
the very cai’eful Expositions of tlie sub^d^utionhl view of 
logic«^whicli he gave "’in the excellent Bcvue PhilosopJiique^ 
edited by Ribot. (Mars, 1877, tom. iii. p."277.) An 
ecjhally careful account of the system was giveif by 
Jdf' Eiehl, Professor of Philosophy ^at Graz, in his article on 
‘*Die Englische Logik«'der Gegeiiwart,”^ published in^'^he 
Vierteljahrssch^ft fur wissenscliaftUclic Philosopliie, ( i Heft, 
Leipzig, 1876.) I should like to acknowledges als%’ the 
careful and able manner iu which my book was reviewed 
by the Ihii) Yorh Daily Vrihune and Jhe Neiu York Times. 

The most serious objections whicli have been brought 
against my treatment of logic have regard to my failure 
to enter into an analysis of the ultimate nature and origin 
of tlie Laws of Thought. The Spectator^ for instance, in 
the course of a careful review, says of the principle of 
substitution, “ Surely it is a great omission not tq discuss 
whence we get this great principle •itself ; whether it is a% 
pure law of the mind, or only an approximate lesson of 
experience ; and if a pure product of the mind, whether 
there aiu any otter products of the same kinlS, furnished 
by our knowing faculty itself.” Professor Robertson, in 
his very acute review,^ likewise objects to the w^nt of 


^ Siiic%the above was written M. Liard lias rep^iblislied this exposition 
as one chapter of an interesting and admirably IuckI account of the 
progress of logical science in England. Alter a brief but clear introduc- 
tion, treating oPtbe views of yerscliel, Mill, and •otliers concerning 
Inductive Logic, M. Liard describes iu succession the Icgical systems oi 
George Bentliam, Hamilton, De Morgan, Boole, and that contained in 
the present work. The title of the book is as follows ; — Les Logiciens 
Anglais Contemporaws. Par Louis Liard, Professeur de Philosophy k 
la Faculle des Lettiea de Bordeaux. Paris : Librairie Clermcr Bailliere. 
1878. (Note added November, 1878.) * 

^ Spectator ^ Septamber 19, <1874, p. 1178. A sccoiTd portion of the 
review appeared in the same journal for September 26, 1874, p. 1*204. 

® Mind : a Quarterly Review of Psychology amj Philosophy. No. H. 
April 1876. Voh 1. p. 206. * ’» 
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psychological and idiilosophical analysis. If the book 
really corresponded to its title, Mr. Jevons could hardly 
Save passed so lightly over the question, which he does 
not t)mit to raise, concerning thpse undoubted principles 
of •knowledge commonly called the Laws of Thought .... 
Everywhere incyeAl, he appears least ^ cuse when h^ 
touches on questions properly philosophicaf ; nor Is he 
satisfactory in his psychological referenges, as on pp. 4 ,*$, 
■wdiei*e he cannot commit himself to a statement without 
an accomptyiiment* of • probably,’ ‘ almost,’ or ‘ liardiy^r 
Reservations are ^ften very much*in place, but there are 
fundamental questfons on which it is pi^p^r to make up 
one’imii^.” 

These remarks appear to me to he well founded, and I 
must state why it is that I haver ventured to publish an 
extensive work on logic, without ^properly making up my 
mind as to the fundamental nature of the reasoning 
process. The fault after all is one of omission rather than 
of commission. It is open to me on a future occasion to 
supply the deficiency if I should ever feel able to under- 
take thejtask. But I do not conceive it to be an essential 
«\)art of any treatise to inter into an ultimate analysis of 
its subject matter. Analyses must always end somewhere. 
There were good treatises on light which described the 
laws of th(? phenomenon correctly befA’c it wife known 
whether light consisted of undulations or of projected 
pm'ticfes, Now we have treatises on the Undulatoiy 
Theory whlSh are very valuable and satisfactory, althougli 
they leave us in almost complete doubt as to wliat the 
vibrating medium really is. So I think ^ that, in the 
present day, \fe need a correct and scientific exhibition 
of the formal laws of thought, and of the forms of 
re^oning based on them, although we may not be able 
to enter into any complete analysis of the nature of those 
laws. What fvould \he science pf geometry be like now 
if the (3reek geometers had decided that it was improper 
to publish any propositions^before they had decided on 
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tjie nature of an axiom? Where would the science of 
arithmetic be now if an analysis of the nature of number 
itself were a necessary preliminary to a development of 
ttie results of its laws ? recent times there have b^^en 
enormous additions to the mathematical sciences, but very 
fe^y attempts ^at psychological analysis.'' fin '?he Alex- 
andriafi and early mediteval schools of philosophy, much 
attention was«givep to the nature of unity amf plurality 
chiefly called forth by the question of the Trinity. *In 
tlfelast two centuries whole scieiioes liave be/^n created 
out of the notion of plul’ality, and yet s]|eculation on fne 
nature of plumlfty has dwindled awjty. * This present 
treatise contains, in the eighth chapter, one of •the 
recent attempts to analyse the notion^ of number itself. 

If furtlier illustration is needed, I may refer to the 
differential calculus. Nobody calls in question the formal 
truth of the results of that calculus. All the more exact 
and successful parts of physical science depend upon its 
use, and yet tlie mathematicians who have created so 
great a body of exact truths have never decided upon 
the basis of the calculus. What is the nature of^ limit 
or the nature of an infinitesimal? Start the question 
among a knot of mathematicians, and it will be found 
that hardly two agree, unless it is in regarding the question 
itself as a*trifling diie. Some hold that there are no such 
things as infinitesimals, and that it is all a questiqp of 
limits. Others would argue that the infinitesimal iS the 
necessary outcome of the limit, but various •'shades of 
intermeaiate opinion spring up. 

Now it is just the same with logic. If the forms of 
deductive and inductive feasoning given "n the earlier 
part of this treatise are correct, they constitute a definite 
additicn to logical science, and it would have been absij^d 
to decline to publish such results because 1 could not at 
the same time decide yi my own n?ind allout the psy- 
chology and philosophy of the subject. * It comes in short 
to this, that my book is a tfook on Fbrmal Logic and 
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Scientific Method, and not a book on psychology and^ 
philosophy. 

It may be objected, indeed, as the Spectator objects, 
that Milhs System of Logic is ^particularly strong in thct 
discussion o^ the psychological foundations of reasoning, 
so that IViill \^ohld appear to have sitccesefully treated 
that which I feel myself to be incapable of attempting at 
present. ‘If Mill's analysis of knowledge ia correct, then 
I have nothing to say in excuse for my own deficiencies. 
But it is ^well td do ^nc thing at a time, and therefoKi 
I have not occiypied any considA'able part of this book 
with controversy and refutation. Whaf l^^have to say of 
Milts logic will be said in a separate work, in which 
his analysis of knowledge will be somewhat minutely 
analysed. It will then be shown, I believe, fliat Mill’s 
psychological and philosophical treatment of logic has not 
yielded such satisfactory results as some writers seem to 
believe."^ 

Various minor but still important criticisms were made 
by Professor Eobertson, a few of which have been noticed 
in the J:ext (pp. 27, lOi). In other cases his objections 
hardly admit of any #ther answer than such as consists 
in asking the reader to judge between the work and the 
criticism. Thus Mr. Eobertson asserts ^ that the most 
complex l(%ical problems solved in this^ook (up to p. 102 
of t]^is edition) might be more easily and shortly dealt 
with*Upon the principles and with the recognised methods 
of the traditional logic. , The burden of proof here lies 
upon Mr. Eobertson, and his only proof consists in a 
single case, where he is able, as it seems to me accidentally, 
ito get a special conclusion by the old form of dilemma. 
It would be a long labour test the old logic upon every 
r^ult obtained by my notation, and I must leave such 

1 Portions W(>ik. have already been piildished iu my articles, 

entitled “ John Stuart Mill’s Philosophy^Tested,” pfinted in th^ Qoniem- 
porary tieview for Dec^ber, 1877, vol. xxxi. p. 167, and for January aiiJ 
-^ril, 1878, vol. xx^. p. 256, aii^^voL xxxii. p. 88. (Note added iu 
November, 18781) ** Mind^ vol. i. p. 222* 
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readers as are well acquainted witli the syllogistic logic to 
pronounce upon th’b comparative simplicity and power of 
the new and old systems. For other acute objections^ 
J)rought forward by Mr. Eobertson, I must refer the reader 
to the article in que^stion. ** / 

One point in my last chapter, that on • the E^^sults and 
Lnnits* of Scientific" Method, has been criticised by 
Professor W. Clifford in his lecture ^ on “ The First 
an(f the Last Catastrophe.” In vol. ii. p. 438 of the 
fif si edition (p. 744 of this edition)# I referred to certain 
inferences drawn by eminent physicists as to *a limit •to 
the antiquity of the present order of tliipgs. ‘‘ According 
to Sir W. Thomson’s deductions from Fourier’s flieov)^ of 
heat, we can trace down the dissipation of heat by con- 
duction and radiation to "an infinitely distant time when 
all things will be uniformly cold. But we cannot similarly 
trace the Heat-liistory of the Universe to an infinite 
distance in the past. For a certain negative value of the 
time, the formulae give impossible values, indicating tli!it 
there was some initial distribution of heat which could 
not have resulted, according to known laws of nature, 
from any previous distribution,” • ^ 

ITow according to Professor Clifford I have here mis- 
stated Thomson’s results. “ It is not according to the 
known la^ys of nakire, it is according to the kJiown laws 
of conduction of heat, that Sir William Thomson is speak- 
ing. . . . All these physical writers, knowing what »they 
were writing about, simply drew such conclusions froitf 
the fact^ which were before them as could be reasonably 
drawn. They say, here is a state of things which could 
not have been* produced by the circumstan(ies we are at. 
present investigating. Then your speculator comes, he 
reads a sentence and says, * Here is an opportunity for 
me to have my fling.’ And he has his fling, and makes *3 
purely j^aseless theory about the necessary Jrigin of the 

* # • 

^ Fortnighthj Rtview, New Series, April 1875, p. 480. Lecture re- 
priuted by the .Sunday Lecture Society, p. 24. • 
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present order of nature at some definite point of time* 
which might be calculated.” 

Professor Clifford proceeds to explain that Thomson's ’ 
foijpiulse only give a limit to the heat history of, say, the 
earth's crust^in the solid state.'* We ^re led hack to the 
time wheip it became solidified from tiie fljaid condition. 
There is discontinuity in the histoty of the solid mattfer, 
but still discontinuity which is within our comprehension. 
StiJl further back we shoxild come to discontinuity agHin, 
when the liquid v^as fprmed by the condensation of he^itgd 
gj^eous iftatter. Beyond that gvent, however, there is 
no need to suppose further discontinuity of law, for the 
gafieous^rnatter might consist of molecules Ulrich had been 
falling together from different parts of space through infinite 
past time. As ProRjssor Cliff<!^r(f says (p. 4 & 1 ) of the 
bodies of the universe, “ What they have actually done 
is to fall together and get solid. If we should reverse 
the process we should see them separating and getting 
cool, and as a limit to that, we should find that all these 
bodies would be resolved into melecules, and all these 
w'ould be flying away from each other. There would be 
no limft to that proce|^s, and we could trace it as far back 
as ever we liked to trace it.” 

’ Assuming that I have erred, I should like to point out 
that I hax^ erred in the best company, or moue strictly, 
being a speculator, I have been led into error by the best 
ph}^cal writers. Professor Tait, in his Sketch of Ther- 
^odynam^, speaking of the laws discovered by Fourier 
for the motion of heat in a solid, says, “ Their mathematical 
expressions point also to the fact that a uniform distribu- 
tion of heat,^or a distribution Jiending to bftcome uniform, 
must have arisen from son^e primitive distribution of heat 
of a kind not capable of being produced by known laws 
Hbm any previous distribution.” In the latter words it 
will be seei^ that 4here is no limitation to the laws of 
condiiction, and,# alfchougli 1 Rad carefully referred to 
Sir W. Thomsoji's original paper, it is not unnatural 
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that T should take Professor TaiFs intcrpretion of its 
meaning.^ 

In his new work On some Recent Advances in Physicatu 
Sciencey Professor Tait has recurred to the subject as 
follows : 2 “ A. profpiind lesson may be learned from one 
of the earliest little papers of Sir W. Tliomsor, published 
^fhil(i he wa'3 an uitdergraduate at Cambridge, where he 
shows that Fourier’s magnificent treatment of the con- 
dlfction of heat [ih a solid body] leads to formulae for its 
di^ribution which are intelligible j^and, of course capable 
of being fully verified by experiment) for all iSme fut\ire, 
but which, except in particular cases, \Vhen extended to 
time past, renfain intelligible for a finite period only, and 
then indicate a state of things which could not have 
resulted under Icnown 'Ij^vs from any conceivable previous 
distribution [of heat iii» the body]. So far as heat is 
concerned, modern investigations have shown that a 
previous distribution of the matter involved may, by its 
potential energy, be capable of producing sych a state/ of 
things at the moment of its aggregation ; but the example 
is now adduced not for its bearing on heat alone, but as 
a simple illustration of the fact .^liat all portions of our 
Science, especially that beautiful one, the Dissipation 
of Energy, point unanimously to a beginning, to a state of 
things ijicapable t of being derived by presevit laws [of 
tangible matter and its energy] from any conceivable 
previous arrangement.” As this was published nearly a 
year after Professor Clifford’s lecture, it may be inferred 
• 

^ Sir W. Thomson’s words are us follows {Cambridge Matlvematieal 
Jounialy Nov. 1^2, vol. iii. p. 174). “When x is negative, the state 
represented cannot be the result of any distribution of tempera- 

ture which has previously existed.’^ There is no limitation in the 
sentence to the laws of conduction, but, as the whole paper treats of the 
psults of conduction in a solid, it may no doubt be understood that there 
is a tacit limitation. See also a second paper on the subject in the niQie 
journal for February, 1844, vol. iv. p. 67, where again there is no ex- 
pressed ^imitation. • ^ 

^ Pp. 25*26. ThB paren tildes are in the ori^nal, and show^rrofessor 
Tait*s corrections in the verbatim reports of hisToctures. The subject is 
treated again jon pp. 165-9. 
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that Professor 'i'ait adheres to his original opinion that 
the theory of heat does give evidence of a beginning.” 

* I may add that Professor Clerk Maxwell’s words seem 
to countenance the same view, for lie says/ “ This is only 
ope of the o^-ses in which a c 5 nsiderfttion of the dissi- 
pation of. ^erg^ leads to the determination (>f a superior 
limit to the antiquity of the observed ord(?r of things? ’ 
The expression “ observed order of things / is open to 
‘muah ambiguity, but in the absence of quali fication‘‘ I 
should take it tooincliide the aggregate of the laws«>of 
nature knoWn to us. I should interpret Professor Maxwell 
as meaning that ftie theory of heat indictites the occurrence 
of some, event of which our science cannot i^ive any 
further explanation. The pliysical writers thus seem not to 
be so clear about the fnatter as Professor Clifford* assumes. 

So far as 1 may venture to form an independent 
opinion on the subject, it is to the effect that Professor 
Clifford is right, and that the known laws of nature do 
no^ enable us to assign a beginning.” Science leads us 
backwards into infinite past duration. But that Pi’ofessor 
Clifford is right on this point, is no reason why we should 
suppose^ him to be rigjit in his other opinions, some of 
which I am sure are wrong. NTor is it a reason why other 
parts of my last chapter should be wrong. The question 
only affectK the single paragraph on pp. 744^5 of this 
book, which might, I believe, be struck out without 
necessitating any alteration in the rest of the text. It 
ir always ^o be remembered that the failure of an argu- 
ment in favour of a proposition does not, gt^nerally 
speaking, add much, if any, probability to the contra- 
dictory propoi^tion. I cannot conclude without expressing 
my acknowledgments to Pj^ofessor Clifford for his kind 
expressions regarding my work' as a whole. 

' Theory of 1871, p. 245. 

2, The CJestnut^, 

West H%th, 

Hami'steat), N.W. 

August r8^7. 
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THE PRINCIPLES OF SCIENCE. 



CHAPTER I. ’ ' 

INTRODUCTION. 

Science arises from the discovery of Identity amidst 
Diversity. The process may be described in different 
words, but our language must always imply the presence 
of one common and necessary element. In every act of 
inference or scientific method we are engaged about a 
certain identity, sameness, similarity, likeness, resemblance, 
analogy, equivalence or equality apparent between two 
objects. It is doubtful whether an entirely isolated 
phenomenon could present itself to our notice, since there 
must always be some points of similarity between object 
and object, But in any case an isolated phenomenon 
could be studied to no useful purpose. The whole vaitie 
of science consists in the power which it confers upon 
us of applying to one object the knowledge acquired 
from like objects ; and it is only so far, therefore, as we can 
discover and register resemblances that we can turn our 
observations to al^couiit. » ^ 

Nature is a spectacle continually exhibited to our senses, 
in which phenomena are mingled in combinations of 
endless variety and novelty. Wonder fixes the mind's'^ 
attention ; memory stores up a record^ of eajch distinct 
impression ; the po'yers of association brinjj fortbthe record 
when the like is felt again. By the higher faculties of 
judgment and.reasoning the mind compared the new with 
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the old, recognises essential identity, even when disguised 
by diverse circumstances, and expects to find again what 
was before experienced. It must be the ground of all 
reasoning and inference that what is true of one thing will 
le true of its equivalent, and that under carefully ascertained 
condition a N at uxe repeats herself 

Were this ifideed a Chaotic Universe, the powers of n)ind 
emjdoyed in science would be useless to us. Did Chance 
wholly take the place of order, and did all phenomena 
come out of an Infinite Lottery, to use Condorcet’s ex- 
pression, there could be no reason to expect the like r:esult 
in like circumstances. It is possible to conceive a world 
in which no twV) things should be associp^ted more often, in 
tbe logg run, tlfiin any other two things:^ The frequent 
conjunction of any two events would then be purely 
fortuitous, and if we expected conjunctions to recur con- 
tinually, we should be disappointed. In such'-a world we 
miglit recognise tlie same kind of plienomenon as it ap- 
peared from time to time, just as we might recognise a 
marked ball as it was occasionally drawn and re-drawn 
^roni a ballot-box ; but the approach of any phenomenon 
would be in no way indicated by what had gone before, 
nor would it be a sign of what was to come after. In such 
a woi^d knowledge would be no more than the memory of 
past coincidences, anfi the reasoning powers, if they existed 
at all, would give no clue to the nature of the present, and 
no presage of the future. 

Happily the Universe in which v^e dwell is not the 
result of chance, and where chance seems to work it is 
owr own deficient faculties which prevent us from r6cog- 
ni§ing the operation of Law and of Design. In the material 
framework of this world, substances and forces present 
themselves in definite and stable combination^. Things 
are not in perpetual flux, as ancient philosophers held. 
Element r^ains element; iron changes not into gold. 
With suitable precautions we can calculate upon finding 
the same thing again endowed with the same properties. 
,,cThe constituents of the globe, indeed, appear in almost 
endless combinations ; but each combination bears its fixed 
character, ^nd wlien resolved is found to be the compound 
of definite substances. Misapprehensions must continually 
occur, owing to the limited extent of our experience. We 
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can never have examined and registered possible exist- 
ences so thoroughly as to be sure that no new ones will 
occur and frustrate our calculations. The same outwarcf 
^appearances may cover any amount of hidden differences 
which we have not yet su^ected. To the variety of su]3- 
stances and jDOwers diffused through nature^ at its creation, 
we should not suppose tliat our brief experience can assign 
a liinft, and the necessary imperfection of our knowledge 
must be ever^boriuj in mind. ' 

Tet there is much to give us confidence in Science. The 
wicier our experience, tlie more minute our examination of 
the globe, tlie greater t^ne accumulation of well-reasoned 
knowledge, — the fewer in all probability \^ll be the failures 
of inference ^mpared with the successes. Expeptisiis 
to the prevalence of Law are graduall)^ reduced to Lavv 
themselves. Certain dviep similarities have been detectea 
among the objects around us, and have never yet been 
found wanting. As the means of examining distant parts 
of the universe have been acquired, those similarities have 
been traced there as here. Other worlds and stellar 
systems may be almost incomprehensively different frofn 
ours in magnitude, condition and disposition of parts, and 
yet we detect there the same elements of which our own 
limbs are composed. The same natural laws Dan be 
detected in operation in every part di’ the universe within 
the scope of our instruments ; and doubtless tliese laws are 
obeyed irrespective of distance, time, and circumstance. 

It is the prerogative of Intellect to discover wjiat is uni- 
form and unchanging in the })henomena around us. vSo 
far as object is different from object, knowledge is useless 
and inference impossible. But so far as object resemT'les* 
object, we can pass from one to the other. In proportion 
as reseml)lance is deeper and more general, the com- 
manding powers of knowledge become more wonderful. 
Identity in oiie or other of its phases is ’’thus always > 
the bridge by which we pass .in inference from case to 
case ; and it is my purpose in tliis treatise to trace out the 
various forms in which the one same process of reasonii.^ 
presents itself in the ever-growing achievjjineiit^of Scientific 
Methods 
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The Powers of* Mind concerned in the Creation of Science, 

li is no part of the purpose of this work to investigate the 
nature of mind. People not »^encommonly suppose that 
logic is a ,hntncl\ of psychology, because reasoning is a 
mental operation. On the same ground, however, we 
might argue that all the sciences are braiiches of psy- 
, chology. 'As will be further explained, I adopt the opinion 
of Mr. Herbert Spencer, that logic is really an objective 
science, like mathematics or mechanics. Only in an^in- 
ci^ental manner, then, need I poi^pt out that the mental 
powers employed in the acquisition of knowledge are prob- 
ably thr^e in nuriToer. They are substantiaVy as Professor 
Baki has stated them i : — 

1. The Power of Discrimination. 

2. The Power of Detecting Identity. 

The Power of Retention. 

We exert the first power in every act of perception. 
Hardly can we have a 'sensation or feeling unless we dis- 
cximinate it from something else which preceded. Con- 
sciousness would almost seem to consist in the break 
between one state of mind and the next, just as an induced 
current of electricity arises from the beginning or the 
ending of the primary ^current. We are always engaged in 
discrimination ; and the rudiment of thought which exists 
in the lower animals probably consists in their power of 
feeling difference and being agitated by^it. . , 

Yet had we the power of discrimination only, Science 
could not be created. To know that one feeling differs 
, fronfl another gives purely negative information. It cannot 
teach us Vhat will happen. In such a state of intellect 
each sensation would stand out distinct from every other ; 
there would be no tie, no bridge of affinity between them. 
^We want a Tonifying power by which the present and the 
future may be linked to the past ; and this seems to be 
accomplished by a differenl^ power of mind. Lord Bacon 
iias pointed out that different men possess in very different 
degrees the powers of discrimination and identification. It 
may be sak^indecct tliat discrimination necessarily^ implies 
the adtion of the Opposite process of idefitification ; and so 
^ The Senses knd the Intelhct, Second Ed., pp. 5,^325, &c. 
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it doubtless does in negative points. But there is a rare 
property of mind* which consists in pen^rating the dis- 
guise of variety and seizing the common elements o# 
sameness; and it is this property which furnishes the^^rue 
measure of intellect. The oiame of'" intellect” expresses the 
interlacing of the general and the single/ wjiich is the 
pfjculiar province of mirid.^ To cogitate is the Latin co- 
agitahj resting on a like metaphor. Logic, also, is but 
another name for ^ the same j^rocess, the peculit^r work of , 
reakon ; for X0709 is derived from Xeyeiv, which like » the 
Laiin Icgere meant originally to gather. Plato said of this 
unifying power, that if Jie met the man wlio tjoiild defect 
the one in the ma^iy, he would follow himJas a god. 

Laws of Identity and Difference, 

At tho base of all tliouglit and' science must lie the 
laws which express the very nature and conditions of the 
discriminating and identifying ])Owers of mind. These 
are the so-called Pundamental Laws of Tliought, usually 
stated as follows : — 

1. The Law of Identity. Whatever is, is. 

2. The Law of Contradiction. A thing cannot both be 

and not be. ^ 

3. The Law* of Duality. A Doling must either be or 

not be. 

The first of these statements may perhaps be regarded as 
a descrij^tion of itfentity itself, if so fundamental a notion 
can admit of description. A thing at any moment is per- 
fectly identical with itself, and, if any person were uneware 
of the meaning of the word “ identity,” we could not better 
describe it than by such an example. 

The llecond law points out that contradictory attributes 
can never be joined together. Tlie same object may vary 
in its diflereflt parts ; lierc it may be bla^ck, and there 
white; at one time it may lie liard and at another time 

1 Max Miiller, Lectures on the t:>cience of Liuigmuje, Secoiul Se»’ies, 
vol. ii. p. 63 ; or Sixth Edition, vol. ii. p. 67. The view of the etynioTi)- 
Lucal meaning of “ intellect” is given above on ^he authority of Professor 
Max Mtiller. It se%nis to be opposed to the ordinary o^^nion, according 
to which the Latin intclligere means to choose t^etwern, to see a differ- 
ence between, ^to discriminate, instead of to unitet> 
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soft ; but at the same time and place an attribute cannot be 
both present and absent. Aristotle truly described this 
ft.w as the first of all axioms — one of which we need not 
seeli^for any demonstration. All truths cannot be proved, 
otherwise there would be an endle^ss chaip of demonstration ; 
ancl it is ii^ s(Sf- evident truths like this that wo find the 
simplest foundaftons. . , « 

The third of these laws completes the other two. It 
asserts that at every step there are tvyo pf)ssible alter- 
natives — presence or absence, affirmation or negation. 
Hence I propose to name this law the Law of Duality, «for 
it g^es to all the foriiiulicof reasoning a dual character. It 
asserts also that between presence and jiJjsence, existence 
and, non-existence,^ affirmation and negatioif^ thei’e is no 
thir<i alternative. As Aristotle said, tliere can be no mean 
between opposite assertions : we ciiust either affirm or 
deny. Hence the inconvenient name by which it* has been 
known — Tjie Law of Excluded Middle. 

It may be allowed that these laws arc not three indepen- 
dent and distinct laws ; they rather express three different 
asjtects of the same truth, and each law doubtless pre- 
supposes and implies the other two. But it has not 
hitherto been found possible to state these characters of 
identity tand difference in less than the threefold formula. 
The reader may perhapf desire some inforihation as to the 
mode in which these laws have been stated, or the 
way in which they have been regarded, by philosophers 
in different ages of the world. Abiu.dant infirwnatiou 
on this and many other points of logical history will bo 
found in Ueberweg’s of Logic, of which an excellent 

transfation has been published by Professor T. M. Lindsay 
(see pp. 2^-281). 

The Nahive of the Laws of Identity and^ Difference. 

• 

I must at least allude to^the profoundly difficult ques- 
tion concerning the nature and authority of these Laws of 
I^gntity and Difference. Are they Laws of Thought or 
Laws of Things ? Do they belong to mind or to material 
nature? Onihe one hand it inayjbe said ^Iiat science is a 
purely mental existl^nce, and must therefore conform to the 
laws of that whick formed it. Science is in thp mind and 
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not in the things, and the properties of mind are therefore 
all important. It Is true that these laws are verified in the 
observation of the exterior world ; and it would seem thati 
they might have been gathered and proved by geneml- 
*isation, had they not already been in our possession. But 
oil the other hand,*t may well be urged tkat we cannot 
pipve these Itiws by any process of reasoning or (^servation, 
because the faws themselves are presupposed, as Leibnitz 
acutely remaiiced, in the very notion of a proof. ,They are 
the^prior condition*s of all tliought and all knowledge, ‘iiid 
evQji to question their truth is to allow them true. Hartley 
ingeniously refined upoq, this argument, remarking that if 
the fundamental ^laws of logic be not ctftain, there must 
exist a logic of a second order whereby we may determine 
the degree of uncertainty : if the second logic be no# cert^rin, 
there must be a third ; and so on ad infinitum. Thus we 
must suppose either that Jibsolutely certain laws of tliought 
exist, or that there is no such thing as certainty whatever.^ 

Logicians, indeed, ap 2 )ear to me to have paid ihsuiiicient 
attention to tlie fact that mistakes in reasoning are always 
possible, and of not iinfrequent occurrence. The Lays 
of Thought are often called m^cessary laws, tliat is, laws 
which cannot but be oVieyed. Yet as a matter of fact, wlio 
is there that does not often fail to obey them ? They are 
the laws wliich*the mind ought totobey rather than what 
it always does obey. Our thoughts cannot be the criterion 
of truth, for we often have to acknowledge mistakes in 
argume^s of mod^jrate complexity, and we sonif^times only 
discover our mistakes by collision between our Expectations 
and the events of objective nature. 

Air. Herbert 8pencer holds that the laws of logk are 
objective laws,- and he regards the mind ai? being iii 
a state*of constant education, each act of false reasoning 
or miscalculation leading to results which are likely to 
prevent similar mistakes from being again committed. 
I am quite inclined to accept such ingenious views ; but 
at the same time it is necessary to distinguish between the 
accumulation of knowledge, and the constitution of tiie 
mind which allows of the acquisition of knowlecl^. 
Beforc^the mind^can perceive or reascfifi at al^it must have 

I Hartley on Alan, vol. i. p. 359. • 

Flinciples of Psychology, Second Ed^ vol. ii. p. 86. 



8 


ffiE PKINCIPJ^ES OF SCIENCE. 


[chap. 

■c — 

the conditions of thought impressed upop it. Before a 
mistake can be committed, the mind must clearly dis- 
^tinguish the mistaken conclusion from all other assertions. 
Are not the Laws of Identity and Difference the prior 
coifditions of all consciousness^ and all existence? Must 
they not hold^true, alike of things material and immaterial? 
and if so, 6an we say that they are only subjectively true 
or objectively true? I am inclined, in sliort, to regard 
them as true both in the nature of thought and things/' 
as I expressed it in my first logical essay;' and I hold 
that they belong to the common basis of all existence. 
But this is. one of the most difficult questions of psychology 
and metaphysicsr which can be raised, and it is hardly one 
for the logician to, decide. As the mathematician does not 
inqjuire ento the nature of unity and plurality, but develops 
the formal laws of plurality, so the logician, as I conceive, 
must assume the truth of the Laws of Identity and 
Difference, and occupy himself in developing the variety 
of forms« of reasoning in which their truth may be 
manifested. 

Again, I need hardly dwell upon the question whetlier 
lo^ic treats of language, notions, or things. As reasonably 
might we debate whether a mathematician treats of 
symbols, quantities, or things. A mathematician certainly 
does U^eat of symbols, but only as the instruments 
whereby to facilitate his reasoning concerning quantities; 
and as the axioms and rules of mathematical science must 
be verified in concrete objects in ordei^ that th^calcula- 
tions founeV^d upon them may have any validity or utility, 
it follows tliat the ultimate objects of mathematical science 
are tjie things themselves. In like maimer I conceive that 
the logician treats of language so far as it is essential for the 
embodiment and exhibition of thought. Even if rtasoning 
can take place in the inner consciousness of man without 
the use of any signs, which is doubtful, nt any rate it 
cannot become the subject of discussion until by some 
system of material signs it ns manifested to other persons. 
The logician then uses words and symbols as instruments 
oC'^reasoning, and leaves the nature and peculiarities of 
language to «the grammarian. But signs again^ must 

^ Fure Logi^ or Logic of Quality apart ^'om Quantity, 1864, 
PP‘ 10, 16, 22, 29, 30^&c. 
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correspond to the thoughts and things expressed, in order 
that they simll serve their intended purpose. We may 
therefore say that logic treats ultimately of thoughts and 
things, and immediately of the signs which stand lor them. 
Signs, thoughts, and exterior objects may be regarded as 
parallel and analogous series of phenomena,"' and to treat 
any; one of the three series is equivalent to treating either 
of the bther series. 

The Process of Inference. 

The fundamental actipn of our reasoning faculties 
consists in inferring or carrying to a nev^ instance of a 
phenomenon whatever we have previously known of its 
like, analogue, equivalent or equal. Sameness or identify 
presents itself in all degi^ees, and is known under various 
names ; but the great rule of inference embraces all 
degrees, and afErms that so far as there exists sameness, 
identity or likeness, what is true of one thing will be true 
of the other. The great difficulty doubtless consists in 
ascertaining that there does exist a sufficient degree o^ 
likeness or sameness to warrant an intended inference ; 
and it will be our main task to investigate the conditions 
under which reasoning is valid. In this place 1 w;i^h to 
point^oiit that tli^re is something common to all acts 
of inference, however different their apparent forms. The 
one same rule lends itself to the most diverse applications. 

The siiiiy^lest possible case of inierence, perhaps, occurs 
in tlie use of a 'pattern, exani'ple, or, as it is commonly 
called, a sample. To prove the exact similarity of two 
portions of commodity, we need not bring one portion 
beside the other. It is sufficient that we take a-^sample 
which exfictly represents the texture, appearance, and 
general nature of one portion, and according as this 
sample agrees of not with the other, so will the two 
portions of commodity agree or differ. Whatever is true 
as regards tlie colour, texture, ^density, material of the 
sample will be true of the goods themselves. In such 
cases likeness of quality is the condition of inference. 

Exactly the same mode of reasonii% hol^s true of 
magnitude and fig\ire. compare the sizes of two 

objects, we need not lay them beside ouch other. A 
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staff, string, other kind of raeasurQ may be employed 
to represent the length of one object, and according as it 
agrees or not with the other, so must the two objects 
a^'ee or differ. In this case the proxy or sample represent^ 
length ; but the fact that lengths ,,can be added and 
multiplied reijdei's it unnecessary that the* proxy should 
always be as large as the object. Aijy standard of 
convenient size, such as a common foot-rule, may be made 
the medium of comparison. The height f)f a church in 
one town may be carried to that in another, and objects 
existing immovably at opposite sides of the earth may be 
vicariously measured against esech other. We obviously 
employ the axiom that whatever is Wue of a thing as 
regardi^ its lengtfi, is true of its equal. * 

*^To every other simple phenomenon in nature the same 
principle of substitution is applicable. We may compare 
weights, densities, degrees of hardness, and de’grees of all 
other qualities, in like manner. To ascertain whether two 
sounds are in unison we need not compare them directly, 
but a third sound may be the go-between. If a tuning- 
\"ork is in unison with the middle C of York Minster 
organ, and we afterwards find it to be in unison witlilhe 
same note of the organ in Westminster Abbey, then it 
follows that the t\^o organs are tuned in unison. The 
rule of inference now is, that what is true of the tuning- 
fork as regards the tone or pitch of its sound, is true of 
any sound in unison with it. 

The ilkilful employment of this Cubstitiith^e process 
enables us to make measurements beyond the powers of 
otir senses. No one can count the vibrations, for instance, 
of an ^I’gan-pipe. But we can construct an instrument 
called the siren, so that, while producing a sound of any 
pitch, it shall register the number of vibrations consti- 
tuting the sound. Adjusting the sound of the siren in 
unison witAi an organ-pipe, we measure indirectly the 
number of vibrations belonging to a sound of that pitch. 
To measure a sound of the same pitch is as good as to 
measure the sound itself. 

Sir Da\id Brewster, in a somewhat similar manner, 
succeedeclrin measuring the refractive ^indices of* irregular 
fragments of transparent minerals. It was a troublesome, 
and sometimes* impracticable work to grind the minerals 
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into prisms, so that, the power of refracting light could 
be directly observed ; but he fell upon the ingenious device 
of compounding a liquid possessing the same refractive 
power as the transparent fragment under examinatioil. 
The moment when this eqifality was attained could be . 
known by the fragments ceasing to reflect or^'efr^ct light 
when iiqmersedtin the liquid, so that they became almost 
invisible in it. * The refractive power of the liquid being 
then ijieasured ^ve that of the solid. A more beautiful 
instance of representative measurement, depending im- 
mediately upon the principle of inference, could not be 
found. ^ ' 

Throughout the 'various logical processe?^ which we are 
about to consid(?r — Deduction, Induction, GeneralisXtion; 
Analogy, Classification, Quantitative Eeasoning — we shall 
find the one same principle operating in a more or less 
disguised form. 

Deduction and Induction, 

The processes of inference always depend on the one , 
same principle of substitution ; but they may nevertheless 
be distinguished according as the results are inductive or 
deductive. As generally stated, deduction consists in 
passing from more ^^eneral to less genf^ral truths ; iricluc- 
tion is the contrary process from less to more genera^ 
truths. We may however describe the difference in 
another manner. In deduction we are engaged in develop- 
ing the coSfeequences of a law. We learn the lUcaning, 
contents, results or inferences, which attach to any giveii 
proposition. Induction is the exactly inverse process. 
Given certain results or consequences, we are required to 
discover th^ general law from Avhich they flow. 

In a certain sense all knowledge is inductive. AVe can 
only learn the hws and relations of things in nature by 
observing those things. Dut the knowledge gained from 
the senses is knowledge only of particular facts, and we 
require some process of reasoning by Avhich we may 
collect out of the facts the laws obeyed by them. 

9 * 

^ Brewster, Treatise on New Philosophical Instruments, p. 273. 
Concerning this method*see also Wliewell, Fhilosojihy of the Inductive 
Sciences, vol. ii. p. 355 ; Tomlinson, Philosophical J^agazinc, Fourth 
Series, vol. xl. p. 528 ; Tyndall, in Youinans’ Modefn Culture, p. 16. 
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Experience gives us the materials of knowledge : induction 
digests those materials, and yields us general knowledge. 
When we possess such knowledge, in the form of 
gr3neral propositions and natural laws, we can usefully 
apply the reverse process of deduction to ascertain the 
exact inforri.^tion required at any moment. In its ultimate 
foundation, ttien, all knowledge is inductive — in the sense 
that it is derived by a certain inductive reasoning from 
the facCs of experience. ^ ♦ 

It is nevertheless true, — and this is a point to which 
insufficient attention has been paid, that all leaifoning 
h founded on the principles . of deduction. I call in 
question the existence of any method pf reasoning which 
can lie carried on without a knowledge of deductive pro- 
<jesses. I shall endeavour to show that induction is really 
the inverse process of deductw^. There is no mode of 
ascertaining the laws which are obeyed in certain pheno- 
mena, ^unless we have the power of determining what 
results would follow from a given law. Just as the 
process of division necessitates a prior knowledge of multi- 
plication, or the integi’al calculus rests upon the obser- 
vation and remembrance of the results of the differential 
calculus, so induction requires a prior knowledge of 
dedv^tioii. An inverse process is the undoing of the 
direct process. A person who enters a maze must either 
trust to chance to lead him out again, or he must carefully 
notice the road by which he entered. The facts furnished 
to us by^ experience are a maze of particular Results ; we 
might by cluince observe in them the fulfilment of a law, 
but this is scarcely possible, unless we thoroughly learn 
the effects which would attach to any particular law. 

Accordingly, tlie importance of deductive reasoning is 
doubly supreme. Even when we gain the results of in- 
duction they would be of no use unless we could deduc - 
tively apply them. J>ut before we can ' gain them at all 
we must understand deduction, since it is the inversion of 
deduction which constitutes induction. Our first task in 
this work, then, must be to trace out fully the nature of 
identity in all its forms of occurrence. Having given any 
series of^^propositions we must be prepared to develop 
deductively the whole meaning embodied in them, and 
the whole of tiie consequences which flow from them. 
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Symbolic Eccpression of Logical Inference, 

Iti developing the results of the Principle of Inference 
'we require to use an appropriate language of signs. It 
w*ould indeed be quite possible to explain the processes of 
reasoning by tlie use' of words found in the> dictionary. 
Special examples of reasoning, too, may seenl to be more 
readily apprehended than general symbolic forms. But it • 
has been showg in the mathematical sciences that tlie 
attaiirtnent of truth depends greatly upon the invention of 
a defy', brief, and appropriate system of symbols. Not 
only is such a language, convenient, but it is almost 
essential to the expression of those genera>< truths which 
are the very soui of science. To apprehe2id the trqth of 
special cases of inference does not constitute logic; we 
must apprehend them a^ cases of more general trutljs. 
The object of all science fs the sepatation of what is 
common and general from what is accidental and different. 
In a system of logic, if anywhere, we should esteem tliis 
generality, and strive to exhibit clearly what is similar in 
very diverse cases. Hence tlie great value of general 
symbols by which we can represent the form of a reasoning 
process, disentangled from any consideration of the special 
subject to which it is applied. 

The signs requii^d in logic are of *51 very simple kind. 
As sameness or difference must exist between two things 
or notions, we need signs to indicate the things or 
notions cojgpared, a^d other signs to denote the 'delations 
between them. We need, then, (i) symbols for terms, (2) 
a symbol for sameness, (3) a symbol for difference, and (>t) 
one or two symbols to take the place of conjunctions. 

Ordinary nouns substantive, such as Iron^ Metc^^ Elec- 
tricitj/y Undulation, might serve as terms, but, for the 
reasons explained above, it is better to adopt blank letters, 
devoid of specifil signification, such as A, B, 0 , &c. 
Each letter must be understood to represent a noun, and, 
so far as the conditions of the argument allow, any noun. 
Just as in Algebra, x, y, z, p, q, &c. are used for any,^ 
quanhtieSy undetermined or unknown, except when the 
special conditions of the problem are taSen info account, 
so will our lettersf stand* for undetermined or"^ unknown 
things. 
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Tliese letter-terms will be used indifferently for nouns 
substantive and adjective. Between these two kinds of 
nouns there may pei‘ha[)s be differences in a metapliysical , 
og* grammatical point of view. But grammatical usage 
sanctions the conversion of adjectives into substantives, and 
'vice versdo'y may avail ourselves of tliis latitude without 
in any way prejudging tlie metaphysical dilticulties wJiich 
may be involved. Here, as throughout this work, I shall 
devote v^my attention to truths wliich I can exhibit in a 
clear and formal manner, believing that in tlie present 
condition of logical science, this course Avill lead to gcaMiter 
igdvantage than discussion upon the metaphysical questions 
which may underlie any part of tlie subject. 

Evf^ry noun or term denotes an object, and usually 
implies the possession by that object of certain qualities 
or circumstances common to all the objects denoted. Tliere 
are certain terms, ‘ however, which imply the absence of 
qualities or circumstances attaching to other objects. It 
will be convenient to employ a special mode of indicating 
these negative terms, as they are called. If the general 
«>name A denotes an object or class of objects possessing 
certain defined qualities, then the term Not A will denote 
any object which does not possess the whole of those 
qualities ; in short. Not A is the sign for anything which 
differs from A in regard to any one or rilore of the assigned 
qualities. If A denote transparent object,” Not A will 
denote not transparent object.” Brevity and facility of 
expression are of no slight importance in ap^«ystem of 
notation, and it will therefore be desirable to substitute 
ftf^r the negative term Not A a briefer symbol. De IMorgan 
represented negative terms by small Eoman letters, or 
sometilnes by small italic letters ; ^ as the latter seem to 
be highly convenient, I shall use a, &, c, . . . q, &c., as 
the negative terms corresponding to A, B, C, . . . B, Q, &c. 
Thus if A means fluid,” a will mean nbt fluid.” 


Exjpression of Identity and Difference, 

To denote the relation of sameness or identity I unhesi- 
tatingly actopt tHfe sign =, so long used by mathe^naticifuis 
to denote Equality. This symbol was originally appropriated 
^ Formal Logic, p. 38. 
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by Robert Recorde in his Whetstone of Wit, to avoid the 
tedious repetition df the words is equal to ; '' and he 
chose a pair of parallel lines, because no two things can he 
more equal.^ The meaning of the sign has however bevji 
gradually extended beyond tliat of equality of quantities ; 
mathematicians have themselves used it.> tg^ indicate 
equivalence of operations. The force of aiudogy has been 
so greitt that ^writers in most other branches of science 
have employed, the same sign. The philologist uses it to 
indi(?ate the equivalence of meaning of w^ords : chemists 
a(lo]^t it to signify identity in kind and equality in weight 
of the elements wliich form two different compounds. 
Not a few logicians, for instance Lambert, Drobitsch, 
George Beniham,^ Boole,® have employ ed-^ it as the^^copula 
of propositions. l)e Morgan declined to nse it lor tbis 
purpose, but still further extended its meaning so as to 
include tha equivalence of ‘a proposition with the premises 
from which it can be inferred and Herbert Spencer has 
applied it in a like manner.^ 

Many persons may think that the choice of a symbol is 
a matter of slight importance or of mere convenience ; bivt 
I hold that the common use of this sign = in so many 
different meanings is really founded upon a generalisation 
of the widest character and of the greatest irnportg^nce — 
one indeed whiclpit is a principal plrpose of this work to 
explain. The employment of the same sign in different 
cases would be un philosophical unless there were some real 
analogy J^etween i|^ diverse meanings. If sucli> analogy 
exists, it is not only allowable, but highly desirable and 
even imperative, to use tlie symbol of equivalence with a 
generality of meaning corresponding to the generality) of 
the principles involved. Accordingly De Morgairt refusal 
to use t^ie symbol in logical propositions indicated his 
opinion that there was a want of analogy between logical 
propositions and mathematical equations. I use the sign 
because I hold the contrary opinion. 

Hallam^s Literature of Europe, First Ed., vol. ii. p. 444. 

Outline of a New System of Logic, London, 1827, pp. 133, &c. 

“ .A n Investigation of the Laws of Thought, iipp. 27, &c. 

' Formal Logic, p^ 82, 10^3 In his later work, Th^^Syllahjis of a 
New Sy stern of Logic, he discontinued the use oflhe sign. 

® Principles of Psychology, Second Ed., vol. ii. pp. 54, 55 
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I conceive that the sign as commonly employed, always 
denotes some form or degree of sameness, and the particular 
form is usually indicated by the nature of the terms joined 
byrit Thus 6,720 pounds = 3 tons’" is evidently ai^ 
equation of quantities. The formula — X — =4- ox- 
pVesses the equivalence of operations. Expgens = Dico- 
tyledons ” is a logical identity expressing a profound truth 
concerning the character and oi'igin of a most important 
group of^ plants. ^ 

•‘We have great need in logic of a distinct sign fo/ the 
copula, because the little verb is (or are), hitherto ased 
bqth in logic and ordinary discourse, is thoroughly am- 
biguous. It soi^ietimes denotes identity, ^as in “ St. Paul’s 
is the ^chef-d'mth'e of Sir Christopher Wren ; ” but it 
mere commonly indicates inclusion of class within class, 
or partial identity, as in Bishcps are members of the 
House of Lords.” This latter relation involves identity, 
but requires careful discrimination from simple identity, as 
will be shown further on. 

When with this sign of equality we join two nouns or 
h)gical terms, as in 

Hydrogen = The least dense element, 
we signify that the object or group of objects denoted by 
one term is identical with that denoted by the other, in 
everytliing except the^names. The general formula 

A = B 

must be taken to mean that A and B are symbols for the 
same obj^^t or group of objects. This ^entity may some- 
times arise from the mere imposition of names, but it may 
also arise from the deepest laws of the constitution of 
nature ; as when we say 

Gr^itating matter = Matter possessing inertia, 
Exogenous plants = Dicotyledonous plants, ^ 
Plagihedral quartz crystals = Quartz crystals causing 
the plane of polarisation of light To rotate. 

^ We shall need carefully to distinguish between relations 
of terms which can be modified at our own will and those 
^^hich are fixed as expressing the laws of nature ; but at 
present we are considering only the mode of expression 
which may 6e the same in either^case. 

Sometimi^.s, bu^ much less frequent fy, we require a 
symbol to'indica^^e difference or the absence, of complete 
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sameness. For this purpose we may generalise in like 
manner the symbol which was introduced by Wallis 
to signify difference between quantities. The general 
^formula 

• B -y C 

denotes that B and G are the names of tw/ objects oi 
groups which are not identical with each other. Tliua 
we may*sa}' ' 

Acrogens Flowering plants. 

Showdon ^ The highest mountain in Great Britain. 

I sl^all also occasionally use the sign to signify in the 
most general manner the existence of any relation between* 
the two terms conn|icted by it. Thus ^ m^ght mean not 
only the relations of equality or inequality, sarneneiis or 
difference, but any special relation of time, place, size,® 
causation, &c. in which ojae thing may stand to another. 
By A 000 B - 1 mean, then, *any two ol)jects of though', 
related to each other in any conceivable manner^ 

General Formula of Logical Inference. 

The one supreme rule of inference consists, as I have 
said, in the direction to affirm of anything whatever is 
known of its like, equal or equivalent. The SulstituUon 
of Similars is a plirase which seems af tly to express the 
capacity of mutual replacement existing in any two objects 
which are like or equivalent to a sufficient degree. It is 
matter for furthw' in'^estigation to ascertain when ^id for 
what purposes a degree of similarity less than complete 
identity is sufficient to warrant substitution. For the* 
present we think only of the exact sameness expressed iif 
the form 

A = B. 

Now it we take the letter C to denote any third con- 
ceivable object, and use the sign ooo in its stated meaning 
of indefinite relation^ then the general formula of all 
inference may be thus exhibited : — 

From A = B G 

we may infer 

or, in words — In whatever relation a thnng stands to a 
second tkinff, in the ktme reiation it stands Ho timlike or 
equivalent of that second thing. The identity between A 
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and B allows us indifferently to place A where B was, or 
B where A was ; and there is no limit to the variety of 
special meanings which we can bestow upon the signs 
used in this formula consistently with its truth. Thus if 
we first specify only tlie meaning of the sign coo, we may 
say that ifXyC is the weight of B, then 0 is also the iveight 
of A. Similarly 

If C is the father of B, C is the father of A ; 

K C is a fragment of B, C is a fragment of A ; 

If C is a quality of B, C is a quality of A ; " 

If C is a species of B, C is a species of A ; o 
If C is the equal of B, C is the equal of A ; 
and so on ad^ infiiiitum. ^ 

may also endow with special meanings the letter- 
terms A, B, and C, and the process of inference will never 
be false. Thus let the sign c^.’nean “ is height of,” and let 
A = Snowdon, 

B = Highest mountain in England or Wales, 

C = 3,590 feet; 

then it obviously follows since '' 3,590 feet is the Height 
of Snowdon,” and '' Snowdon = the highest mountain in 
England or Wales,” that, 3,590 feet is the height of the 
highest mountain in England or Wales.” 

£)ne result of this general process of inference is that we 
may in any aggregate or complex whole replace any part 
by its equivalent without altering the whole. To alter is 
to make a difference ; but if in replacing a part I make no 
differfeince, there is no alteration ^f the whole. Many 
inferences which have been very imperfectly included in 
logical formulas at once follow. I remember the late Prof. 
De Morgan remarking that all Aristotle’s logic could not 
prove that Because a horse is an animal, the head of a 
horse is the head of an animal.” I conceiVe that this 
amounts merely to replacing in the complete notion head of 
a horse, the term “ horse,” by its equivaVent some animal or 
an animal. Similarly, since 

The Lord Chancellor = The Speaker of the House of 
Lords, 
it follows that 

T^ death of the Lord Chancellor = The death of the 
Speaker of the House of Lords ; 
and any evcwit, circumstance or thing, Ayhich stands in a 
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certain relation to the one will stand in like relation to the 
other. Milton reasons in this way when he says, in his 
Areopagitica, “ Who kills a man, kills a reasonable creature, 
l3od\s image.” If we may suppose him to mean ' 

* God^s image = man = somo reasonable creature, 
it follows that “ The killer of a man is the ki>ier‘of some 
reasonable creafure,” and also “ The killer of God’s image.” 

This i^placement of equivalents may be repeated over 
and over again t9 any extent. Thus if person is identical 
in meafhing with individual, it follows that 

Meeting of persons = meeting of individuals ; 
and if assemblage — meeting, we may make a new replace*- 
ment and show that, ^ 

Meeting of persons = assemblage of iridividiials. ^ 

We may in fact found upon this principle of substitution? 
a most general axiom in the follownng terms ^ : — 

Same parts samely related make same wholes. 

If, for instance, exactly similar bricks and, other 
materials be used to build two houses, and they be simi- 
larly placed in each house, the two houses must be similar. 
There are millions of cells in a human body, but if each 
cell of one person were represented by an exactly similar 
cell similarly placed in another body, the two persons 
would be undistinguishable, and would be only numericnllg 
different. It is updh this principle, as*\ve shall see, that 
all accurate processes of measurement depend. If for a 
weight in a scale of a balance we substitute another 
weight, and the equiMbrium remains entirely uncb''^inged, 
then the weights must be exactly equal. Tlie general test 
of equality is substitution. Objects are equally bright^ 
when on replacing one by the other the eye perceives no 
difference. Objects are equal in dimensions when tested 
by the same*gauge they tit in the same manner. Generally 
speaking, two objects are alike so far as when substituted 
one for another no' alteration is produced, and vice versd 
when alike no alteration is produced by the substitution. 


1 Pure Logic, or the Logic of Quality, p. 1 4. 
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The Propagating Power of Similarity, 

The relation of .similarit3^an all its degrees is reciprocal 
So far things are alike, either may be substituted for the 
other; and this may perhaps be considered the very 
meaning of the relation. But it is well worth notice that 
there‘^is in similarity a peculiar power of extending itself 
among all the things which are similar. To render a 
number of things similar to each other we need only 
render them similar to one standard object. Each coin 
struck from u pair of dies not only resembles the matrix 
or ariginal pattern from which the dies were struck, but 
resembles every other coin manufactured from the same 
original pattern. Among a iMllion such coins there are 
not less than 499,999,500,000 pairs of coins resembling 
each other. Similars to the same are similars to all. It 
is one great advantage of printing that all copies of a 
document struck from the same type are necessarily 
identical each with each, and whatever is true of one copy 
will be true of every copy. Similarly, if fifty rows of 
pipes in an organ be tuned in perfect unison with one row, 
n^ially the Principal, they must be in unison with each 
other. Similarity can also reproduce or propagate itself 
ad infinitum : for if a number of tuning-forks be adjusted 
in perfect unison with one standard fork, all instruments 
tunedeto any one fork will agreeiwith any instrument 
tuned to any other fork. Standard measures of length, 
capacity, weight, or any other measurable quality, are 
‘ proijagated in the same manner. So far as copies of the 
original standard, or copies of copies, or copies again of 
those copies, are accurately executed, they nfUst all agree 
each with every other. 

It is the capability of mutual substitution which gives 
such great value to Jhe modern methods of mechanical 
construction, according to which all the parts of a machine 
are exact facsimiles of a fixed pattern. The rifles used in 
the British aripy are constructed on the American inter- 
changtjpble system, so that^any p^t of any rifle can be 
substituted fSr the same part of another. A bullet fitting 
one rifle m< 11 fit all others of the same bore. Sir J. 
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Whitworth has extended the same system to the screws 
and screw-bolts used in connecting together the parts of 
inachines, by establishing a series of standard screws. 


Anticipations of the Principle of Svihstit'^tion, 

In such a subject as logic it is hardly possible to put 
forth any opinions which have not been in some degree 
previously entertaine<d. The germ at least of •every 
doctrine will be found in earlier writers, and novelty must* 
arise cfeiefly in the mode of harmonising and developing 
ideas. When I first employed the process and name of* 
substitution in logic, i I was led to do so from^nalogy with 
the familiar mathematical process of sulJstituting lor a 
symbol its value as given in an equation. In writing my* 
first logical essay 1 had a naoijt imperfect^conception of the 
importance and generality of the process, and I described, 
as if they were of equal importance, a number of* other 
laws which now seem to be but particular cases of the one 
general rule of substitution. 

My second essay, The Substitution of Similars,” was 
written shortly after I had become aware of the great 
simplification which may be effected by a proper appli- 
cation of the principle of substitutioi^. I was not l#ien 
acquainted with tlie fact that the German logician 
Beneke had employed the principle of substitution, and 
had used the word itself in forming a theory of* the 
syllogism. My irapet*fect acquaintance with the German 
language had prevented me from acquiring a complete 
knowledge of Beneke's views ; but there is no doubt that* 
Professor Lindsay is right in saying that he, and prqj.)ably 
other logicians, were in some degree familiar with 
the principfe.^ Even Aristotle’s dictum may be regarded 
as an imperfect statement of the principle of substitu- 
tion ; and, as I have pointed out, we have only to 
modify that dictum in accordance with the quantifica- 
tion of the predicate in order to arrive at the complete 

' Pure LogiCf pp. i8, 19, 

* Ueberweg’s System of Logic, transl. by LindSay, pp.* 442—446, 
57J> 572. The anticipsitions 3f*the principle of •ubstitidion to be 
found m the works of Leibnitz, Rousch, and perhaM other German 
logicians^ will be noticed in the preface to this secon(i e iition. 
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process of substitution.^ The Port-Koyal logicians appear 
to have entertained nearly equivalent views, for they 
considered that all moods of the syllogism might be;, 
feduced under one general principle.^ Of two premises 
, they regard one as the containing 'pro'position (propositio 
contineifs),Vind the other as the appticaifive ;proposition. 
The latter proposition must always be ,Jiffirmative, and 
represents that by which a substitution is inade; the 
formef may or may not be negative, ’and is that in 
Vhich a substitution is effected. They also show that 
this method will embrace certain cases of complex reason- 
ing which had no place in the Aristotelian syllogism. 
Their views probably constitute the greatest improvement 
in logical doctrine made up to that time since the days 
t)f Aristotle. But a true reform in logic must consist, 
not in explaining^ the syllogisnf* in one way or another, 
but in doing away with all the narrow I'estrictions of 
the Aristotelian system, and in showing that there exists 
an infinite variety of logical arguments immediately 
deducible from the principle of substitution of which tlfe 
ancient syllogism forms but a small and not even the 
most important part. 

Tiie Logic of Relatives. 

There is a difficult and important branch of logic 
which may be called the Logic of Relatives. If I argue, 
for instance, that because Daniel Bernoulli was the son 
of John, and John the brother of James, therefore Daniel 
^as the nephew of James, it is not possible to prove 
fhis conclusion by any simple logical process. We re- 
quire at any rate to assume that the son of a brother is 
a nephew. A sim^de logical relation is that which exists 
between properties and circumstances of the same object 
or class. But objects and classes of objects may also be 
related according to all, the properties of time and space. 
I believe it may be shown, indeed, that where an inference 
concerning such relations is drawn, a process of sub- 
stitution ^is rea^y employed and an identity must exist ; 

^ SubstMution ^Similars (i869)«'p. 9. « 

* Fort-EoycU Logic, transl. by Spencer Baynes, pp. 212— 219. 
Part HI. chap. t. and xL 
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but 1 will not undertake to prove the assertion in this 
work. The relations of time and space are logical 
relations of a complicated character demanding much 
abstract and difficult investigation. The subject has beeii 
treated with such great ability by Peirce/ De Morgan/ 
Ellis/ and Harley, that I will not in the ijpres^nt work* 
attempt any review of their writings, but merely refer 
the reader to the publications in which they are to be 

found. 

• 

^ iMscription of a Notation for the Logic of Relatives^ resulting 
from an Amplification of the Conceptions of Boole's Calculus of Logic. 
By C. S. Peirce. Memoirs of the American Academ;yj vol. ix. Caui- 
bridge, U.S., 1870. ' • 

2 On the Syllogism No IV., and on the Logif of lielatioins. By 
Augustus De Morgan. TransactioJis of the Cambridge Bhilosophic^l 
Society, vol. x. part ii., i860. ^ 

3 Observations on Boole's Law 9 of Thought. • By the late K. Leslie 
Ellis ; communicated by the Rev. Robert Harley, F.R.S. Report of 
the British Association, 1870. Report of Sections, p. 12. Also, On 
Boole's Laws of Thought. By the Rev, Robert Harley, F.ft.S., ibid. 
p. 14- 



CHAPTEK II. 

TERMS. 

EvSry proposition expresses the resemblance or differ- 
ence of the things denoted by jts terms. As inference 
treats of the relation between two or more pro«positions, so 
a proposition expresses a relation between two or more 
terms. In the portion of this work which treats of 
deduction it will be convenient to follow the usual order 
I of exposition. We will consider in succession the various 
kinds of terms, propositions, and arguments, and we com- 
mence in this chapter with terms. 

Tl^e simplest and most palpable meaning winch can 
belong to a term cct!:isists of some singfe material object, 
such as Westminster Abbey, Stonehenge, the Sun, Sirius, 
&c. It is probable tliat in early stages of intellect only 
concretOi and palpable things are tha^ objects of thought. 
The youngest child knows the difference between a hot and 
f^,cold body. The dog can recognise his master among a 
hundred other persons, and animals of much lower intel- 
ligenc(^ know and discriminate their haunts. In all such 
acts there is judgment concerning the likeness (7f physical 
objects, but there is little or no power of analysing each 
object and regarding it as a group of qualities. 

The dignity of intellect begins with the power of 
separating points of agr^iement from those of difference. 
^ Comparison of two objects may lead us to perceive tliat 
they are at once like and unlike. Two fragments of rock 
may differ entirePf^ in outward form, yet they may have the 
same colcfir, handness, and texffire. Flowers which agree 
in colour may <?iffer in odour. The mind Imrns to regard 
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each object as an aggregate of qualities, and acquires the 
power of dwelling at will upon one or other of those 
qualities to the exclusion of the rest. Logical abstraction, 
in short, comes into play, and the mind becomes capabL of 
reasoning, not merely aboi^t objects which are physically 
complete and concrete, but about things MJ'hieh may be 
thought of separately in the mind though they exist not 
separately in nature. We can think of the hardness of 
a rock, or the colour of a flower, and thus produce 
abstract notions, denoted by abstract terms, which will 
foriw. a subject for further consideration. 

At the same time arise geneial notions and classes of 
objects. We caiwiot fail to observe that tiie quality hard- 
ness exists in many objects, for instance in many fringments 
of rock; mentally joining these together, we create ^he 
class hard object, whiclv^ will include, not only the actual 
objects examined, but all* others which may happen to 
agree with them, as they agree witli each other.. As our 
senses cannot possibly report to us all the contents of 
space, we cannot usually set any limits to the number of 
objects which may fall into any such class. At this poiflH; 
we begin to perceive the power and genei*ality of thought, 
which enables us in a single act to treat of indefinitely 
or even infinitely numerous objects. Wo can safely^assert 
that whatever is*' true of any one o?)ject coming under a 
class is true of any of the other objects so far as they 
possess the common qualities implied in their belonging to 
the class. We ini^st not place a thing in a clgSs iiidess 
we are prepared to believe of it all that is believed of the 
class in general ; but it remains a matter of rmport^t 
consideration to decide how far and in what manner *Ve 
can safely undertake thus to assign the place of objects in 
that genial system of classification which constitutes the 
body of science. 

Twofold Meaning of fieneml Names, 

Etymologically the meaning of a name is that which w«^ 
are caused to think of when the name is used. Now every 
general name causes us to think of some one 'or more of 
the objects belonging to a*^ class ; it may^also Shuse us to 
think of the .common qualities possessed ^y those objects 
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A name is said to denote the object of tlionght to which it 
may be applied ; it implies at the same time the possession 
of certain qualities or circumstances. The objects denoted 
forrfi the extent of meaning of the term ; the qualities 
implied form the inte7it of meamng. Crystal is the name 
of any substaBice of which the molecules are, arranged in 
a regular geometrical manner. Tlie substanqps or objects 
in question form the extent of meaning ; the circumstance 
of having the molecules so arranged forms the intent of 
meaning. ^ 

When we compare general terms together, it may often 
be found that the meaning of one is included in the mean- 
ing of another. • Thus all crystals are included among 
material substanchf and all opaque crystals are included 
arn^ng crystals; here the inclusion is in extension. We 
may also have inclusion of meaning in regard to intension. 
For, as all crystals are material substances, the* qualities 
implied l^y the term material substance must be among 
those implied by crystal. Again, it is obvious that while 
in extension of meaning opaque crystals are but a part of 
crystals, in intension of meaning crystal is but part of 
opaque crystal. We increase the intent of meaning of a 
term by joining to it adjectives, or phrases equivalent to 
adjecti*;es, and the removal of such adjectives of course 
decreases the intensi\^e meaning. Now, 'concerning such 
changes of meaning, the following all-important law holds 
universally true : — When the intent of meaniny of a term is 
increased me extent is decreased ; and vice versa, when the 
extent is increased the intend is decreased. In short, as one is 
in<?teased the other is decreased. 

• This \g-w refers only to logical changes. The number of 
steam-engines in the world may be undergoing a rapid 
increase without the intensive meaning of the naftie being 
altered. The law will only be verified, again, when there 
eis a real change in the intensive meaning, and an adjective 
may often be joined to a jioun without making a change. 
Elementary metal is identical with metal; mortal man 
ith man ; it being a property of all metals to be elements, 
and of all men to mortals. 

There i^^uo limit to the amount of meaning which a 
term may nave. A term may denote one object, or many, 
or an infinite nuAiber ; it may imply a single quality, if such 
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there be, or a group of any number of qualities, and yet 
the law connecting the extension and intension will in- 
fallibly apply. Taking the general name planet, we 
increase its intension and decrease its extension ^ by 
prefixing the adjective exterim* ; and if we further add 
nearest to thi earthy there remains but one planet, Mars, to 
which the n^ime can then be applied. Singular terms, 
which denote a single individual only, come under the 
same law of meaning as general names. The/ may be 
regarded as general names of which the meaning in exten- 
sion is reduced to a minimum. Logicians have erroneously 
asserted, as it seems to me, that singular terms are devoid 
of meaning in intension, the fact being fhat they exceed 
all other terms in that kind of meaning, as I lufve else- 
where tried to show.^ 


Abstract Terms. 

• 

Comparison of objects, and analysis of the complex 
resemblances and differences which they present, lead us 
to the conception of abstract qualities. We learn to thiiflv 
of one object as not only different from another, but as 
differing in some particular point, such as colour, or 
weight, or size. We may then convert points of agmement 
or difference into separate objects ^of thought which we 
call qualities and denote by abstract terms. Thus the term 
redness means something in which a number of objects 
agree as to colour,^nd in virtue of which they,tire called 
red. liedness forms, in fact, the intensive meaning of the 
term red. » 

Abstract terms are strongly distinguished fron^ general • 
terms by possessing only one kind of meaning ; for as they 
denote J^ualities there is nothing which they cannot in 
addition imply. The adjective “ red ” is the name of red 
objects, but it implies the possession by them of the quality^ 

* Jevons’ Elementary Lessons in Logic, pp. 41 — 43; Pure Logic, p. 6. 
See also J. S. Mill, System of Logic, Book 1 . chap. ii. section 5, 
Shevlden’s Elements of Logic, London, 1864, pp. 14, &c. Professo; 
Robertson objects {Mind, vol. i. p. 210) that f confuse singular and 
proper names ; if so^it is because I hold that tlje samerfeniarks apply 
to proper names, which do not seem to me to differ logically from 
Bingular names. 
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redness ; but this latter term has one single meaning — the 
quality alone. Thus it arises that abstract terms are in- 
capadle of plurality. ^ Red olijects are numerically distinct 
each from each, and there are multitudes of such objects ; 
but redness is a single quality which runs through all 
those object«, and is the same in one as it is, in another. 
It is true that we may speak of rednesses^ meaning different 
kinds or tints of redness, just as we may speak of colours, 
meaning different kinds of colours. But in distinguishmg 
kin\is, degrees, or other differences, we render the terms so 
far concrete. In that they are merely red there is bift a 
single nature in red objects, and so far as things are merely 
coloured, colour is a single indivisible quality. Redness, 
so far aa it is rednfess merely, is one and the same every- 
whare, and possesses absolute oneness. In virtue of this 
unity we acquire the power of ^treating all instances of 
such quality as we may treat any one. We possess, in 
short, general knov^ledge. 

Siihstantial Terms, 

Logicians appear to have taken little notice of a class of 
terms which partake in certain respects of the character of 
abstraef terms and yet are undoubtedly the names of con- 
crete existing things.* These terms are* the names of 
substances, such as gold, carbonate of lime, nitrogen, &c. 
We cannot speak of two golds, tAventy carbonates of lime, 
or a hundred nitrogens. There is no« such distinction 
between the parts of a uniform substance as will allow of 
a discrimination of numerous individuals. The qualities of 
^colwr, lustre, malleability, density, &c,, by which we 
recognis^gold, extend through its substance irrespective of 
particular size or shape. So far as a substance ii gold, it 
is one and the same everywhere; so. that terms of this 
kind, which I propose to call sidjstantial terms, possess 
the peculiar unity of abstract terms. Yet they are ndt 
abstract; for gold is of course a tangible visible body, 
gjtirely concrete, and existing independently of other 
bodies. 

It is only wlien, by actual mechanical division, we break 
up the uniform ^hole which forms tlie meaning of a 
substantial term, ihat we introduce number. Piece of gold 
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is a term capable of plurality ; for there may be a great 
many pieces discriminated either by their various shapes 
and sizes, or, in the absence of such marks, by simul- 
taneously occupying different parts of space. In substance 
they are one ; as regards .the ])roperties of space they are 
inany.^ We need not further pursue this cpigstion, wWch 
involves the distinction between unity and plurality, until 
we tonsider the principles of number in a subsequent 
chapter. 


(hllective Terms. 

We must clearly distinguish between^ the collective and 
the general meanings of terms. The aame nam^ may be 
used to denote the whole body of existing objects ^f a 
certain kind, or any one of those objects taken separately. 
‘"Man” may mean tne aggregate of e9i.isting men, which we 
sometimes describe as manHnd ; it is also the general 
name applying to any man. Tlio vegetable kingdom is 
the name of the whole aggregate of plants^ but “ plant ” 
itself is a general name applying to any one or other pl^it. 
Every material object may be conceived as divisible into 
jjarts, and is therefore collective as regards those parts. 
The animal body is made up of cells and fibres, a crystal 
of molecules ; wherever physical davision, or as it nas been 
called partition, is possible, tliere we deal in reality with a 
collective whole. Thus the greater number of general 
terms are at tl^ same time collective as regards each 
individual whole which they denote. * 

It need hardly be pointed out that we must not inf]^r of 
a collective whole what w^e know only of the parts, imr of 
the parts what wc know only of the whole. T3fe relation 
of whole and part is not one of identity, and does not 
allow of substitution. There may nevertheless be qualities 
which are true alike of the whole and of its parts. A 
number of organ-pipes tuned in unison produce an aggre- 
gate of sound which is of exactly tlie same pitch as each 

^ Professor Robertson has criticised luy introduction of ‘‘ SubstanfUil 
Terms {Mind, vol. i. p. 210), and objects, p^liaps cgrrectly, that the 
distinction if v^id is extra-Jogical. I am inclined to think, however, 
that the doctrine *of terms is, strictly speulfing, tbl^the most pait 
extra-logical 
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separate sound. In the case of substantial terms, certain 
qualities may be present equally in each minutest part as 
in the whole. The chemical nature of the largest mass of 
purp carbonate of lime is the same as the nature of the 
smallest particle. In the case of abstract terras, again, we 
cannot dra^ a distinction between whole and part ; what 
is true of redness in any case is al .cays true of redness, so 
far as it is merely red. ^ 

Synthesis of Terms. 

t 

We continually combine simple terms together so as to 
form new terras^ of more complex meaning. Thus, to 
increase the inteiifSion of meaning of a term we write it 
with an adjective or a phrase of adjectival nature. By 
joimng “brittle” to “metal,” we obtain a combined term, 
“brittle metal,” which denotes -a certain portion of the 
metals, namely, such as are selected on account of pos- 
sessing the quality of hrittleness. As we have already 
seen, “ brittle metal ” possesses less extension and greater 
ii^tension than metal. Nouns, prepositional phrases, parti- 
cipial phrases and subordinate propositions may also be 
added to terms so as to increase their intension and 
decrease their extension. 

In ohr symbolic larx;uage we need some mode of indi- 
cating this junction of terms, and the most convenient 
device will be the juxtaposition of the letter-terms. Thus 
if A mear\. brittle, and B mean metal, tl^en AB will mean 
brittle metal. Nor need there be any limit to the number 
of letters thus joined together, or the complexity of the 
notions which they may represent. 

" Thus ii' we take the letters 
P = metal, 

Q = white, 

R = monovalent, 

S = of specific gravity I0‘5, 

T = melting above iooo° C., 

V = good conductor of heat and electricity, 
tiifen we can form a combined term PQRSTV, wliich will 
denote “a white moiiovalent metal, of specific gravity 105, 
melting abo^fe iooQ° C., and a good conductor of heat and 
electricity.” 
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There are many grammatical usages concerning the 
junction of words* and phrases to which we need pay no 
attention in logic. We can never say in ordinary language 
‘‘ of wood table,” meaning “ table of wood ; ” but we ^nay 
consider “of wood” as logically an exact equivalent of 
“ wooden” ; so that if 

X — of v-ood^ 

Y = table, 

there is no reason why, in our symbols, XY should not be 
just as correct an expression for “ table of wood ” as YX. 
In^this case indeed we might substitute for “of wood ” the 
corresponding adjective “ wooden,” but we should often fail 
to find any adj^tive answering exactly tu a phrase. There 
is no single word by which we could express thg notion 
“of specific gravity iO‘5 but logically we may consider 
these words as forming^ an adjective; and denoting this by 
S and metal by V, we nmy say that*SP means “metal of 
specilic gravity 10*5.” It is one of many advantages in 
these blank letter-symbols that they enable us Completely 
to neglect all grammatical peculiarities and to fix our 
attention solely on the purely logical relations involvq^. 
Investigation will probably show tiiat the rules of grammar? 
are mainly founded upon traditional usage and have little 
logical signification. This indeed is sufficiently proved by 
the wide grananatical differences^ which exist between 
languages, though the logical foundation must be the 
same. 


Symbolic Exfpression of the Law of Goniractiction, 

The synthesis of terms is subject to the all-iinpor^nt 
Law of Thought, described in a previous section 5) and‘ 
called tiie Law of Contradiction. It is self-evident that no 
quality can be both present and absent at the same time 
and place. This fundamental condition of all thought and 
of all existence is expressed symbolically by a rule that a 
term and its negative shall never be allowed to come into 
combination. Such combined terms as Aa, B6, Cc, &c., are 
self-contradictory and devoid of all intelligible meaning. 
If they could represent anything, it w^uld bo what cannot 
exist, and cannot even 4 )e imagined ii^ the Juind. They 
can therefore only enter into our consjileration to suffer 
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immediate exclusion. The criterion of ftilse reasoning, as we 
shall find, is that it involves self-contradiction, the affirm- 
ing and denying of the same statement. We might repre- 
sent tne object of all reasoning as the separation of the 
consistent and possible from the inconsistent and impossi- 
ble ; and wf cannot make any statement except a truism 
without implying that certain combinations of terms are 
contradictory and excluded from thought. To assert that 
“ all A's are B’s is equivalent to the assertion that A’s 
which are not B s cannot exist.*' 

It will be convenient to have the means of indicating 
the exclusion of the self-contradictory, and we may use the 
familiar sign for nothing^ the cipher o. Tims the second 
law of thought may be symbolised in the 1‘orms 
^ Aft = o AW) = o ABOa = o 

We may variously describe the meaning of o in logic as 
the non-existent, tli(^ impossible] the self -inconsistent, the 
inconceivable. Close analogy exists between this meaning 
and its mathematical signification. 


Certain Special Conditions of Logical Symbols, 

In qrder that we may argue and infer truly we must 
treat our logical symbols according to the fundamental 
laws of Identity and Difference. But in thus using our 
symbols we shall frequently meet with combinations of 
which tliQi meaning will not at first sight be apparent. If 
in one case we learn that an object is “ yellow apd round,” 
an^l in another case that it is round and yellow,” there 
arkes the question whether these two descriptions are 
' identicaf^in meaning or not. Again, if we proved that mi 
object was “ round round,” the meaning of such aif expres- 
sion would be open to doubt. Accordingly we must take 
notice, before proceeding further, of certain special laws 
Vhich govern the combination of logical terms. 

In the first place the coidbination of a logical term with 
itself is without effect, just as the repetition of a statement 
fioes not alter the meaning of the statement ; “ a round 
round object” is dimply '^a round object.” What is 
yellow yellow is merely yellow ;* metalltc metals cannot 
differ from metalg, nor circular circles from cirqles. In our 
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symbolic language we may similarly hold that i\A is iden- 
tical with A, or 

A = AA-AAA = &c. 

Tlie late Professor r>oole is the only logician in rnodetn 
times who has drawn attention to this remarkable property 
of logical terms ; ^ but in place of the name whi^i lie gave 
to the law, I have proposed to call it The Law of Simpli- 
city.^ 'Its high importance will only become apparent 
when we attempt to determine the relations of logfcal and 
mathematical science. Two symbols of quantity, and only 
two,6eem to obey this law; we may say tliat i x i — i, 
and 0X0 = 0 (taking o to mean absolute zero or i — i) ; 
there is apparently no other number which •combined with 
itself gives an unclianged result. I shall •point out,t Jiow- 
ever, in the chapter upon Kuniber, tliat in reality ail 
numerical symbols obey tjiis logical principle. 

It is curieus that this Law of Simplicity, though almost 
unnoticed in modern times, was known to Tloethms, who 
makes a singular remark in his treatise De Trinitdle et 
Uniiate Dei (p. 959). He says: “If I should say sun, 
sun, sun, 1 should not have made three suns, but I shouhl^ 
have named one sun so many times.’’ ^ Ancient discussions 
about the doctrine of the Trinity drew more attention 
to subtle questions concerning the nature of unity# and 
plurality than has^3vcr since been givfai to them. 

It is a second law of logical symbols tliat order of coni- 
bination is a matter of indiherence. “ Pich and rare gems ” 
are the same as “ rare and rich gems,” or even a5^*“ gems, 
rich and rare.” Grammatical, rhetorical, or poetic usage 
may give considerable signiticance to order of expressions 
The limited power of our minds prevents our gi^sping 
many ideas at once, and thus the order of statement may 
produce S( 5 nre effect, but not in a simply logical manner. 
All life proceeds in the succession of time, and we are 
obliged to write, speak, or even think of things and their 
qualities one after the other; but between the things and 
their qualities there need be no such relation of order in 

‘ Mathematical Analysis of Logic, Cambridge, 1847, p. 17. An 
Investigation of the Laws of Thought, London, 13 ^ 4 , p. 3^. 

- Pwe Logic, p. 15. , • ^ ^ 

3 ‘‘Velut si. dicam, Sol, Sol, Sol, non tres soles eflecorim, sod uno 
toties praedicaverijiii,” • 

n 
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time or space. The sweetnesS of sugar is neither before 
nor after its weight and solubility. * The hardness of a 
metal, its colour, weight, opacity, malleability, electric and 
chemical properties, are all coexistent and coextensive, per- ^ 
vading the metal and every part of it in perfect community, 
none be%'e nor after the others. In our words and symbols 
we cannot observe this natural condition ; ^e must name 
one quality first and another second, just vih someone must 
be the, first to sign a petition, or to walk foremost in a pro- 
fession. In nature there is no such precedence. 

I find that the opinion here stated, to the effec^; that 
relations of space and time do not apply to many of our 
ideas, is clearl^ adopted by TTume in Ips celebrated Trea- 
Use oji Human J^ature (vol. i. p. 410). He says — "'An 
gbject may be said to be no where, when its parts are not so 
situated with respect to each other, as to form any figure 
or quantity; nor the whole with respect to other bodies so 
as to answer to our notions of contiguity or distance. Now 
this is' evidently the case with all our perceptions and 
objects, except those of sight and feeling. A moral reflection 
cannot be placed on the right hand or on the left hand 
of a passion, nor can a smell or sound be either of a circular 
or a square figure. These objects and perceptions, so far 
froiji requiring any particular place, are absolutely incom- 
patible with it, and'^even the imaginaticn cannot attribute 
it to them.” 

' A little reflection will show that knowledge in the 
highest perfection would consist in the simultaneous pos- 
session of a multitude of facts. To comprehend a 
^^cience perfectly we should have every fact present with 
f.very other fact. We must write a book and we must read 
it successively word by word, but how infinitely higher 
would be our powers of thought if we could grasp the 
whole in one collective act of consciousness 1 Compared 
with the brutes we do possess some slight approximation 
to such power, and it is conceivable that in the indefinite 
future mind may acquiife an increase of capacity, and be 
less restricted to the piecemeal examination of a subject. 
But I wish here to make plain that there is no logical 
foundation:! for "^the successive character of thought and 
reasoning unav/^idable under oifr present mental conditions. 

' Book i., Part iv., Section 5, 
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IVe are logically weak, anctimperfeet in respect of the fact 
that we are obliged t6 think of one thing after another. Wo 
must describe metal as “ hard and opaque,” or opaque and 
hard,” but in the metal itself there is no such dilference^f 
order ; the properties are simultaneous and coextensive in 
existence. • 

Setting aside all grammatical peculiarities which render 
a substantive * less moveable than an adjective, and dis- 
regarding any meaning indicated by emphasis or ^narked 
order of words, we may state, as a general law of logic, 
thatijAB is identical with BA, or AB = BA. Similarly, 
ABC = ACB = BOA = &c. ^ 

Boole first dre^y attention in recent years to this pro- 
perty of logical terms, and lie called it -‘the property of 
Commutativeness.^ He not only stated the law with tl «3 
utmost clearness, but pointed out that it is a Law of 
Thought rather than a La\^ of Thingj^. I shall have in 
various parts of this work to show how the necessary im- 
perfection of our symbols expressed in this law clings to 
our modes of expression, and introduces complication into 
the whole body of mathematical formulce, which are really^ 
founded on a logical basis. 

It is of course apparent that the power of commutation 
belongs only to terms related in the simple logical mcile of 
synthesis.^ No onie can- confuse “ a Ifouse of bricks” with 
“ bricks of a house,” ** twelve square feet ” with “ twelve feet 
square,” ‘'the water of crystallization” with “ the crystalliza- 
tion of water.” All reJations which involve differences^ of time 
and space are inconvertible ; the higher must not be made to 
change places with the lower, nor the first with the last. Fo^ 
the parties concerned there is all the difference in the world 
between A killmg B and B kiUing A. The law of com- 
mutativeniss simply asserts that difference of order does 
not attach to the connection between the properties and 
circumstances of a thing— to what 1 call simple logical 
relation. 

^ Laws of Thought, p. 20. It is pointed out in the preface to this 
Second Edition that Leibnitz was acquainted with the Laws of • 
Simplicity and of Commutativeness. 




CHArTER III 

PRorosmoNs. 

^ We now proceed to consid(‘r tlie variety of forms of pro- 
positions in which the truths of«3ciencG must be expressed. 
I shall endeavour to sliow tliat, however diverse these 
forms be, they all admit the apjdication of the one 
same principle of inference tliat what is true of a thing is 
true of the like or same. Tliis ])rineip]e holds true what- 
ever be the kind or manner of the likeness, jjrovided 
proper regard be had to its nature. rroj)ositions may 
assert an identity of time, space, manner, (piantity, degree, 
or ttiiy other circumstance in which things may agree or 
differ. ^ 

We find an instance of a proposition concerning time in 
the following: — '‘The year in which Newton was born, 
was ttre year in which Galileo diefl.” This proposition 
expresses an approximate identity of time between two 
•^events; hence whatever is true of the year in which 
^Galij^o died is true of that in wliich Newton was born, 
and vice vcrsd. “ Tower Hill is the place where Raleigh 
was executed expresses an identity of ])laco f and what- 
ever is true of the one spot is true of the spot otherwise 
defined, but in reality the same. In ordinary language we 
have many propositions obscurely expressing identities 
of number, quantity, or degree. “ So many men, so many 
minds,” is a proposition concerning number, that is to say, 
an equation; \^iatever is true of the number of men is 
true of ttie number of minds, apd vice versd. “ The density 
of Mars is (ne&rly) the same as that of the Earth,” “ The 
force of gravity is directly as the product of the masses, and 
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inversely as the square of the distance,” are propositions 
concerning magnitude or degi-ee. Logicians have not paid 
•adequate attention to the great variety of propositioi^s 
which can be stated by the use of the little conjunction 
as, together with so. “ As the home so the peqjjle,” is a 
proposition G:jq:)ressing identity of manner ; and a great 
number of similar propositions all indicating some kind of 
resemblance might be quoted. Whatever be the ^special 
kind of identity, all such expressions are su])ject to thq 
great principle of inference; but as we shall in later 
parts of this work treat more particularly of inference in 
cases of number and magnitude, we will here confine our 
attention to logicaT propositions which involve only notions 
of quality. 


Sinqjfc *Idcntiilcs, 

The most important class of propositions consists of 
those which fall under the formula 

A = B, 

and may be called simide idcniitics. I may instance, in 
the first place, those most elementary ])ropositions which - 
express the exact similarity of a quality encountered in 
two or more objects. I may cornpari^, the colour oPthe 
l*acific Ocean with that of the Atlantic, and declare them 
identical. I may assert that ‘‘ the smell of a ratten egg is 
like that of hydrogen sulphide ; ” the taste of silver hypo- 
sulphite is like that of cane sugar;” “the sound of an 
earthquake resembles that of distant artillery.” Such are 
propositions stating, accurately or otherwise, the identit}^ 
of simjde physical sensations. Judgments of this^kinef 
are necessarily pre-supposed in more complex, judgments. 
If I declare that “ this coin is made of gold,” 1 must base 
the judgment upon the exact likeness of the substance in 
several qualities to other pieces of substance which are 
undoubtedly gold. 1 must make judgments of the colour, 
the specific gravity, the hardness, and of other mechanical 
and chemical properties ; each of these judgments is ex- 
pressed in an elementary proposition, “ tke colour of this 
coin is the colour golc^” and so on. Jiven ''jhen we 
establish the identity of a thing with itself under a 
different name or aspect, it is by distinct judgments 
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concerning single circumstances. To prove that the 
Homeric is copper we must show the identity of 

*3j,*ch quality recorded of with a quality of copper. 

To establish Deal as the landing-place of Ca3sar, all material 
circumstances must be shown to agree. If the modern 
Wroxeter is the ancient Uriconium, there must be the like 
agreement of all features of the country- not subject to 
alteration by time. 

. Such identities must be expressed in the form A = B. 
We may say 

Colour of Pacific Ocean = Colour of Atlantic Ocean. 

Smell of fotten egg = Smell of hydrogen sulphide. 

In these and similar propositions we assert identity of 
single qualities or causes of sensation. In the sam^ form 
we may also express identity of any gi’oup of qualities, as 
in 

== Copper. 

Deal = Landing-place of Ciesar. 

A multitude of propositions involving singular terms fall 
j into the same form, as in 

The Pole star = The slowest- moving star. 

Jupiter = The greatest of the planets. 

?.’he ringed planet^ The planet having seven satel- 
lites. f 

The Queen of England = The Empress of India. 

The number two = The even prime number. 

Honesty = The best policy. ^ 

In mathematical and scientific theories we often meet 
^with simple identities capable of expression in the same 
]^rm. Thus in mechanical science The process for finding 
the fcsultant of forces = the process for finding the re- 
sultant of simultaneous velocities.” Theorems i,n geometry 
often give results in this form, as 

;^uilateral triangles = Equiangular triangles. 

Circle = Einite plane curve of constant curvature. 

Circle = Curve of least perimeter. 

The more profound and important laws of nature are 
often expressible in the form of simple identities; in 
addition to somerinstances which have already been given, 
I may suggest, , 

Crystals pf cubical system = Crystals not possessing 
the power of double refraction. 
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All definitions are* necessarily of this form, whether the 
objects defined be many, few, or singular. Thus we may say, 

Common salt = Sodium chloride. 

Chlorophyl = Green colouring matter of leaves. 

Square = Equal-sided rectangle. . 

It ils ail ejftraordinary fact that propositions of this 
elementary forili, all-important and very numerous as they 
are, had no recognised place in Aristotle’s system ol^ Logic. 
Accordingly their importance was overlooked until very 
receipt times^ and logic was the most deformed of sciences. 
But it is impossible that Aristotle or any other person 
should avoid consonantly using them ; not ajberm could be 
defined without their use. In one place at least Aristotle 
actually notices a proposition of the kind. He observes^ 
‘‘We sometimes say that that white thing is Socrates, or 
that the object approaching is Callias.’'^ •Here we certainly 
have simple identity of terms ; but he considered such 
propositions purely accidental, and came to the unfottunate 
conclusion, that “ Singulars cannot be predicated of other 
terms.” 

Propositions may also express the identity of extensive 
groups of objects taken collectively or in one connected 
whole ; as when we say, 

The Queen, L«rds, and Commons*- The Legislature of 
the United Kingdom. 

When Blackstone asserts that “ The only true and natural 
foundation of societ}yare the wants and iears of individuals,’' 
we must interpret him as meaning that the whole of the 
wants and fears of individuals in the aggregate form tliQ^ 
foundation of society. But many propositions whicU 
might seem to be collective are but groups of singular 
propositions or identities. When we say “ Potassium and 
sodium are the metallic bases of potash and soda,” we 
obviously mean, 

Potassium = Metallic base of potash ; 

Sodium = Metallic base of sdlia. 

It is the work of grammatical analysis to separate the , 
various propositions often combined into a siiigle sentence. 
Logic cannot be properly required to interpret *the forms 
and devices of language, but only to treat the «iieaning 
when clearly exhibited. 

' Prior Analytics^ i. cap. xxvii, 3, 
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Partial Identities, 

A second Inglily important kind of proposition is that 
which 1 propose to call a partial identity. rWhen we say 
that “All inaininalia are vertebrata,” we do -not mean that 
mammalian animals are identical with vertebrate animals, 
but only that the mammalia form a part of the class verte- 
brata, Such a proposition was regarded in the old logic as 
asserting the inclusion of one chiss in another, or of an 
object in a class. It was called a universal alhrmative pro- 
position, becaufe the attribute vertebrate tv^as aMlrrned of the 
whole subject mammalia ; but the attribute was said to be 
niidisiribnied, because not all vertebrata were of necessity 
involved in the proposition. Aristotle, overlooking the im- 
portance of simple identities, and indeed almost denying 
their existence, unfortunately founded his system upon the 
notion of inclusion in a class, instead of adoj)ting the basis 
of identity. He regarded inference as resting upon the rule 
that what is true of the containing class is true of the 
contained, in place of the vastly more general rule that 
what is true of a class or thing is true of the like. Thus 
he not only reduced Jogic to a fragment of its proper self, 
but destroyed the deep analogies which bind together 
logical and mathematical reasoning. Hence a crowd of 
defects, ^^difficulties and errors which wjll long disfigure the 
first and ‘Simplest of the sciences. 

It is surely evident that the relation of inclusion rests 
tij)on the relation of identity. Mammalian animals cannot 
be inciuded among vertebrates uidess they be identical with 
part of the vertebrates. Cabinet Ministers ar(^ included 
alui vst always in the class Members of Paidiament, because 
they are identical with some who sit in Parliament. We 
may indicate this identity with a part of the larger class in 
various ways ; as for instance, 

Mammalia = part of the vertebrata. 

Diatornacem = a class of plants. 

Cabinet Ministeis = some members of Parliament. 
Iron^= a ingtai 

In ordinary ^nguage the verbs is and ai'c express mere 
inclusion more often than not. Men are mortals y means 
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that men form a part of the class mortal ; hut great con- 
fusion exists between this sense of the verb and that in 
which it expresses identity, as in “ The sun is the centre f f 
the planetary system.” The introduction of the indefinite 
article a often expresses partiality ; when we say “ Iron is 
a rnetal” we ciearly mean that iron is one onlyoi several 
metals. • 

Certain recent logicians have proposed to avoid the 
iiidefinitencss in cpiestion by what is called the tjuanti- 
fication of the Predicate, and they have generally used the 
little* word f^ome to show that only a of the predicate 
is identical vdth the subject. Some is an indctc'nnmate 
adjective; it implies unknown qualities by \\^iich we might 
select the part in question if the qualities were known, but 
it gives no hint as to their nature. I might make use (?f 
such an indeterminate si^n to express partial identities in 
this work. *Thus, taldng the special symbol V = Some, the 
general form of a partial identity would be A = Vi^, and in 
Boole’s Logic expressions of the kind were much used. 
But T believe that indeterminate symbols only introduce, 
complexity, and destroy the beauty and simple universality 
of the system which may be created without their use. A 
vague word like some is only used in ordinary language by 
ellipsis, and to a’^oid the trouble oip attaining accul'acy. 
We can always employ more definite expressions if we 
like ; but when once the indefinite some is introduced we 
cannot replace it b,^ the special description. We^do not 
know whether some colour is red, yellow, blue, oi* what it 
is ; but on the other hand red colour is certaiidy sonu 
colour. 

Throughout this system of logic I shall dispense witTi 
such inde^nite expressions ; and tliis can readily be done 
by substituting one of the other terms. To express tlie 
proposition All A’s are some B’s ” I shall nor use the form 
A = VB, but 

A = AB^ 

This formula states that the class A is identical with the 
class AB ; and as the latter must be a part at least of the' 
class B, it implies tlie inclusion of the class Adn that of 
B. We might repuesent (mi former example tlni^ 
Mammalia = Mammalian vertebrata. 

This propositioii asserts identity between a part (or it may 
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be the whole) of the vertebrata and the mammalia. If it is 
asked What part ? the proposition affords no answer, except 
that it is the part which is mammalian; but the assertion 
'' mammalia = some vertebrata ” tells us no more. 

It is quite likely that some readers will think this 
mode of representing the universal affirmative proposition 
artificial and complicated. I will not undertake to con- 
vince tjiem of the opposite at this point of my exposition. 
Justification for it will be found, not so much in the im- 
mediate treatment of this proposition, as in the general 
harmony which it will enable us to disclose between all 
parts of reasoning. I have no doubt that this is the 
critical difficulty in the relation of logical to other forms of 
reasoning. Grant this mode of denoting that “ all A’s are 
1^'s,” and I fear no further difficulties ; refuse it, and we find 
want of analogy and endless anomaly in every direction. It 
is on general grounds that I hope to show overwhelming 
reasons for seeking to reduce every kind of proposition to 
the form of an identity. 

^ I may add that not a few logicians have accepted this 
view of the universal affirmative proposition. Leibnitz, in 
his Difficultates Qucedam LogiccCy adopts it, saying, Omne 
A est B ; id est iequivalent AB et A, seu A non B est non- 
ens.”*" Boole employrid the logical equ/itioii x ^ xy con- 
currently with X ^ vy \ and Spalding ^ distinctly says that 
the proposition all metals are minerals might be de- 
scribed #s an assertion of partial ideni^Aj between the two 
classes. 'Hence the name which I have adopted for the 
proposition. 

Limited Identities. 

An important class ot propositions have the form 
AB = AC, 

expressing the identity of the class AB with the class AC. 
In other words, Within the sphere of the class A, all the 
B’s are all the Gs ; ” or again, “ The B’s and C’s, which are 
^A’s, are identical.^' But it wiU be observed that nothing is 
asserted concerning things which are outside of the class 
A ; and thus the identity is of limited extent. It is the 
proposition B = £) limited to the*sphereof things called A. 

* EncyclopadioA Britannica, Eighth Ed. art. Logic, sect. 37, note. 
8vo reprint, p, 79. 
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.Thus we may say, with some approximation to truth, that 
Large plants are plants devoid of locomotive power.” 

A barrister may make numbers of most general state- 
ments concerning the relations of persons and things in the 
course of an argument, but it is of course to be understood 
that he speaks only of persons and things under the 
English Law. • Even mathematicians make statements 
which are not true with absolute generality. They say 
that imaginary roots enter into equations by pairs ; Sut this 
is only true under the tacit condition that the equations in 
question shall not have imaginary coefficients.^ The uni- 
verse, in short, within which they habitually discourse is 
that of equations with real coefficients. *These implied 
limitations form part of that great mass of tacit knowledge 
which accompanies all special arguments. * 

To Do Morgan is due ^the remark, that we do usually 
think and argue in a limited universe or sphere of notions, 
even when it is not expressly stated.^ 

It is worthy of inquiry whether all identities are not 
really limited to an implied sphere of meaning. When we„ 
make such a plain statement as Gold is malleable ” we 
obviously speak of gold only in its solid state ; when we 
say that “ Mercury is a liquid metal ” we must be under- 
stood to exclude t^e frozen condition *to which it mdy be 
reduced in the Arctic regions. Even when we take such a 
fundamental law of nature as All substances gravitate,” 
we must mean by substance, material substance,^not. in- 
cluding that basis of heat, light, and electrical undulations 
which occupies space and possesses many wonderful me- 
chanical properties, but not gravity. The proposition theif 
is really of the form 

Matejial substance = Material gravitating substance. 

Negative Propositions, 

©very act of intellect we ar^ engaged with a certain 
identity or difference between things or sensations compared 
together. Hitherto I have treated only of identities ; and* 
yet it might seem that the relation of di^ferenqp must be 

Pool of any Function. • CambrMge Philo- 
Bophical Transactions, 1867, vol xi.p. 25. * 

Syllabus of a^proposed System of Logic^ §§ 122, 123. 
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infinitely more common than that of likeness. One thing 
may resemble a great many other things, but then it differs 
frgm all remaining things in the world. Diversity may 
almost be said to constitute life, being to thought wliat 
motion is to a river. The perception of an object involves 
its discrimination from all other objects. But we may 
nevertheless be said to detect resemblance as oiten as we 
detect difference. We cannot, in fact, assert the existence 
of a diSference, without at the same time implying the 
existence of an agreement. 

If I compare mercury, for instance, with other metals, 
and decide tliat it is not solid, here is a difference between 
mercury and solid things, expressed in a negative propo- 
sition ; but there must be implied, at the same time, an 
agreement between mercury and the other substances 
which are not solid. As it is.impossihle to separate the 
vowels of the alphabet from the consonants without at the 
same time separating the consonants from the vowels, so I 
cannot select as the object of thought solid things, witJiont 
^thereby throwing together into another class all tilings 
which are not solid. The very fact of not possessing a 
quality, constitutes a new quality which may be the ground 
of judgment and classification. In this point of view, 
agreement and difference are ever the tw^^ sides of the same 
act of intellect, and it becomes equally possible to express 
the same judgment in the one or other aspect. 

Betwf^en atlirmation and negation th^u^e is accordingly a 
perfect equilibrium. Every alhrmative pro])Osition implies 
a negative one, and vice versd. It is (3veii a matter of in- 
difference, in a logical point of view, whetlier a ])o.sitive or 
negati/e term be used to denote a given quality and the 
class of things possessing it. If the ordinary state of a 
man's body be called good health, then in other circuinstances 
he is said not to he in good health ; but we might equally 
describe him in the latter state as sickly, and in his normal 
condition he would be not sickly. Animal and vegetable 
substances are now called organic, so that the other sub- 
•‘“'stances, forming an immensely greater part of the globe, are 
described rregativwly as inorganic. But we might, witli at 
least equal logic^^l correctness, have despribed the prepon- 
derating 3ass of substances as mineral, and then vegetable 
and animal substances would have been non^mineral. 
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It is plain that any positive term and its corresponding 
negative divide between tlieni the whole nniverse of 
thought: whatever does not fall into one must fall into the 
other, by tlie third fundamental Law of Thought, the LSw 
of Duality. It follows at once that tliere are two inodes 
of representyig a difference. Su])posing that <116 things 
represented by. A and B are found to differ, we may indicate 
(see p. 17) the result of the judgment by the notation 
A - B. 

AVe may now represent the same j udgment by the asserticfti 
thah-A agrees with those things which differ from B, or 
that A agrees with the not-B’s. Using our notation for 
negative terms (^ee p, 14), we obtain 
A = Ah 

as the expression of the ordinary negative propositiodi. 
Thus if we take A to na^xn quick silvei^ and B solid, then 
we have tire following proposition : — 

Quicksilver = Quicksilver not-solid. 

Tliere may also be several other classes of negative pro- 
positions, of which no notice was taken in the old logic. 
We may have cases whei’e all As are not-lVs, and at the 
same time all not-B’s are A’s ; there may, in short, be 
a simple identity between A and not-B, which may be 
expressed in the form 

• A = h. 

An example of this form would be 

Conductors of electricity -= non-electrics. 

We shall also fr(^.piently liave to deal as results of de- 
duction, with simple, partial, or limited identities between 
negative terms, as in the forms 

a = b, a = ((h, aC = hC, etc. 

It would be possible to represent affirmative pi'opositions 
in the negative form. Thus Iron is solid,” ifight be ex- 
pressed as Iron is not not-solid,” or ‘‘ Iron is not fluid ; ” 
or, taking A and h for the terms ‘‘ iron,” and “ not-solid,” 
the form would be A -- h. 

But there are very strong reasons why we should employ 
all propositions in their affirmative form. All inferenc(^ 
proceeds by the substitution of equivalejj^ts, and a proposi- 
tion expressed in the forijj of an identity is ready to yield 
all its consequences in the most direct mafiner. will be 
more fully shown, we can infer in a negalSve proposition, 
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but not hy it. Difference is incapable of becoming the 
ground of inference ; it is only the implied agreement with 
other differing objects which admits of deductive reason- 
ing; and it will always be found advantageous to employ 
propositions in the form which exhibits clearly the implied 
agreements. 


Conversion of Propositions. ' 

, The old books of logic contain many rules concerning 
the conversion of propositions, that is, the transposition of 
the subject and predicate in such a way as to obtain a new 
proposition which will be true when the^ original proposi- 
tion is true. l"he reduction of every proposition to the form 
of an identity renders all such rules and processes needless, 
identity is essentially reciprocal. If the colour of the 
Atlantic Ocean is ihe same ao t'oat of the Pjmitic Ocean, 
that of the Pacific must be the same as that of the Atlantic. 
Sodium* chloride being identical with common salt, common 
salt must be identical with sodium chloride. If the number 
. of windows in Salisbury Cathedral equals the number of 
days in the year, the number of days in the year must 
equal the number of the windows. Lord Chesterfield was 
not wrong when he said, I will give anybody their choice 
of these two truths, twhich amount to t^e same thing ; He 
who loves himself best is the honestest man; or, The 
honestest man loves himself best.'' Scotus Erigena exactly 
expresses this reciprocal character oi^ identity in saying, 
''There "are not two studies, one of philosophy and the 
j)ther of religion ; true philosophy is true religion, and true 
religion is tine philosophy.” 

A* mathematician would not think it worth while to 
mention that ilx = y then also y = x. He woijid not con- 
sider these to be two equations at all, but one equation 
accidentally written in two different manners. In written 
symbols one of two names must come first, and the other 
second, and a like succession must perhaps be observed in 
our thoughts: but in the relation of identity there is no 
need for succession in order (see p. 33) , each is simul- 
taneously •equal knd identical to the other. These remarks 
wiU holii true bpth of logical and mathematical identity ; 
so that I shall^consider the two forms 
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A = B and B = A 

to express exactly the same identity differently written. 
All need for rules of conversion disappears, and there will 
be no single proposition in the system which may not tee 
written with either end foremost. Thus A = AB is the 
same as AB = A, aO = IG is the same as 6C == ^C, and so 
forth. • 

The same relnarks are partially true of differences and 
inequalities, which are also reciprocal to the extejit that 
one thing cannot differ from a second without the second 
differing from the first. Mars differs in colour from 
Venus, and Venus must differ from Mars. The Earth differs 
from Jupiter in (^ensity ; therefore Jupiter i];^ust differ from 
the Earth. Spealdng generally, if A B we shall also 
have B ^ A, and these two forms may be considered e:j- 
pressions of the same difference. But the relation of 
differing things is not wfioliy reciprocal. The density of 
Jupiter does not differ from that of the Earth in the same 
way that that of the Earth differs from that of *Jupiter. 
The change of sensation which we experience in passing 
from Venus to Mars is not the same as what we experience * 
in passing back to Venus, but just the opposite in nature. 
The colour of the sky is lighter than that of the ocean ; 
therefore that of the ocean cannot be lighter than tliat of 
the sky, but darkey In these and allf^imilar cases we gain 
a notion of direction or character of change, and results of 
immense importance may be shown to rest on this notion. 
For the present we ^hall be concerned with the irrere fact 
of identity existing or not existing. * 

Twofold Interpretation of Propositions. 

Terms, jis we have seen (p. 25), may have a meaning 
either in extension or intension ; and according as one or 
the other meaning is attributed to the terms of a proposi- 
tion, so may a different interpretation be assigned to the 
proposition itself. When the ter^ns are abstract we must 
read them in intension, and a proposition connecting such 
terms must denote the identity or non-identity of the* 
qualities respectively denoted by the tei^ns. Thus if we 
say 

Equality = Identity of magnitijde. 
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the assertion means tliat the circumstance of being' equal 
exactly corresponds with the cirdumstance of being 
identical in magnitude. Similarly in 
® Opacity = Incapability of transmitting light, 
the quality of being incapable of transmitting light is de- 
clared to<be the same as the intended meaning of the word 
opacity. 

When general names form the terms of a proposition we 
may apply a double interpretation. Thus 
' Exogens = Dicotyledons 

means either that the qualities which belong to all exogens 
are the same as those which belong to all dicotyledons, or else 
that every individual falling under one name falls equally 
under the other. Hence it may be said that there are two 
distinct fields of logical thought. We may argue either by 
the qualitative meaning of names or by the quantitative, 
that is, tlie extensive meaning. Every argument in- 
volving concrete plural terms might be converted into 
one involving only abstract singular terms, and vice 
versd. But there are reasons for believing that the 
intensive or qualitative form of reasoning is tlie primary 
and fundamental one. It is sufficient to point out that the 
extensive meaning of a name is a changeable and fleeting 
thing, while the intensive meaning may nevertheless remain 
fixed. Very nume%us additions haVc been lately made 
to the extensive meanings both of planet and element. 
Every iron stearn-sliip which is made or destroyed adds to 
or subtracts from the extensive meaning of the name 
steam-ship, without necessarily affecting the intensive 
meaning. Stage coach means as much as ever in one way, 
''but«4i^ extension the class is nearly extinct. Chinese 
railwa}', on the other hand, is a term represented only by a 
single instance ; in twenty years it may be the* name of a 
large class. 



CHAPTER IV. 

DEDUCTIVE REASONING. 

The general iirinciple of kiferenco liavin" been explained 
in the previous chapters, and a suitable system of symbols 
provided, we have now before us the comparative]/^ easy 
tasl; of tracing out the most common and important forms 
of deductive reasoning. The general problem of deduc- 
tion is as follows : — From one or more 2 ^ro 2 '>ositio 7 is called 
premises to draiv such other pr 02^03 itio 7 is as will neccssainly 
be true when the pixmiscs are true, P>y deduction we investi- 
gate and unfold the information contained in the premises ; 
and this we can do hj one single rule — Par any term occur- 
ring in any proposition substitute the term which is asserted 
in any premise to be identical ivith it. To obtain certain 
deductions, especially •hose involving negative conclusions, 
we shall require to bring into use the S(icond and third Laws 
of Thouglit, and the process of reasoning will then be called 
Indirect Deduction. In tlie present chapter, howeve> 1 
shall confine my attention to those results which can be 
oljtained by •the process of Direct Deduction, that is, !>/ 
applying to the premises tliemselves the rule of substitution. 
It will be found that we can combine into one harmonious 
system, not only the various moods of the ancient syllogism, 
but a great number of equally important forms of reasoning, 
which had no recognised place in the old logic. We can 
at the same time dispense entirely with^the elaborate 
apparatus of logical rules and mnemonic lines* which 
were requisite so long as the vital principle of reasoning 
was not clearly expressed. 
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Tni mediate Inference, 

Probably the simplest of all forms of inference is that 
wliicli Itas been called Immediate Inferenc^^ because it can 
be performed upon a single proposition. It consists in 
joining an adjective, or other qualifying claUvSe of the same 
nature, to both sides of an identity, and asserting the 
equivalence of the terms thus ])rodiiced. For instance, 
since 

Conductors of electricity = Non-electrics, 
it follows tli^it 

Liquid conductors of electricity = Liquid non-electrics. 
If we suppose that 

Plants = Bodies deconipoGing carbonic acid, 
it follows that 

JVlicroscopic plants = Microscopic bodies decomposing 
carbonic acid. 

In general terms, from the identity 

A = B 

we can infer the identity 

‘AC = BC. 

This is but a case of plain substitution ; for by the first 
Law of Thought it must be admitted that 
AC = AC. 

and if, in the second side of tins identity, we substitute 
for A, its equivalent B, w^e obtain ^ 

AO - BC. 

In like manner from the partial identity 
w A-AB 

we may obtain 

AC =. AB^ 

by an exactly similar act of substitution ; and in every 
other case the rule will be found capable of verification by 
the principle of inference. The process when performed as 
liere desci ibed will he quite free irom the liability to error 
wliicli I have shown ^ to exist in ‘^Immediate Inference by 
added petern^inants,” as described by Dr. Thomson.^ 

* Elementary Lessons in Logic, ]>. 86. 

< Outline of the Lam of fhnnqjit, § 87 
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Inference with Two Simple Identities. 

. One of the most common forms of inference, and one te 
which I shall especially direct attention, is practised with 
two simple identities. From the two statements that 
“ London is the capital of England ’’ and “ London is the 
most populous mty in the world,” we instantaneously draw 
the conclusion that The capital of England is the most 
populous city in the world.” Similarly, from the identities. 
Hydrogen = Substance of least density, 

Hydrogen = Substance of least atomic weight, 
we infer ^ 

Substance of least density = Substance of least atomic 
weight. ^ 

The general form of the argument is exhioited in the 
symbols * • 



B = A 

(I) 


B = C 

* (2) 

hence 

A= C. 

(3) 


We may describe the result by saying that terms identi- 
cal with the same term are identical with each other ; and 
it is impossible to overlook the analogy to the first axiom 
of Euclid that “ things equal to the same thing are equal 
to each other.” It ^las been very comntonly supposed that 
this is a fundamental principle of thought, incapable of 
reduction to anything simpler. But I entertain no doubt 
that this form of reasoning is only one case of the general 
rule of inference. We have two propositions, A = B and 
B = C, and we may for a mom'bnt consider the second one 
as affirming a truth concerning B, while the former one 
informs us that B is identical with A ; hence by substitu- 
tion we may affirm the same truth of A. It happens in 
this particular case that the truth affirmed is identity to 
0 , and we might, if we preferred it, have considered the 
substitution as made by means of the second identity in 
the first. Having two identities w^e have a choice of the 

mode in which we will make the substitution, though the 

result is exactly the same in either case. 

Now compare the three following formuBe, 

(1) A = B =. Cf hence A = C 

(2) A = B C, hence A ^ C 

( 3 ) -- B -- C, no inference. 


F 
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In tlie second Ibrim.iln we lirave an Identity and a differ- 
ence, and we are able to infer a difference ; in tlie third we 
have two differences and are unable to make any inference 
at all. Because A and C both differ from B, we cannot 
tell whcHier they will or will not differ from each otlier. 
The flowers and leaves of a plant may bothbliffer in colour 
from the eartli in wliich the plant grows, a^ld yet they may 
differ 'from each other; in other cases the leaves and stem 
may both differ from the soil and yet agree witli each other. 
Where we Iiave difference only we can make no inference ; 
V here we have identity we can infer. This fact gives great 
countenance 4o my assertion that inference proceeds always 
through identity, but may bo cipially well effected in pro- 
positions asserting difference or identity. 

Deferring a more complete ^[liscussion of this point, I 
will only mentioi! now that aVgujnents from dguble identity 
occur ^very frequently, and arc usually taken for granted, 
owing to their extreme simplicity. In regard to the equi- 
valence of words this form of inference must be constantly 
employed. If the ancient Greek yaXAcd? is our then 

it must be the French cuivre, the German hvpfcr, the Latin 
cuprum^ because these are words, in one sense at least, 
equivalent to coppei'. Whenever we can give two defini- 
bionsor ex])ressions for the same term^t the formula applies; 
thus Senior defined wealth as All those things, and those 
things only, which are transferable, are limited in supply, 
and are directly or indirectly prockictive of pleasure or 
preventive of pain.” Wealth is also equivalent to “things 
which have value in exchange ; ” hence obviously, “ things 
winch have value in exchange = all those things, and those 
things only, which are transferable, &c.” Two expressions 
for the same term are often given in the same sentence, and 
their equivalence implied. Thus Thomson and Tait say,^ 
‘The naturalist may be content to know matter as that 
which can be perceived by the senses, or as that which 
can be acted upon by or can exert force.” I take this to 
mean — 

Matter =^what can be perceived by the senses ; 

Matter = what can be acted upon by or can exert 
force. 

€ 

' Treatise on Natural Fkilosophy^ vol/i. p. i6i. 
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For tlie term matter ” in either of these identities we 
may substitute its equivalent given in the other definition. 

, Elsewhere they often employ sentences of the form exem- 
plified in the following:^ “The integj’al curvature, o*r 
whole cliange of direction of an arc of a plane curve, is the 
angle through •which the tangent has turned as weqmss from 
one extremity the other.” This sentence is certainly of 
the form — 

The integral curvature =■ the whole change of direc- 
tion, &c. = tlie angle through which the tangent* 
has turned, &c. 

Disguised cases of the same kind of inference occur 
throughout all scfCnces, and a remarkable instance is found 
in algebraic geometry. Mathematicians readily show that 
every equation of the form y = mx + c corresponds to ot 
represents a straight line ;• itjs also easily proved that the 
same equation is equivalent to one of*^ the general form 
Aa? + V>y 4- C = o, and vice versd. Hence it follows that 
every equation of the form in question, that is to say, 
every equation of the first degree, corresponds to or 
represents a straight line.*^ 

Lifcrnice with a Sim})k and a Partial Identity. 

A form of reasoning somewliat dilfj^'ent from that last 
considered consist^ in inference between a simple and a 
partial identity. If we have two propositions of the forms 



we may then substitute for- B in either proposition its 
equivalent in the other, getting in both cases A = BC 
in this w^e may it we like make a second substitutic#i foi^ 
B, getting 

A = Aa 

^ Thus, since “ Tlie Mont Blanc is the highest mountain in 
Europe, and the Mont Blanc is deeply covered with snow,’' 
we infer by an obvious substitiition that “The highest 
mountain in Europe is deeply covered with snow.” These 
propositions when rigorously stated fall into the forms 
above exhibited. 

This mode ot inference is constantly employed when for 

^ Treatise on Nfxtural Fhitosophy, vol. i. p. 6. 

® lodhunters Plane Co-ordinate Geometry, chap. u. pp. ii — 14 , 
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a term we substitute its defiiiitioii, ov vice versd. The very 
purpose of a definition is to allow a single noun to be 
i^mployed in place of a long descriptive phrase. Thus, 
when we say “ A circle is a curve of the second degree,” we 
may substitute a definition of the circle, getting “ A curve, 
all points'of which are at equal distances from one point, is 
a curve of the second degree.” The real forms of the pro- 
positions here given are exactly those shown in the sym- 
bolic statement, but in this and many other cases it will be 
sufficient to state them in ordinary elliptical language for 
sake of brevity. In scientific treatises a term and its 
definition are often both given in the same sentence, as in 
‘‘ The weight df a body in any given loclility, or the force 
with wliich the earth attracts it, is proportional to its 
jhass.” The conjunction or in this statement gives the 
force of equivalence to the purefithetic jdirise, so that the 
pro[)Ositions really are 

Weight of a body = force with which the earth 
attracts it. 

Weiglit of a body = weight, &c. proportional to its 
mass. 

A slightly diffenmt case of inference consists in substitut- 
ing in a proposition of the form A = Al^, a definition of the 
term B. Thus froi]^ A = AB and B = C we get A = AC. 
For instance, we may say that Metali? are elements ” and 
Elements are incapable of decomposition.” 

Metal = metal element. 

Element = what is incapable of decomposition. 

Hence 

Metal = metal incapable of decomposition. 

ItJ'^is almost needless to point out that the form of these 
arguments does not suffer any real modification if some 
of the terms happen to be negative ; indeed *in the last 
example incapable of decomposition” may be treated as 
a negative term. Taking 

A = metal C capable of decomposition 

B = element c — incapable of decomposition ; 
the propositions are of the forms 
A = AB 

^ B = , 

whence, by substitution, 

• A =» A^. 
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Inference of a Partial from Two Partial Identities. 

However common be the cases of Inference already 
noticed, there is a form occuning almost more frequentlyt 
and which deserves much attention, because it occupied a 
prominent place in the ancient syllogistic syste^i. Tluxt 
s)^stem strangely overlooked all the kinds of argument we 
liave as yet coAsidored, and selected, as the type of all 
reasoning, one which employs two partial identities as 


premises. Thus from the propositions 

Sodium is a metal (i) 

Metals conduct el(‘cirieity, (2) 

we may conclude that 

Sodium conducts electricity. (3) 

Taking A, B, C to represent the three terms respectively, 
the premises are of tlie forms 

A-AB (1) 

B - BC. (2) 

Now for B in (i) we can substitute its expression as? given 
in (2), obtaining 

A = ABC, (3) 


or, in words, from 

Sodium = sodium metal, (i) 

Metal = metal conducting electricity, (2) 

we infer ^ • 

Sodium — sodium metal conducting electricity, (3 
which, in the elliptical language of common life, becomes 
“ Sodium conducts electricity/’ • 

The above is a syllogism in the mood called Barbara ^ in 
the truly barbarous language of ancient logicians ; and the 
first figure of the syllogism contained Barbara and three 
other moods which were esteemed distinct forms of a 7 gu- 
rnent. BuU it is worthy of notice that, without any real 
change in our form of inference, we readily include these 
three other moods under Barbara. The negative mood 
Cclarent will be represented by the example 

Neptune is a planet; (r) 

No planet has retrograde motion ; (2) 

Hence Neptune has not retrograde motion. (3) 

/ All explanation of this and other technical tiu ins of tlic old logic 
will be lound in niy Elemmtarif Lesfions in Lo[;ic. SIxtlskiEdilion, 
1876: Macmillau. 
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If we put A for Neptune, H for planet, and 0 for “ liaving 
retrograde motion,” then by the corresponding negative 
term c, we denote “ not having retrograde motion.” The 
^premises now fall into the forms 

A - AB (i) 

B = Be, (2) 

and by substitution for B, exactly as befoi;e, we obtain 
A = ABe. ^ (3) 

Wliat is called in the old logic a particular conclusion 
' may be deduced witliout any real variation in the symbols. 
Particular quantity is indicated as before mentioned 
(p. 41), by joining to the term aii indefinite adjective of 
quantity, such as some, a imrt of, certaiif, ^0., meaning that 
an unknown part of the term enters into tlie proposition 
tas subject. Considerable doubt and ambiguity arise out of 
the question whether the pajt ^nay not in some cases be 
the whole, and in the syllogism at least it must bo under- 
stood jn this sense.^ Now, if we take a letter to represent 
this indefinite part, we need make no change 'll! our 
formulic to express the syllogisms Darii and Ferio. Con- 
sider the example — 

Some metals are of less density than water, (i) 

All bodies of less density than water will float 
upon the^surflice of water ; hence (2) 

Some metals will float upon tBe surface of 
water. 1^3) 

Let A = some metals, 

« B = body of less density than water, 

C = floating on the surface of water 
‘ then tlie i^ropositions are evidently as before, 

A = AB, (I) 

B = BC ; (2) 

hence A = ABC, (3) 

Thus the syllogism Darii does not I’cally differ Irom Bar- 
bara. If the reader prefer it, we can readily employ a 
distinct symbol for the indefinite sign of quantity. 

Let P = some, 

Q = metal, 

B and C having the same meanings as before. Then the 
premisses become ^ 

Elementa/ry Lessons in Logic, pp. 67, 79. 
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PQ = PQB, (I) 

E = EC ; (2) 

hence, by substitution, as before, 

PQ = PQBC. (3I 

Except that tlie formube look a little more complicated 
there is no difference whatever. 

The mood«Eerio is of exactly the same character as 
Darii or Earbara, except that it involves the use of a 
negative term. Take tlie example, 

Eodies which are equally elastic in all directions do 
not doubly refract light ; 

Some crystals are bodies equally elastic in all direc- 
tions f therefore, some crystals* do not doubly 
refract liglit. 

Assigning the letters as follows : — ^ 

A = some ciystafs, 

E = l)odics equally elastic in all directions, 

C = doubly refracting light, 
c — not doubly refracting liglit. 

Our argument is of the same form as before, and may 
be concisely stated in one line, 

A = AE = AEt. 

If it is jueferred to put EQ for the indefinite some crystals 
we have 

PQ PQE = PQBc. 

The only difference is that the negative term c takes the 
place of C in the^iiood Darii. 

Ellijisis of Terms in Partial Identities. 

The reader will probably have noticed that the ^ncM- 
sion which we obtain from premises is often more full than 
that drawn by the old Aristotelian processes. Thus from 
''Sodium is a metal,” and " Metals conduct electricity,” we 
infeiTed (p. 55) that “ Sodium = sodium, metal, conduct-- 
ing electricity,” whereas the gld logic simply concludes 
that "Sodium conducts electricity.” Symbolically, from 
A = AB, and B = EC, we get A = ABC, whereas the olft^ 
logic gets at the most A = AC. It m thergfore well to 
show that without eiii^Joying any other principles of 
inference than those already described, we ^lay infer 
A = AC from A = ABC, though we cannot infer the latter 
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more full and accurate result from the former. We may 
show this most simply as follows : — 

By the first Law of Thoudit it is evident that 

• AA = AA; 

and if we have given tlie proposition A = ABC, we may 
substitute for both the As in the second side ,of the above, 
obtaining 

AA - ABC . ABC. 

But from the property of logical symbols expressed in tlie 
flaw of Simplicity (p. 33) some of the repeated letters may 
be made to coalesce, and we have 

A = ABC . C. 

Substituting «igain for ABC its equivaletit A, we obtain 
A = AC, 

the desired result. 

By a similar process of reasoning it may be show n that 
we can always drop* out any terra appearing in one member 
of a proposition, provided that we substitute for it the 
whole of the other member. This process was described in 
my first logical Essay,^ as Intrinsic Eliminationy but it 
might perhaps be better entitled the Ellipsis of Terms. 
It enables us to get rid of needless tenns by strict 
substitutive reasoning. 

Inference of a Sample from Two PalKial Identities. 

Two terms may be connected together by two partial 
ideiititiSs in yet another manner, andta case of inference 
then arises which is of the highest importance. In the 
t^wo premises 

A = AB (i) 

B = AB (2) 

the second member of each is the same ; so that ive can by 
obvious substitution obtain 

A = B. 

Thus, in plain geometry we readily prove that Every 
equilateral triangle is alscf an equiangular triangle,*’ and we 
gcan with equal ease prove that Every equiangular triangle 
is an equilateral triangle.’’ Thence by substiiiition, as 
explained above, we pass to the simple identity, 

Equilateral triangle = equiangular triangh?, 

‘ Fure Loq^c p 19. 
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We thus prove that one class of triangles is entirely 
identical with another class ; that is to say, they differ 
only in our way of naming and regarding them. 

The great importance of this process of inference arises 
from the fact that the conclusion is more simple and general 
than either otthe premises, and contains as much informa- 
tion as both of them put together. It is on tins account ' 
constantly employed in inductive investigation, as will 
afterwards be more fully explained, and it is the natural 
mode by wliicli we arrive at a conviction of the truth of 
simple identities as existing between classes of numerous 
objects. 

Inference (f a Limited from Two Pcirtial Idcni itics. 

. 

We have considered some arguments w hich are of the 
type treated by Aristotle in thelirst figure of the syllogism. 
But there exist two other types of argument which employ 
a pair of partial identities. If our premises are as shown 
in these symbols, 

B = AB (I) 

B = CB, (2) 

we may substitute for B either by (i) in (2) or by (2) in 
(i), and by both modes we obtain the conclusion 

AB = CB, ^ (3) 

a proposition of the kind which we have called a limited 
identity (p. 42). Thus, for example, 

Potassium = j?otassium metal (i) 

Potassium = potassium capable of floating on 

water ; (2) 

hence 

Potassium metal = potassium capable of float- 
ing on water. fj) 

This is really a syllogism of the mood Darapti in the third 
figure, except that we obtain a conclusion of a more exact 
character than the old syllogism ^ives. From the premises 
“Potassium is a metaP' and “ Potassium floats on water,” 
Aristotle would have inferred that “ Some metals float on* 
water.’' But if inquiry were made ^hat the “some 
metals are, the answ^er would certainly be “ Metal wdiich 
is potassium.” Hence Aristotle’s conclusion simfiy leaves 
out some of the information afforded in tfee premises ; it 
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even leaves us open to interpret tlie some metals in a wider 
sense than we are warranted in doing. From these distinct 
defects of the old syllogism the process of siihstitntion is 
free, and the new process only incurs the possible objection 
of being tediously minute and accurate. 

C’ 

Miscellaneous Forms of Deductive Inference. 

The more common forms of deductive reasoning huviiig 
been exhibited and demonstrated on the principle of 
substitution, there still remain many, in fact an inelefinite 
number, which may be explained witli nearly equal ease. 
Such as involve the use of disjunctive piYipositions will be 
described in a later chapter, and several ot the syllogistic 
Kioods which include negative terms will be more con- 
venienlly treated after we have introduced the symbolic 
use of the second and third laws of thought. • 

We sometimes meet with a chain of propositions which 
allow of repeated substitution, and ibrrn an argument 
called in the old logic a Sorites. Take, for instance, the 
premises 

Iron is a metal, (i) 

Metals are good conductors of electricity, (2) 

Good conductors of electricity are useful ior 

telegraphic purposes. (3) 

It obviously follows that 

Iron is useful for telegraphic purposes. (4) 

Now il* twe take our letters thus, ® 

A = Iron, B = metal, C = good conductor of 
‘ electricity, T> = useful lor telegrai)hic purposes, 

•the^nmnises will assume the forms 

A = AB, (I) 

B = BC, (2) 

C = Cl). (3) 

For B in (i) we can substitute its equivalent in (2) 
obtaining, as before, 

X = ABC. 

" Substituting for C in tliis intermediate result its equivalent 
as given in (3), ;ve obtain the complete conclusion 

A==ABC 1 ). (4) 

The fuM' interpretation is that Iron is iron, metal, good 
conductor of ehctricity, useful for telegraphic purposes, which 
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is abridged in coiijmon language by the ellipsis of the 
circumstances which are not of immediate importance. 

Instead of all the propositions being exactly of the same 
kind as in the last example, we may have a series of 
premises of various character ; for instance, 

Commoif salt is sodium chloride, (i) 

Sodium chloride crystallizes in a cubical form, (2) 

What crystallizes in a cubical form does not 
possess the power of double refraction ; (3 

it will follow that 

Common srdt does not possess the power of double 
refraction. (4) 

Taking our letter-terms thus, 

A = Common salt, 

D = Sodium chloride, 

C = Crystallizing in.a cubical fc^i'm, 

1) = Possessing the power of double refraction, 
we may state the premises in the forms 

A = P>, (I) 

1> P,(k ( 2 ) 

0 == fd. (3) 

Substituting by (3) in (2) and then by (2) as thus altered 
in (i) we obtain 

. A.=:.P>CV 7 , o (4) 

which is a more precise version of the common conclusion. 

We often meet with a series of propositions describing 
the C[ualitie 3 or circ^imstances of the one same thhig, and 
we may combine them all into one proposition by the 
process of substitution. This case is, in fact, that which 
|j)r. Thomson has called '‘Immediate Inference by the 
sum of several predicates,** and his exaraiDle will sei ; e m^ 
purpose He describes copper as "A metal — of a 

red colour — and disagreeable smell — and taste — all the 
preparations of which are poisonous — which is highly 
malleable — ductile — and tenacious — with a specific gravity 
of about 8.83.** If we assign thejetter A to copper, and the 
succeeding letters of the alphabet in succession to the series 
of predicates, we have nine distinct statements, of the form* 
A= AB (i) A = AC (2) A = AD (3) .f. . . A = AK (9). 
We can readily combine these propositions in^ one by 


^ An Outline*of the Necessary Laws of Thought^ Fifth Eel. p. i6j. 
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substituting for A in the second side of (i) its expression 
in (2). We thus get 

A = ABC, 

and by repeating the process over and over again we 
obviously get tlie single }>voposition 

* A = ABGD . . JK. 

But Dr. Thomson is mistaken in supposing that we can 
obtain in this manner a definition of copper. Strictly 
speaking, the above proposition is only a description of 
fjopper, and all the ordinary descriptions of substances in 
scientitic works may be summed up in this form. Thus we 
may assert of the organic substances called Paraffins that 
they are all saJturated hydrocarbons, incapable of uniting 
with other substances, produced by heating the alcoholic 
ifdides with zinc, and so on. It may be shown that no 
amount of ordinary description? can be equivalent to a de- 
finition of any substance. 

Fallacies, 

I have hitherto been engaged in showing that all the 
forms of reasoning of the old syllogistic logic, and an 
indefinite number of other forms in addition, may be 
readily and clearly explained on the single principle of 
substitution. It is now desirable to shOw that the^ same 
principle will prevent us falling into fallacies. So long 
as we exactly observe the one rule of substitution of 
equivafejits it will be impossible to commit a paralogising 
that is to break any one of the elaborate rules of the 
ancient system. The one new rule is thus proved to be as 
90w^]:ful as the six, eight, or more rules by which the cor- 
rectness of syllogistic reasoning was guarded. 

It was a fundamental rule, for instance, that two nega- 
tive premises could give no conclusion. If we take the 
propositions 

Granite is not a sedimentary rock, (i) 

Basalt is not a sedimentary rock, (2) 

i we ought not to be able to draw any inference concerning 
the relation bet^yeen granite and basalt. Taking our 
letter-terms thus : 

A = gianite, B = sedimentary rock, C « basalt, 
the premises may be expressed in the forms . 
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A - B, (i^ 

C - B. (2) 

Wc have in this form two statements of difference ; but 
the principle of inference can only work with a statement 
of agreement or identity (p. 63). Thus our rule gives 
us no poweii whatever of drawing any infereiice ; this is 
exactly in accordance with the fifth rule of the syllogism. 

It is to be remembered, indeed, that we claim the 
power of always turning a. negative proposition into an 
affirmative one (p. 45) ; and it might seem that the old rule 
against negative premises would thus be circumvented. 
Let us try. The premises (i) and (2) when affirmatively 
stated take the ’forms 

A = Ah (i) 

0 = Gh. (2)> 

Tile reader will find it impossible by the rule of substitu- 
tion to discover a relation between A and C. Tliree terms 
occur in the above premises, namely A, h, and C ;^,but they 
are so combined that no term occurring in one has its 
exact equivalent stated in the other. No substitution 
can therefore be made, and the princi])le of the fifth rule of 
the syllogism holds true. Fallacy is impossible. 

It would be a mistake, liowever, to suppose that the 
mere occurrence of negative terms ijj both premises of a 
syllogism renderU them incapable of yielding a conclusion. 
The old rule informed us that from two negative premises 
no conclusion cou^l be drawn, but it is a fact that the rule 
in this bare form does not liold universally true ; and I 
am not aware that any precise explanation has been given 
of the conditions under which it is or is not imperative. 
Consider the following example: 

Whatever is not metallic is not capable of power- 
•ful magnetic influence, (i) 

Carbon is not metallic, (2) 

Therefore, carbon is not capable of powerful mag- 
netic influence. ^ (3) 

Here we have two distinctly negative premises (i) and 
(2), and yet they yield a perfectly valid negative conclu-' 
sion (3). The syllogistic rule is actually ialsified in its bare 
and general statement. Ja this and many other cases we 
can convert th.e propositions into affirmative ones ..hich will 
yield a conclusion by substitution without ^any difficulty . 
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'To show this l(?t 

A = carbon, B = metallic, 

C = capable of powerful magnetic influence. 

The premises readily take tlie forms 

b = he, ( I ; 

A = Ah, . (2) 

and substitution for h in (2) by moans of (i) gives the 
conclusion 

A = Ahe. ^ (3) 

' Our principle of inference then includes tlie rule of 
negative premises whenever it is true, and discriminates 
correctly between the cases where it does and does not 
hold true. " 

The paralogism, anciently called the Fallacy of Undis- 
t'Ahutcd Middle, is also easily exhibited and infallibly 
avoided by our system. Let the premises be 

Hydrogen is an element, (i) 

^ All metals are elements. (2) 

According to the syllogistic rules the middle term ^'element ” 
is lierc undistributed, and no conclusion can be obtained ; 
we cannot tell then whether hydrogen is or is not a metal. 
Ilepresent the terms as follows 

A = hydrogen, 

= element, 

C == metal. 

The premises then become 

A - AB, (i) 

0 = CB. (2) 

The reader will here, as in a former page (p. 62), find it 

impossible to make any substitution. The only term which 
6cciu:x: in both premises is B, but it is diffiirently combined 
in the two premises. E'er B we must not substitute A, 
which is equivalent to AB,not to B. Nor must A^e confuse 
together CB and AB, which, though they contain one com- 
mon letter, are different aggregate terms. The rule of sub- 
stitution gives ixs no right to decompose combinations ; 
and if we adhere rigidly to the rule, that if two terms are 
, ’^stated to be equivalent we may substitute one for the other, 
we cannot commit, the fallacy. It is apparent that the form 
of premises stated above is the ^same as that which we 
obtained by translating two negative premises into the 
affirmative forrtt. 



iv,J DEDUCTIVE REASONING 65 

The oUl fallacy, technically called the Illicit Process of 
the Major Term, is more easy to commit and more difficult 
to detect tlian any other breach of the syllogistic rules. 
our system it could hardly occur. From tlie premises 
All planets are subject to gravity, (i ) 

, Fix^ stars are not planets, ( 2 ) 

we might inadvertently but iallaciously infer that, Fixed 
stars are not subject to gravity.’" To reduce the premises 
to symbolic form, let 

A = planet 
11 = fixed star 
C = subject to gravity ; 
then we have the' propositions 

A = AC (i) 

B = Ba. ( 2 ) 

The reader will try in vain ta produce frqm these premises 
by legitimate substitution any relation between B and 0 ; 
he could not then commit the fallacy of asserting th^t B is 
not C. 

There remain two other kinds of paralogism, commonly 
known as the fallacy of Four Terms and the Illicit Process 
of the Minor Term. They are so evidently impossible 
while we obey the rule of the substitution of equivalents, 
that it is not necessary to give any i^ustrations. When 
there are four disl!nct terms in two propositions as in 
A = B and C = IJ, there could evidently be no opening for 
substitution. As to^the Illicit Process of the Minor ^erm 
it consists in a flagrant substitution for a term of another 
wider term which is not known to be equivalent to it, 
and which is therefore not allowed by our rule to be 
substituted for it. 



CHAPTER V. 

DiSJUlSCTfVi!; PiiOPOSITiONSJ. 

In the previous chapter I have exhibited various cases 
of deductive rea^ning by th^ process of substitution, avoid- 
ing the introduction of disjunctive propositions ; but we 
cannot long defer the consideration of this more complex 
class of identities General terms arise, as we have seen 
(p. 24), from classifying or mentally uniting together all 
objects which agree in certain qualities, the value of this 
union consisting in the fact that the power of knowledge 
is multiplied thereby. In forming such classes or general 
notions, we overlqok or abstract the points of difference 
which exist between the objects joined together, and fix our 
attention only on the points of agreement. But every 
process of thought may be said to h^ve its inverse process^ 
which consists in undoing the effects of the direct process. 
Just as division undoes multiplication, and evolution un- 
does involution, so we must have a process which undoes 
generalization, or the operation of forming general notions. 
This inverse process will consist in distinguishing the 
separate objects or minor classes which are the constituent 
parts of any wider class. If we mentally unite together 
certain objects visible in the sky and call them planets, we 
shall afterwards need^to distinguish the contents of this 
general notion, which we do in the disjunctive proposi- 
tion — 

A planetiis either Mercury or Venus or the Earth or 
or Neptune. 

Hav^Tg formed the very wiJe class vertebrate animal,** 
we may spelhify its subordinate classes thus : — A" verte- 
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brate animal is either a mammal, bird, reptile, or fish." 
Nor is there any limit to the number of possible alterna 
tives. '‘An exogenous plant is either a ranunculus, •a 
poppy, a crucifer, a rose, or it belongs to some one of the 
other seventy natural orders of exogens at present recog- 
nized by botanists." A cathedral church in England must 
be either that of London, Canterbury, Winchester, Salis- 
bury, Manchester, or of one of about twenty-four cities 
possessing such churches. And if we were to attempt tq 
specify the meaning of the term “ star,” we should require 
to enumerate as alternatives, not only the many thousands 
of stars recorded in catalogues, but the many millions un- 
named. 

Whenever we thus distinguish the parts of a general 
notion we employ a disjunctive proposition, in at least one 
side of which are several elternatives# joined by the so- 
called disjunctive conjunction or, a contracted form of other. 
There must be some refation between the parts thus con- 
nected in one proposition ; we may call it the disjunctive or 
alternative relation, and we must carefully inquire into its 
nature. This relation is that of ignorance and doubt, 
giving rise to choice. Whenever we classify and abstract 
we must open the way to such uncertainty. By fixing our 
attention on certain attributes to the exclusion of others, 
we necessarily leave it doubtful what those other attributes 
are. The term " molar tooth " bears upon the face of it 
that it is a part of ihe wider term “tooth.” But^if we 
meet with the simple term “tooth” there is nothing to in- 
dicate whether it is an incisor, a canine, or a molar tooth. 
This doubt, however, may be resolved by further informa- 
tion, and we have to consider what are the appropfiate 
logical processes for treating disjunctive propositions in 
connection with other propositions disjunctive or otherwise. 

Expression of the Alternative Relation. 

In order to represent disjunctive propositions with con- 
venience we require»a sign of the alternative relation, 
equivalent to one meaning at least of thi little conjunc- 
tion or so frequently used in common language. I pro- 
pose to use for this purpose the symbol -i* ^ In first 
logical essay I followed the practice of Boole and adopted 

F 2 
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the sign +; but this sign shouldiiot be employed unless there 
exists exact analogy between mathematical addition and 
logical alternation. We shall find that the analogy is im- 
perfect, and that there is such profound difference between 
logical and mathematical terms as should prevent our 
uniting them by the same symbol. Accordingly 1 have 
chosen a sign , which seems aptly to suggest whatever 
degree of analogy may exist without implying more. 
Tlie exact meaning of the symbol we will now proceed to 
investigate. 


Ncdure of the Altei native Icdatian. 

• Before treating disjunctive propositions it is indispens- 
able to decide whether the alternatives must be considered 
exclusive or unexclusive. By exclusive alternatives we 
mean those which cannot contain Mie same things. If we 
say “ Arches are circular or pointed/’ it is certainly to be 
understood that the same arch cannot be described as both 
circular and pointed. Many examples, on the other hand, 
can readily be suggested in which two or more alternatives 
may hold true of tlie same object. Thus 

Luniinons bodies are self-luminous or luminous by 
reflection. 

It is undoubtedly possible, by tlie laws of optics, that the 
same surface may at one and the same moment give off 
light of, its own and reflect light froni other bodies. We 
speak familiarly of deaf or dumb persons, knowing that the 
majority of those who are deaf from birth are also dumb. 

There can be no doubt that in a great many cases, 
perhaps the greater number of cases, alternatives are 
exclusive as a matter of fact. Any one dumber is 
incompatible with any other ; one point of time or place 
is exclusive of all others. Koger Bacon died either in 
1284 or 1292 ; it is certain that he could not die in both 
years. Henry ITelding* was born either in Dublin or 
Somersetshire ; he could not be born in both places. 
Inhere is so mucjj more precision and clearness in the use 
ot exciusfve alternatives that we ought doubtless to select 
them ^**en possible. Old wo\ks on logic accordingly 
contained a rule directing that the Membra^ dividentia, the 
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parts of a division or tlie constituent species of a ^eniis, 
should be exclusive of each other. 

It is no doubt owing to the great prevalence and coj;i* 
venience of exclusive divisions that the majority of logi- 
cians have held it necessary to make every alternative in 
a disjunctive proposition exclusive of every other one. 
Aquinas considered that when this was not the case the 
proposition was actually false, and Kant adopted the 
same opinion.^ A multitude of statements to the same 
effect might readily be quoted, and if fhe question were 
to be determined by the weight of historical evidence, 
it would certainly go against my view. Among recent 
logicians Hamilton, as well as Boole, tooU the exclusive 
side. But there are authorities to the opposite effect. 
Whately, Mansel, and J. S. Mill have all pointed out that 
we may often treat alternatives as Conipossible, or true at 
the same time. Whately gives us an example, “ Yj^tue 
tends to procure us either the esteem of mankind^ or the 
favour of God, ’ and he adds — '' Here both members are 
true, and consequently from one being allirmed we are not 
authorized to deny the other. Of course we are left to 
conjecture in each case, from the context, whether it is 
meant to be implied that the members are or are not 
exclusive.” Mansel says,^ “ JTe mmf ^appea to know that 
two alternatives Cannot be true togetlier, so that the 
affirmation of the second necessitates the denial of the 
first; but this, as Jloethius observes, is a material^ not a 
formal consequence.” Mill has also pointed -out the 
absurdities which would arise from always interpreting 
alternatives as exclusive. “ If we assert,” he says,^ “ that 
a man who has acted in some particular way muL^ be* 
either a knave or a fool, we by no means assert, or intend 
to assert, •that he cannot be both.” Again, “ to make an 
entirely unseltisli use of despotic power, a man must be 
either a saint or a philosopher Hoes the dis- 

junctive premise necessarily imply, or must it be construed 
as supposing, that the same person cannot be both a 


^ MansePs Aldrich, p. 103, and Prohgomma Loijica, p. 221. 

^ Elements of Logic, Book II. chap. iv. sect. 4. 

* Aldrich, Artis Loqicm Hudmienta, p. 104. 
tLamiuatioruof Sir IV. tJainilton's Lhilosophif pp. 452-454. 
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saint and a philosoplier ? Such a construction would be 
ridiculous/' 

^,I discuss ^this subject fully because it is really the point 
which separates my logical system from that of Boole. 
In his Laws of Thought (p. 32) he expressly says, 
“ In strictness, the words ‘ and/ * or/ interposed between 
the terms descriptive of two or more classes of objects, 
imply that those classes are quite distinct, so that no 
member of one is found in another.” This I altogether 
dispute. In the ordinary use of these conjunctions we do 
not join distinct terms only ; and wlien terms so joined 
do prove to be logically distinct, it is by virtue of a tacit 
premise, soiiietliing in the meaning of* the names and 
our knowledge of them, which teaches us that they are 
distinct. If our knowledge of the meanings of the 
words joined is defective it will often be impossible 
to decide whether terms joined by conjunctions are 
exclusive or not. 

In the sentence ‘‘ Repentance is not a single act, but 
a habit or virtue,” it cannot be implied that a virtue is 
not a habit ; by Aristotle's definition it is. Milton has the 
expression in one of his sonnets, Unstain’d by gold or 
fee,” where it is obvious that if the fee is not always gold, 
the gold is meant to, be a fee or bribe. Tennyson has the 
expression wreath or anadeih.” Most readers would be 
quite uncertain whether a wreath may be an anadem, or 
an aii^dem a wreath, or whether they axe quite distinct or 
quite the same. From Darwin’s Origin of Species, I 
take the expression, “When we see any part or organ 
developed in a remarkable degree or manner!' In this, or 
^ is uied twice, and neither time exclusively. For if part 
and organ are not synonymous, at any rate an organ is a 
part. And it is obvious that a part may be developed' at 
the same time both in an extraordinary degree and an 
extraordinary manner, although sucli cases may be com- 
paratively rare. 

From a careful examination of ordinary writings, it will 
« thus be found that the meanings of terms joined by “and,” 
“ or ” vary from i^bsolute identity up to absolute contrariety. 
There is no logical condition of distinctness at all, and 
when me do choose exclusive alternatives, it is because 
our subject deifiands it. The matter, not tlie form of an 
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expression, points out whether terms are exclusive or not.’ 
In bills, policies, ancl other kinds of legal documents, it 
is sometimes necessary to express very distinctly that 

an d ^ 

alternatives are not exclusive. The form • — is then 


or^ 

used, and, as Mr. J. J. Miirpliy has remarked, "this form 
coincides exactly in meaning with the symbol .|. . 

In tlie first edition of this work (vol. i., p. 8 i), I took 
the disjunctive proposition Matter is solid, or liquid, or 
gaseous,” and treated it as an instance of exclusive altern-* 
atives, remarking that the same pwtion of matter cannot be 
at once solid and liquid, proj)erly sj)eaking, and that still less 
can we suppose it to be solid and gaseous, dr solid, liquid, 
and gaseous all at the same time. Hut the experiments of 
Professor Andrews show tliat, under certain conditions of 
temperature and pressure, there is no abrupt change from 
the liquid to the gaseous state. The same substance may be 
in such a state as to be indifierently described as liqjiid and 
gaseous. In many cases, too, the transition from solid to 
liquid is gradual, so that the properties of solidity are at least 
partiallj^ joined with those of liquidity. The })ropositioii 
then, instead of being an instance of exclusive alternatives, 
seems to afford an excellent instance to the opposite eflect. 
When such doubts can arise, it is evidently impossible to 
treat alternatives •as absolutely exclusive by the logical 
nature of the relation. It becomes purely a question of 
the matter of the | 3 ^oposition. ^ 

The question, as we shall afterwards see more fully, is 
one of the greatest theoretical importance, because it 
concerns the true distinction between the sciences of 
Logic and Mathematics. It is the foundation of niii^er 
that every unit shall be distinct from every other unit; 
but Boole* imported the conditions of number into the 
science of Logic, and produced a system which, though 
wonderful in its results, was not a system of logic at all. 


Laws of the Difunctivc Relation, 

In considering the combination or synthesis of terms 
(P‘ 30), we found that certain laws, those of Simplicity 

^ Pwre Logic^ pp 76, 77. 
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and Commutativeness, must be observed. In uniting 
terms by the disjunctive symbol we sliall find that the 
same or closely similar laws hold true. The alt ^rnatives 
(rf either member of a disjunctive proposition are certainly 
commutative. Just as we cannot properly distinguish 
between rich and rare gems and rare and rich gems, so we 
must consider as identical the expression rich or rare gems, 
and rare or rich gems. In our symbolic language we may* 
say 

A B = B .|. A. 

The order of statement, in short, has no effect upon the 
meaning of an aggregate of alternatives, so that the 
Law of Comitmtativeness holds true of the disjunctive 
symbol. 

As we have admitted the possibility of joining as alter- 
natives terms which are not really different, the question 
arises, How shall we treat two or more alternatives when 
they are clearly shown to be the same? If we have it 
asserted that P is Q or K, and it is afterwards proved that 
Q is but another name for 11, the result is that P is either 
li or K. How shall we interpret such a statement ? What 
would be the meaning, for instance, of wreath or anadem ” 
if, on referring to a dictionary, we found anadem described 
as a wreath ? I take it to be self-evident that the meaning 
would then becomt** simply '‘wreath.’,' Accordingly we 
may affirm the general law 

A L A = A 

Any Viumber of identical alternativts may always be 
reduced' to, and are logically equivalent to, any one of 
those alternatives. This is a law which distinguishes 
mathematical terras from logical terms, because it obviously 
do^ not apply to the former. I propose to call it the Law 
of Unity, because it must really be involved in any 
definition of a mathematical unit. This law is closely 
analogous to the Law of Simplicity, AA = A ; and the 
nature of the connection is worthy of attention. 

Few or no logicians except De Morgan have adequately 
noticed the close relation between combined and disjunctive 
terms, namely, that every disjunctive term is the negative 
of a corresponding combined term, and vice versd. Consider 
the ter^. 


Malleable dense metal. 
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How shall we describe the class of things which are not 
malleable-dense-nietals ? Whatever is included under that 
term must have all the qualities of malleability, denseness, 
and metallicity. Wherever any one or more of the qualities 
is wanting, the combined term will not apply. Hence the 
negative of tlje whole term is 

Not-malleable or not-dense or not-metallic. 

In the above the conjunction or must clearly be inter- 
preted as unexclusive; for there may readily be objects 
which are both not-malleable, and not-dense, and i)erhaps^ 
not-metallic at the same time. If in fact we were required 
to use or in a strictly exclusive manner, it would be 
requisite to specify seven distinct alternatives in order to 
describe the negative of a combination of three terms. 
The negatives of four or five terms would consist of fifteen 
or thirty-one alternatives. This consideration alone is 
sufficient to prove that the meaning *of or cannot be 
always exclusive in common language. 

Expressed symbolically, we may say that the negative 
of 

ABC 

is not- A or not-B or not-C ; 

that is, a b e. 

Reciprocally the negative of 

V -I- Q -I* R 

is pqr. 

Every disjunctive term, then, is the negative of a 
combined term, and^y ice versd. 

Apply this result to the combined term AAA, and its 
negative is 

a a -f a, ^ 

Since AAA is by the Law of Simplicity equivalent to A, 
so a *1* a -It a must be equivalent to a, and the Law of 
Unity holds true. Each law thus necessaiily presupposes 
the other. 

Symholic expression of the %a‘W of Dnality. 

We may now employ our symbol of alternation to 
eiipress in a clear and formal manner tlie third Funda- 
mental Law of Thought, •which I have called tlm Law 
of Duality (p. 6). Taking A to represeiiteany class or 
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object or quaUty, and B any other class, object or quality, 
we may always assert that A either agrees with B, or does 
not agree. Thus we may say 

A - AB .|. Ah. 

This is a formula which will henceforth be constantly 
employed* and it lies at the basis of reasoning. 

The reader may perhaps wish to know why A is inserted 
in both alternatives of the second member of the identity, 
and why the law is not stated in the form 
A = B h. 

But if he will consider the contents of the last section 
(p. 73), he will see that the latter expression cannot be 
correct, other^dse no term could liave a corresponding 
negative term. For the negative of B .|* h is h\\ or a self- 
contradictory term ; thus if A were identical with B -j- b 
its negative a would be non-existent. To say the least, 
this result would *in most cases be an absurd one, and I 
see much reason to think that in a strictly logical point ot 
view il would always be absurd. In all probability we 
ought to assume as a fundamental logical axiom that every 
term has Us negative in thought. We cannot think at all 
without separating wJiat we think about from other things, 
and these things necessarily form the negative notion.^ 
It follows that any proposition of the form A = B J is 
just as self-contrad?ctory as one of the# form A = B&. 

It is convenient to recapitulate in this place the three 
Laws^uf Thought in their symbolic fuini, thus 
* , Law of Identity ^A = A. 

Law oi Uuniiciunjiioii j\.u — o. 

Law of Duality A AB A6. 

Various Forms of the Disjunctive Proposition, 

Disjunctive propositions may occur in a great variety of 
forms, of which the old logicians took insufficient notice. 
There may be any nun^er of alternatives, each of which 
may be a combination of any number of simple terms. ^ A 
proposition, again, may be disjunctive in one or both 
members.^ Theiproposition 

^ PutiK LogiCy p. 65. See also the criticism of this point by De 
Morgan in the Athenmuniy No. 1892, 30tli January, 1864 » P* * 5 S* 
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Solids or liquids or gases are electrics or conductors 
of electricity 

is an example of the doubly disjunctive form. The mean-^ 
ing of such a proposition is that whatever falls under any 
one or more alternatives on one side must lall under one 
or more alterimtives on the other side. From 'Cvhat has 
been said before, it is apparent that the proposition 
A . I- P>=C .|- 1) 

will correspond to 

ah = cd, 

each member of the latter being the negative of a meinber 
of the former proposition. 

As an instance of a complex disjunctive proposition 1 
may give Senior’s definition of wealth, which, briefly 
stated, amounts to the proposition Wealth is what is 
transferable, limited in supply, and either productive of 
pleasure or preventive of pain.” ^ 

Let A = wealth 

B = transferable 
C = limited in supply 
1) = productive of pleasure 
E = preventive of pain. 

The definition takes the form 

A = BC(I)fE); ^ 

hut if we develop •the alternatives by a method to be 
afterwards more fully considered, it becomes 
A = ‘J>CDE -l- BCDc .f BC^ZE. 

An example of a still more complex proposition is 
found in I)e Morgan’s writings,^ as follows : — “ He must 
have been rich, and if not absolutely mad was weakness 
itself, subjected either to bad advice or to most untavoiir- 
able circumstances.” 

If we asijign the letters of the alphabet in succession, 
thus, 

A =he 
B = rich 

C = absolutely mad 
D = weakness itself 
E = subjected to bad advice 

^ Boole’s Laws of Thought^ p.^o6. Jevons’ Pure Logic, p. 69. 

2 On the Syllogism^ No. iii. p. 12. Canib. Phil. Trans.'^ol. x. 
part i 
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F = subjected to most unfavourable circuiiistancos, 
the proposition will take the form 
, A = AB{C -j. D (E .|. ¥)}, 

and if we develop the alternatives, expressing some of 
the different cases which may happen, we obtain 

A = ABC -I- ABcDEF .|- ABcDh^ .|. A¥cDeY, 

The above gives the strict logical interpretation of the 
sentence, and the first alternative ABC is capable of de- 
velopment into eight cases, according as D, E and F are or 
are not present. Altliough from our knowledge of the 
matter, we may infer that weakness of character cannot be 
asserted of a pei'son absolutely mad, there is no explicit 
statement to this effect. 

Inference by Disjunctive Propositions. 

Before we can make a free use of disjunctive proposi- 
tions jn the processes of inference we must consider liow 
disjunctive terms can be combined together or with 
simple terms. In the first place, to combine a simple term 
with a disjunctive one, we must combine it with every 
alternative of the disjunctive term. A vegetable, for 
instance, is either a herb, a shrub, or a tree. Hence an 
exogenous vegetal^le is either an exogenous herb, or an 
exogenous shrub, or an exogenous ^ree. Symbolically 
stated, this process of combination is as follows, 

, A(B.l.C) = AB-l-AC. 

Secondly, to combine two disjunctive terms with each 
other, combine each alternative of one with each alterna- 
tive of the other. Since flowering plants are either 
a'Togens or endogens, and are at the same time either 
herbs, shrubs or trees, it follows that there are altogether 
six alternatives — namely, exogenous herbs, exogenous 
shrubs, exogenous trees, endogenous herbs, endogenous 
shrubs, endogenous trees. This process of combination is 
shown in the general form 

(A B) (G .|. D .f E) = AC -I- AD -f AE -f BC -f BD .f BK 

It is hardly necessary to point out that, however 
numerous the terms combined, or the alternatives in those 
terms, we may effect the combination, provided each alter- 
iiatiVii^r is combined with each alternative of the other 
terms, as in the algebraic process of multiplication. 
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Some processes of deduction may be at once (ixliibited. 
We may always, for ’instaiice, unite the same qualifying 
term to each side of an identity even though one or both^ 
members of the identity be disjunctive. Thus let 
A = U .|. C. 

Now it is self evident tliat 

AD = AD, 

and in one side of this identity we may fur A substitute 
its equivalent B C, obtaining 

AD = BD .|. CD. 

Since “ a gaseous element is cither hydrogen, or oxygen, 
or nitrogen, or chlorine, or fluorine,” it follows that a free 
gaseous element is either free hydrogen, or«free oxygen, 
or free nitrogen, or free chlorine, or free fluorine.” 

This process of combination will lead to most useful in- 
ferences when the qualifying adjective combined with both 
sides of the proposition is a negative of one or more alter- 
natives. Since chlorine is a coloured gas, we may infer 
that “ a colourless gaseous element is either (colourless) 
hydrogen, oxj^gen, nitrogen, or fluorine.” The alternative 
chlorine disappears because colourless chlorine does not 
exist. Again, since a tooth is either an incisor, canine, 
bicuspid, or molar,” it follows that “ a iiot-incisor tooth is 
either canine, bicuspid, or molar.” The general rule is that 
from the denial of aiiy of the alternatives tlie affirmation 
of the remainder can be inferred. Now this result clearly 
follows from our process of substitution ; for if we have 
the proposition 

A = B -I- C I- D, 

and we insert this expression for A on one side of the self- 
evident identity 

A^^ = Ah, 

we obtain • Ah = AB& AhC -f AhD ; 
and, as the first of the three alternatives is self-contra 
dictory, we strike it out according to the law of contra- 
diction : there remains 

A// = A6C .|. AM). 

Thus our system fully includes and explains that mood of 
the Disjunctive Syllogism technically ca^ed the modus 
iollendo 'ponens, * 

But the reader must carfffully observe that the D^yunc- 
tive Syllogism of the mood poncndo tollens, which affirms 
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one alternative, and thence infers the denial of the rest, 
cannot be held true in this system. If I say, indeed, that 
Water is either salt or fresh water, 
it seems evident that water wliicli is salt is not fresh.” 
But this inference really proceeds from our knowledge that 
water cahnot be at once salt and fresh. This inconsistency 
of the alternatives, as I have fully shown, will not always 
hold. Thus, if I say 

Gems are either rare stones or beautiful stones, (i) 
it will obviously not follow that 

A rare gem is not a beautiful stone, (2) 

nor that 

A beautiful gem is not a rare stone. (3) 

Our symbolic method gives only true conclusions ; for if 
we take 

A = gem 
B = rare stone 
C = beautiful stone, 
the proposition (i) is of the form 
A = B .|. C 

hence AB = B •|* B(J 
, and AC = BC.|-C: 

but these inferences are not equivalent to the I'alse ones 
(2) and (3). f 

We can readily represent disjunctive reasoning by tlie 
modus 'ponendo tollenSj it valid, by expressing the 
incoKsistency of the alternatives exjlicitly. Thus \i' we 
resort to our instance of 

Water is either salt or fresh, 

and take 

A = Water B = salt C = fresh, 
then the premise is apparently of the form 
A AB .|. AC; 

but in reality there is an unexpressed condition that ‘‘ what 
is salt is not fresh,” from which follows, by a process of 
inference to be after waj'ds described, that “ what is fresh 
is not salt.” We have then, in letter-terms, the two pro- 
positions 

B = Bc 
C 

If^e substitute these descriptions in the original pro- 
position, we obtain 
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A = ABc AhG ; 
uniting B to each side we infer 

AB = ABc .|. AB&C 
or AB = ABc ; 

that is, 

Water \^hich is salt is water salt and not L'esh. 

I should weary the reader if I attempted to illustrate 
the multitude of forms which disjunctive reasoning may 
take ; and as in the next chapter we shall be constantly 
treating the subject, I must here restrict myself to a single ^ 
instance. A very common process of reasoning consists in 
the determination of the name of a thing by the successive 
exclusion of alternatives, a process called by^the old name 
abicissio infinite Take the case : 

Red-coloured metal is either copper or gold (i) 
Copper is dissolved by nitric acid (2) 

This specimen is red-coloured metaf (3) 

This specimen is not dissolved by nitric acid (4) 
Therefore, this specimen consists of gold (S) 

Let us assign the letter-symbols thus — 

A = this specimen D = gold 

B = red-coloured metal E = dissolved by nitric acid. 
C == copper 

Assuming that the alternatives c^per or gold are 
intended to be exckisive, as just explained in the case of 
fresh and salt water, the premises may be stated in the 
forms 


B = BCrf I- BcD 

• (0 

C = CE 

(2) 

A = AB 

(3) 

A = Ae 

( 4 > 


Substituting for C iii.(i) by means of (2) we get 

B = BCdE.!.BcD 

From (3) and (4) we may infer likewise 
A = ABe 

and if in this we substitute folk B its equivalent just 
stated, it follows that 

A = ABCdEe i ABcDe 

The first of the alternatives being contradictory the result 

is • _ 

A = ABcDc 



80 


THE PRINCIPLES OF SCIENCE. [chap, v. 


which contains a full description of “ this specimen,” as 
furnished in the premises, but by ellipsis asserts that it is 
gold. It will be observed that in the symbolic expression 
(l) I have explicitly stated what is certainly implied, that 
copper is not gold, and gold not copper, without which 
condition the inference would not hold good.c 



CHAPTER VL 

THE INDfllECr METHOD OF INFl^ERWE. 

The forms of deductive reasoning as yet considered, are 
mostly cases of Direct Deduction as distinguished from 
those which we are now about to treat. * The method of 
Indirect Deduction may be described as that wliich points 
out what a thing is, by showing that it cannot be anytliing 
else. We can define a certain space upon a map, either by 
colouring that space, or by colouring all except the space ; 
the first mode is positive, the second negative. Tlie 
difference, it will be readily seen, is exactly analogous to 
that between the direct and indirect modes of proof in 
geometry. Euclid often shows that two^lines are equal, by 
showing that they cannot be unequal, and the proof rests 
upon the known nui^^ber of alternatives, greater, equal or 
less, which lire alone conceivable. In other cases, ^s for 
instance in the seventh proposition of the first book, he 
shows that two lines must meet in a particular point, by 
showing that they cannot meet elsewhere. ^ 

In logic we can always define with certainty the utmost 
number of ajternatives which are conceivable. The Law 
of Duality (pp. 6, 74) enables us always to assert that any 
quality or circumstance whatsoever is either present or 
absent. Whatever may be the meaning of the terms A 
and B it is certainly true that • 

A = AB^lAb 
B = AB .|. aB. ^ 

These are universal tacit premises which may* be em- 
ployed in the solution of* every problem, and whiel^ are 
^uch iiivanable and necessary conditions of •all thought, 

Q 
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that they need not be specially laid down. The Law of 
Contradiction is a further condition of all thought and of 
^11 logical symbols ; it enables, and in fact obliges, us to 
reject from further consideration all terms which imply the 
presence and absence of the same quality. Now, when- 
ever we bring both these Laws of Thought into explicit 
action by the method of substitution, we employ the 
Indirect Method of Inference. It will be found that we 
can treat not only those arguments already exhibited 
according to the direct method, but we can include an 
infinite multitude of other arguments which are incapable 
of solution by any other means. 

Some philosophers, especially those of France, have held 
that the Indirect Method of Proof has a certain inferiority 
to the direct method, which should prevent our using it 
except when obliged. But there are many truths which 
we can prove only indirectly. We can prove that a 
numbpr is a prime only by the purely indirect method of 
showing that it is not any of the numbers which have 
divisors, and the remarkable process known as Eratos- 
thenes’ Sieve is the only mode by which we can select the 
prime numbers.^ It bears a strong analogy to the indirect 
method here to be described. We can prove that the side 
and diameter of a^ square are incommensurable, but only in 
the negative or indirect manner, by showing that the con- 
trary supposition inevitably leads to contradiction.^ Many 
othe^T- demonstrations in various branches of the mathe- 
matical sciences prodeed upon a like method. Now, if 
there i^ only one important truth whicli must be, and can 
only be, proved indirectly, we may say that the process is a 
.accessary and sufficient one, and the question of its com- 
parative excellence or usefulness is not worth discussion. 
As a matter of fact I believe that nearly half our logical 
conclusions rest upon its employment. 

^ See Horsley, Philosophical TransactimiSj 1772 ; vol. Ixii. p. 327. 
Montucla, Histoire des %Tathemati(pisg, vol i p 239. Pennu 
Cyclopmdia, article Eratostheneg.” 

8 Euclid, Book x. Prop. 117. 
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Simple Illustrations. 

In tracing out the powers and results of this method, we 
will begin with the simplest possible instance. Let us 
take a proportion of the common form, A = AB, say, 

A Metal is an Element, 

and let us investigate its full meaning. Any person who 
has had the least logical training, is aware that we can 
draw^ from the above proposition an apparently different* 
one, namely, 

A Nol-clcmcnt is a Not-mctal. 

While some logicians, as for instance De Morgan,^ have 
considered the relation of these two propositions to be 
purely self-evident, and neither needing nor allowing 
analysis, a great many more persons, as T have observed 
while teaching logic, are at*first unable to perceive tli(» 
close connection between them. I believe that a true and 
complete system of logic will furnish a clear analysis of 
this process, which has been called (Jontrapositive Con- 
version ; the full process is as follows : — 

Firstly, by the Law of Duality we know that 
Not-element is either Metal or Not-meial. 

If it be metal, we know that it is by the premise an 
element ; we should ^hus be supposing fliat the same thing 
is an element and a not-element, which is in opposition 
to the Law of Cantradictioii. According to the^ only 
other alternative, then, the not-element must be. a not- 
metal. 

To represent tliis process of inference symbolically we 
take the premise in the form 

A = AB. (i) 

Wo observebthat by the Law of Duality the term not-B is 
thus described 

h = Ah -I* ah. (2) 

For A in this proposition we substitute its description as 
given in (i), obtaining • 

h = AB& *!• ah. 

But according to the Law of ContradMJtion the terpi 
AB& must be excluded from thought, or 

^ Philosophical Magazine, December 1862 ; FruitJ# Series, vol. iv* 
P* 435» Indirect Demoustratiou/' 

- 02 
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Am - o. 

Hence it results that h is either nothing at all, or it is ah ; 
jrtid the conclusion is 

h — ah. 

As it often he necessary to refer to a conclusion of 
this kind I shall call it, as is usual, the Contrapositive 
Proposition of the original. The reader need hardly be 
cautioned to observe that from all A’s are Hs it does not 
follow that all not-A’s are not-B’s. For by the Law of 
Duality we have 

a -- ah *!• aUy 

and it will not be found possible to make any substitution 
in this by our original inemise A = AP». Jt still remains 
doubtful, therefore, whether not-inetal is element or not- 
elemen t. 

The proof of the Contrapodtive Proposition given above 
is exactly the same as that which Euclid applies in the 
case oP geometrical notions. De Morgan describes Euclid's 
process as follows^ : — From every not-B is not- A he pro- 
duces Every A is B, thus : If it be possible, let this A be 
not-B, but every not-B is not-A, therefore this A is not-A, 
which is absurd : whence every A is B.” Now De Morgan 
thinks that this proof is entirely needless, because common 
logic gives the ircference without tlui use of any geo- 
metrical reasoning. I conceive howei'er that logic gives 
the infeieiice only by an indirect process. De Morgan 
claims^*' to see identity in Every A is^’B and every not-B 
is not-A, by a process of thought prior to syllogism." 
Whether prior to syllogism or not, T claim that it is not 
prior to the laws of thought and the process of substitutive 
inference, by which it may be undoubtedly demonstrated. 

Employment of the Contrapositive Proposition. 

We can frequently employ tlie contrapositive form of a 
proposition by the niothod of substitution ; and certain 
moods of the ancient syllogism, which we liave hitherto 
passed over, may thus be satisfactorily comprehended in 
our system, ftike for instance the following syllogism in 
the mood Camestres : — o 


* Philosophical Magazine 1852 ;*p. 4y/, 
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Whales are not fish ; for tliey do not respire water, 
whereas true fish do respire water.” 

Let us take 

A = whale 
B = true fish 

• C = respiring water 
The premises are of the forms 

A = Ac (l) 

B = BC (2) . 

Now, by the process of contraposition we obtain from 
the second premise 

c — he 

and we can substitute this expression for c in (i), ob- 
taining 

A = Abe 

or “ Whales are not true not respirhig water.” 

The mood Cesare does not really ditfer from Camestres 
except in the order of the ))remises, and it could* be ex- 
liibited in an exactly similar manner. 

The mood Baroko gave much trouble to the old logicians, 
who could not reduce it to the first figure in the same 
manner as the other moods, and were obliged to invent, 
specially for it and for Bokardo, a method of Indirect 
Reduction closely analogous to the indirect proof of Euclid. 
Now these moods fequire no exceptional treatment in this 
system. Let us take as an instance of Baroko, the argu 
ment ^ • 

All heated solids give continuous spectra * (i) 

Some nebulm do not give continuous spectra (2) 

Therefore, some nebulae are not heated solids (3) 

Treating the little word some as an indeterminate adji 5 Tf- 
tive of selection, to which we assign a symbol like any 
other adjective, let 

A = some 
B = nebulae 

C = giving coiitinuous spectra 
D = heated solids 
The premises then become 

D = DC (I) 

AB = ABc (2) 

Now from (i) we obtain by the indirect method tie con- 
trapositive proposition * 
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c ^ cd 

and if we substitute this expression lor c in ( 2 ) we have 
AB = A'Bcd 

the full meaning of which is that “ some nebuloe do not 
give continiuous spectra and are not heated solids.” 

We might similarly apply the contrapositive in many 
other instances. Take the argument, All fixed stars are 
self-luminous ; but some of the heavenly bodies are not 
self-luminous, and are therefore not fixed stars.” Taking 
our terms 

A = fixed stars 
B = self-luminous 
C = some 

D = heavenly bodies 
we have the premises 

A = AB, (1) 

CD = fcCD (2) 

Now from (i) we can draw the contrapositive 
b r= ab 

and substituting this expression for b in ( 2 ) we obtain 
CD == abOD 

which expresses the conclusion of the argument that some 
heavenly bodies are not fixed stars. 

t 

Contrapositive of a Simjile Idmtity. 

The^ reader should carefully note that when we apply 
the process of Indirect Inference to a simple identity of 
the form 

A - B 

w?"may obtain further results. If we wish to know what 
is the term not-B, we have as before, by the Law of Duality, 
b = Ab -I* ah 

and substituting for A we obtain 

& = B6 -I* ah — ah. 

But we may now also«draw a second contrapositive ; for 
we have 

a = aB 'I- ab, 

and substituting for B its equivalent A we have 
a = a A -I* ab,= ab* 

Heftce from the single identity A = B we can draw 
the two propositions 
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a = ah 
h ~ ab, 

and observing that these propositions have a coniinon tenif^ 
ah we can make a new substitution, getting 

a = &. 

This result is in strict accordance with the fundamental 
principles of inference, and it may be a question whether 
it is not a self-evident result, independent of the steps of 
deduction by which we have reached it. For where two 
classes are coincident like A and B, whatever is true of 
the one is true of the other ; what is excluded from the one 
must be excluded from the other similarl}^ Now as a 
bears to A exactly the same relation lhat h bears to B, the 
identity of either pair follows from the identity of the 
other pair. In every identity, equality, or similarity, we 
may argue from the negative bf the one ^de to the nega 
tive of the other. Thus at ordinary temperatures 
Mercury = liquid-metal, 
hence obviously 

Not-mercury = not liquid-metal *, 

or since 

Sirius = brightest fixed star, 

it follows that whatever star is not the brightest is not 
Sirius, and vice ver%d. Every correct Sefinition is of the 
form A = B, and may often require to be applied in the 
equivalent negative ^orm. ^ 

Let us take as an illustration of the mode of usiug this 
result the argument following : 

Vowels are letters which can be sounded alone, (i) 
The letter w cannot be sounded alone ; (2) 

Therefore the letter tv is not a vowel. (3) 

Here we Ifave a definition (i), and a coinparisou of a 
thing with that definition (2), leading to exclusion of tlie 
thing from the class defined. 

Taking the terms 
A = vowel, 

B = letter which can be sounded alone, 

C = letter w, 

the premises are plainly of the forms 

A*= B, <l) 

C = bC, (3) 
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Now by the Indirect method we obtain from (i) the 
Contrapositivc 

h — a, 

and inserting in (2) the equivalent for I we have 

C = aC, (3) 

or “ the letter w is not a vowel/' 

Miscellanco^t^ Examples of the Method. 

We can apply the Indirect Method of Inference however 
many may be the terms involved or the premises con- 
taining thos^ terms. As the working of the method is 
best learnt from examples, I will take a case of i.wo 
premises forming the syllogism Barbara ; thus 

Iron is metal (l) 

' Metal is element. (2) 

If we want to ascertain what inference is possible concern- 
ing tlfe term Iron, we develop the term by tlie Law of 
Duality, Iron must be either metal or not-metal ; iron 
which IS metal must be either element or not-element ; 
and similarly iron which is not-metal must be either 
element or not-element. There are then altogether four 
alternatives among which the description of iron must be 


contained ; thus 

Iron, metal, element, (a) 

Iron, metal, not-element, (/ 3 ) 

' Iron, not-metal, element, (7) 

Iron, not-metal, not-element. (8) 


Our first premise informs us that iron is a metal, and if 
we substitute this description in (7) and (8) we shall have 
self-contradictory combinations. Our second premise like- 
wise informs us that metal is element, and applying this 
description to (/ 3 ) we again have self-contradiction, so that 
there remains only (a) as a description of iron — our 
inference is 

Iron = iron, metal, element. 

To represent this process of reasoning in general symbols, 
let 

A = iron 
B = m^al 
C = element, 

The premises of the problem take the forms 
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A = AB 

(0 

B = BC. 

(2) 

By the Law of Duality we have 


A = AB -I- A 5 

( 3 ) 

^ A = AC -I- Ac. 

- ( 4 ) 

Now, if we inseit for A in the second 

side of (3) its 

description in (4), we obtain what I shall call the develop- 

nient of A with respect to B and C, namely 


A = ABC -1 ABc -I- khG kU. (5) . 


Wherever the letters A or B appear iri the second side of 
(5) substitute their equivalents given in (i) and (2), and 
the results stated at full length are . 

A = ABC .|. ABOc [ AVjbO -I- AV>hCc. 

The last three alternatives break the Law of Contradiction, 
so that 

A = ABC|o-r.o-|-o = ABC. 

This conclusion is, indeed, no more than we could obtain 
by the direct process of substitution, that is by subsfituting 
for B in (1), its description in (2) as in p. 55 ; it is the 
characteristic of the Indirect process that it gives all 
possible logical conclusions, both those which we have 
previously obtained, and an immense number of others or 
which the ancient logic took little or no account. From 
the same premises, fj)r instance, we can f)btain a description 
of the class not-element or c. By tlie Law of Duality we can 
develop c into four alternatives, thus 

c = ABc -I* Ahc -I* aBc -I* dbc. 

If we substitute for A and B as before, we get 
c = ABCc AV>hc q aBCc abc, 
and, striking out the terms which break the Law 
Contradiction, there remains 

• c = ahcy 

or what is not element is also not iron and not metal. 
This Indirect Method of Inference thus furuishes a 
complete solution of the following problem — Given any 
number of logical premises or Conditions, required the 
description of any class of objects, or of any term, as 
governed by those conditions, ^ 

The steps of the process of inference may* thus be 
concisely stated — • 

I. By the Law of Duality develop the u4most number 
of alternatives which may exist in the description of the 
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required class or term as regards the terms involved in the 
premises. 

M 2. For each term in these alternatives substitute its 
description as given in the premises. 

3. StriJje out every alternative which is then found to 

break the Law of Contradiction. ‘ 

4. The remaining terms may be equated to the term in 
question as the desired description. 


Mr. Venn's Problem. 


9 

The need of some logical method more powerful and 
comprehensive than the old logic of Aristotle is strikingly 
illustrated by Mr. Venn in his most interesting and able 
article on Boole’s dogic.^ An* easy example, originally got, 
as he says, by the aid of my method as^simply described 
in the Elementary Lessons in Logic, was proposed iu 
examination and lecture-rooms to some hundred and fifty 
students as a problem in ordinary logic. It was answered 
by, at most, five or six of them. It was afterwards set, 
as an example on Boole’s method, to a small class who 
had attended a few lectures on the nature of these 
symbolic methods.*’ It was readily answered by half or 
more of their number. 

The problem was as follows : — The^members of a board 
were •all of them either bondholders,* or share! lolders, but 
not bofh ; and the bondholders as it happened, were all on 
the board. What conclusion can be drawn ? ” The con- 
clusion wanted is, ''No shareholders are bondholders.” 
'^w, as Mr. Venn says, nothing can look simpler than the 
following reasoning, when stated : — " There ^can be no 
bondholders who are shareholders ; for if there were they 
must be either on the board, or off it. But they are not 
on it, by the first of the given statements ; nor off it, by 
the second.” Yet from ^ the want of any systematic mode 
of treating such a question only five or six of some 
hundred and fifty students could succeed in so simple a 
problem. • 


1 / a Quarterly Review of Psychology and Philosophy ; 

October, 1876, vol. i. p. 487. 
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By symbolic statement the problem is instantly solved. 
Taking 

A = member of board 
B = bondholder 
C = shareholder 
the premises arft evidently 

A = ABc -I- AhC 
B = AB. 

The class C or shareholders may in respect of A and B be 
developed into four alternatives, 

C = ABC -I- AhC .|. aBC i ahC. 

But substituting for A in the first and for B in the third 
alternative we get 

C = ABGc AB&C -f AbG -f aABC -f ahG. 

The first, second, and fourth alternatives in the above are 
self-contradictory combinations, and only, these; striking 
them out there remain 

C = AhG .|. ahG = &C, 

the required answer. Tliis symbolic reasoning is, I believe, 
the exact equivalent of Mr. Venn's reasoning, and I do 
not believe that the result can be attained in a simpler 
manner. Mr. V(‘nn adds that he could adduce other 
similar instances, that is, instances showing the necessity 
of a better logical method. 

I 

Ahhr^iation of the Process, 

Before proceeding to further illustrations of the use of 
this method, I must point out how much its practical 
employment can be simplified, and how much more easy 
it is than would appear from the description. When Wo^ 
want to effect at all a thorougli solution of a logical 
problem it is^best to form, in the first place, a complete 
series of all the combinations of terms involved in it. If 
there be two terms A and B, the utmost variety of 
combinations in which they can appear are 
AB aB 

Ab ah. 

The term A appears in the first and second ? B in fhe first 
and third ; a in the third a^d fourth ; and b in the second 
and fourth. Now if we have any premise, say 

A = B, 
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we must ascertain which of these, combinations will be 
rendered self-contradictory by substitution; the second 
• and third will have to be struck out, cand there will remain 
only AB 

,v ha. 

Hence we draw the following inferences 

A = AB, B = AB, a = ah, h = ab. 

Exactly the same method must be followed when a 
question involves a greater number of terms. Thus by the 
Law of Duality the three terms A, B, C, give rise to eight 
conceivable combinations, namely 


ABC 

(«) 

aBC 

(^) 

Ate 

(/3) 

aVtc 

(?) 

A&C 

( 7 ) 

alC 

Iv) 

Ahc 

(8) 

ale. 

(0) 


The development of the term A is formed by the first four 
of these ; for B we must select (a), (/3), (e), (J") ; C 
consicts of (a), (7), (e), {rj ) ; h of (7), (^), (^), and so on. 

Now if we want to investigate completely the meaning 
of the premises A = AB (i) 

B = BC (2) 

we examine each of the eight combinations as regards each 
premise; (7) and (8) are contradicted by (i), and (/3) and 
(?) by (2), so thai there remain only 


ABC 

(“) 

aBC 

(e) 

nbC 

in) 

ahc. 

{&) 


To describe any term under the conditions of the premises 
(i) and (2), we have simply to draw out the proper com- 
''^inations from this list ; thus, A is represented only by 
ABC, that is to say 

A = ABC, 

similarly c = ahc. 

For B we have two alternatives thus stated, 

B = ABC i aBC ; 

and for h we have 

h = dbG -I- ahc. 

When we iJave a problem involving four distinct terms 
we need to double the number of combinations, and as 
we^dd eaqji new term the combinations become twice 
as numerous. Thus 
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A,B 
A, Y>, C, 

A, B, C, D 
A, B, C, D, E 
A. B, C, D, E, F 


produce four con^binations 
eight 

„ sixteen „ 

„ thirty-two „ 

„ sixty-four „ 


and so on. • ^ 

I propose to call any such series of combinations the 
Logical Alphahet. It holds in logical science a position 
the importance of which cannot be exaggerated, and as 
we proceed from logical to mathematical considerations, it 
will become apparent that there is a close connection 
between these combinations and the fundamental theorems 
of mathematical science. For the convenience of the 
reader who may wish to employ the Alphabet in logical 
questions, I liave had printed on the next page a complete 
series of tlie combinations up to those of six terms. At 
the very commencement, in tlie first column, is placed a 
single letter X, which might seem to be superfluous. This 
letter serves to denote that it is always some higher* class 
which is divided up. Thus the combination A 13 really 
means ABX, or that part of some larger class, say X, 
which has the qualities of A and ?> present. The letter 
X is omitted in the greater part of the table merely for the 
sake of brevity and clearness. In a later chapter on Com- 
binations it will became apparent that uie introduction of 
this unit class is requisite in order to complete the 
analogy with the Afuthmetical Triangle there descrilped. 

The reader ought to bear in mind that though the logical 
Alphabet seems to give mere lists of combinations, these 
combinations are intended in every case to constitute the 
development of a term of a proposition. Thus the fou'^ 
combinations AB, A6, aV>, ah really mean that any class X 
is described by the following proposition, 

X = XAB .|. XA6 -I- XaB .|. XaK 
If we select the A’s, we obtain the following proposition 
AX = XAB.|.XA&. 

Thus whatever group of combinations we treat must be 
conceived as part of a higher class, summitm genus or 
universe symbolised in the term X; but, bcariiifj tliis in 
mind, it is needless to conmlicate our formula 3 by always 
introducing the letter. All inference consists in parsing 
from propositions to propositions, and Aombinlitions per st 
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have no meaning. They are consequently to be regarded 
in all cases as forming parts of pi'opositions. 

The Logical Alphabet. 


I. 

X 


11. 

AI 

a X 


111. 

IV. 

V. 

A B 

ABC 

ABCD 

A b 

ABC 

AB Cd 

. e 

A b C 

A B c D 

a h 

Abe 

A B c d 


Ah c 

AbCD 


a B e 

A b C d 


a h C 

A b c D 


a h e 

Abed 


a B C D 
a B C d 
a B c D 
a B c (i 
a '♦ 0 .0 
a t> C d 
n b c 
a b d 


VI. vn. 

ABCpB ABCDEP 

ABCD« ABODE/ 

ABCdE ABCDcF 

ABCde ABODe/ 

ABcDB ABCdBP 

ABcD« ABCdE/ 

ABcdE ABCde F 

A Bede ABCde/ 

A&CDE ABcDBP 

A6CDe ABcDB/ 

A?jCdB ABcDeF 

A6Cdc ABcDe/ 

A5cDE ABcdBF 

AbcDe ABcdE/ 

AbctiE ABcdeF 

Abode ABcdc/ 

aBCDE ABCDEF 

ff B C D e A & C D E / 

aBCdE AbCDeF 

aBCdc Ab C D e / 

rtBcDE A6CdEF 

.iBcDc A&CdE/ 

a B c E A b C d c F 

a Bede AbCde/ 

aft CDS AbcDKF 

:! b 0 D e A b c D E / 

abCdB AbcDeF 

a b C d e AbcDe/ 

a b c I) E AbcdEF 

abeDe AbcdE/ 

abidE AbcdeF 

abode Abode/ 

aBC DBF 
a B G D E / 
a B C D e F 


a B C D e / 
a B C d E F 
aBCdE/ 
a B C d « F 
ea D C d e / 
a B c D E F 


•1 B c D B / 
a B c D e F 
a B c D e / 
a B c d £ F 
« B c d E / 
a B c d e F 


a B c d e / 
abCD E F 
a b C D E / 
a & C D e F 
a b C D e / 
ah C d R F 
a b C d E / 
a b C d e F 
a b C d e / 
a b c D E F 
a b c D E / 
b c D e F 


a.b c D e / 
a b c d E F 
abed E / 
o b c d e F 
d ^ c d « / 
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In a theoretical point of view we may conceive that 
the Logical Alphabet is infinitely extended. Every new 
quality or circumstance which can belong to an object, 
subdivides each combination or class, so that the numbed 
of such combinations, when unrestricted by logical 
conditions, is i’epresented by an infinitely high «^power of 
two. The extremely rapid increase in the number of 
subdivisions obliges us to confine our attention to a 
few qualities at a time. 

When contemplating the properties of this Alphabet I • 
am often inclined to think that Pythagoras perceived the 
deep logical importance of duahty ; for while unity was 
the symbol of identity and harmony, lie ^lescribed the 
number two as the origin of contrasts, or the symbol of 
diversity, division and separation. The number four, or 
the TetractySy was also regarded by him as one of the cliief 
elements of existence, for it* represented the generating 
■virtue whence come all comhinations In one of the 
golden verses ascribed to Pythagoras, he conjufes his 
pupil to be virtuous : ^ 

By him who stampt The Four upon tlie Mind, 

The Four, tlie fount of Nature’s endless stream.” 

Now four and the higher powers of duality do represent 
in this logical syste^ the numbers of ?ombinations which 
can be generated in the absence of logical restrictions. 
The followers of IVthagoras may have shrouded their 
master’s doctrines in mysterious and superstitious liolions, 
but in many points these doctrines seem to have some 
basis in logical philosophy. 

The Logical Slate, 

^ To a person who has once comprehended the extreme 
significance and utility of the Logical Alphabet the 
indirect process of inference becomes reduced to the 
repetition of a few uniform operations of classification, 
selection, and elimination of contradictories. Logical 
deduction, even in the most complicj^ted questions, 
becomes a matter of mere routine, and the atnount of 


* Whewell, History of the Inductive Soi&ncesy voi i. p. 232 , 



96 THE PEINCIPLES OF SCIENCE, [chap, 

labour required is the only impediment, when once the 
meaning of the premises is rendered clear. But the 
amount of labour is often found to be considerable. The 
'mere writing down of sixty-four combinations of six 
letters each is no small task, and, if we had a problem of 
five premises, each of the sixty-four combinations would 
have to be examined in connection with each premise. 
The requisite comparison is often of a very tedious 
character, and considerable chance of error intervenes. 

I have given much attention, therefore, to lessening both 
the manual and mental labour of the process, and I sliall 
describe several devices which may be adopted for saving 
trouble and risk of mistake. 

In the first place, as the same sets of combinations occur 
over and over again in different problems, we may avoid 
the labour of writing them out by having the sets of 
letters ready printed upon ^mall sheets of writing-paper. 
It has also been suggested by a correspondent tliat, if any 
one series of combinations were marked upon the margin 
of a sheet of paper, and a slit cut between each pair of 
combinations, it would be easy to fold down any particular 
combination, and thus strike it out of view. The com- 
binations consistent with the premises would then remain 
in a broken series. This method answers sufficiently well 
for occasional use. ' 

A more convenient mode, however, is to have the series 
of letters shown on p. 94, engraved up )n a common school 
writftig slate, of such a size, that the letters may occupy 
only aDout a third of the space on the left hand side of 
the slate. The conditions of the problem can then be 
^ritten down on the unoccupied part of the slate, and the 
proper series of combinations being chosen, the contra- 
dictory combinations can be struck out with, the pencil. 
I have used a slate of this kind, which I call a Logical 
Slate, for more than twelve years, and it has saved me 
much trouble. It is hardly possible to apply this 
process to problems of more than six terms, owing to 
the large number of combinations which would require 
examination. 
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Abstraction of Indifferent Circumstances. 

There is a simple but highly important process o^« 
inference which enables us to abstract, eliminate or dis- 
regard all circumstances indifferently present and absent. 
Thus if I were to state that ‘‘a triangle is a tliree-sided 
rectilinear figure, either large or not large,” these two 
alternatives would be superfluous, because, by the Law of 
Duality, I know that everything must be either large or 
not large. To add the qualification gives no new know- 
ledge, since the existence of the two alternatives will be 
understood in the absence of any information to the 
contrary. Accordingly, when two alternatives differ only 
as regards a single component term which is positive in 
one and negative in the other, we may reduce tliem to one 
term by striking out their indjfferent part. It is really a 
process of substitution which enables us to do this ; i‘or 
having any proposition of the form , 

A = ABC .|. ABc, (I) 

we know by the Law of Duality that 

AB=ABC -I- ABc. (2) 

As the second member of this is identical wit’n the second 
member of (i) we may substitute, obtaining 
A = AB. ^ 

This process of |educing useless alternatives may be 
applied again and again; for it is jilain that 

a = ab'^;cd L Qd .|. cD .|. cd) 
communicates no more information than that A* is B 
Abstraction of indifferent terms is in fact the converse 
process to that of development described in p. 89; and 
it is one of the most important operations in the whoL 
sphere of reasoning. 

The reader should observe that in the proposition 
AC = BC 

we cannot abstract C and infer 

A = B; 

but 'from * 

AC I- Ac = BC Be 
we may abstract all reference to the term 

It ought to be carefully remarked, however, that alter- 
natives which seem to be without meaning often iaiply 
important knowledge. Thus if I say that “ a* triangle is a 

ii 
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three-sided rec;Jiilinear figure, with or without three equal 
angles/’ the last alternatives really express a property of 
^^triangles, namely, that some triangles have three equal 
angles, and some do not have them. If we put P == 
Some,” meaning by the indefinite adjective Some,” one 
or more of the undefined properties of triangles with three 
equal angles, and take 
A = triangle 

B = three-sided rectilinear figure, 

C = with three equal angles, 

then the knowledge implied is expressed in the two 
propositions 

« PA = PEG 

pA = 

These may also be thrown into the form of one pro- 
position, namely^ 

A = PBC -I* j 9 Bc; 

but tjiese alternatives cannot he reduced, and the propo- 
sition is quite different from 

A = BC Bo. 


Illustra tions of the Indirect Method, 

A great variety of arguments pud logical problems 
might be introduced here to show> the comprehensive 
character and powers of the Indirect Method. We can 
treat»either a single premise or a series of premises. 

Take in the first place a simple definition, such as “a 
triangle is a three-sided rectilinear figure.” Let 
A = triangle 
B = three-sided 
C =* rectilinear figure ; 
then the definition is of the form 
A = BC. 

If we take the series of eight combinations of three 
letters in the Logical Alphabet (p. 94) and strike out 
those which are inconsistent with the definition, we have 
the following' result : — ABC 

dBc 

cibQ 

abc. 
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For the description of the class C we havp 

C-=ABC -I* a&C, 

that is, a rectilinear figure is either a triangle and three- , 
sided, or not a triangle and not three-sided.*’ 

For the class 6 we have 

• 6 = ahG -I- ale. 

To the second side of this we may apply the procc^ss of 
simplification by abstraction described in the last section ; 
for by the Law of Duality 

ah = alG -I* ale ; 

and as we have two propositions identical in the second 
side of each we may substitute, getting 

I = al, 

or what is not three-sided is not a triangle (whether it be 
rectilinear or not). 


Second Example. 

Let us treat by ibis method the following argument : — 

“ Blende is not an elementary substance ; elementary 
substances are those which are undecomposable ; 
blende, therefore, is decomposable.*’ 

Taking our letters thus — 

A = blende, 

B = elementary substance, 

C =Iandecomposable, 
the premises are of tAe forms 

A A&, 

B = C. 

No immediate substitution can be made ; but if 
the contrapositive of ( 2 ) (see p. 86), namely 
& = c, 

we can substitjite in (i) obtaining the conclusion 
A = Ac. 

But the same result may be obtained by taking the eight 
combinations of A, B, C, of the Logical Alphabet ; it will 
be found that only three combination^, namely, 

Abe 

aBC 

ale, 

are consistent with the pfgmises, whence it results 
A = Abe, • 


(2) 

we take 

( 3 ) 
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or by the process of Ellipsis before described (p. 57) 

A = Ac. 

Third Example. 

As somewhat more complex example I take the 
argument thus stated, one which could not be thrown into 
the syllogistic form : — 

“ All metals except gold and silver are opaque ; there- 
fore what is not opaque is either gold or silver or 
is not-metal.” 

There is more implied in this statement than is dis- 
tinctly asset ted, the mil meaning being as follows : 

All metals not gold or silver are opaque, (l) 

Gold is not opaque but is a metal, (2) 

Silver is not opaque but is a metal, (3) 

Gold is not silver. (4) 

Taking our letters thus — 

A == metal C =•• silver 

B = gold 1) = opaque, 

we may state the premises in the forms 


Ahc = A&cD 

(I) 

B = AB(Z 

(2) 

C = ACJ 

( 3 ) 

B = Be. f. 

( 4 ) 


To obtain a complete solution of the question we take 
th<j sixteen combinations of A, B, (j, D, and striking out 
those which are inconsistent with the premises, there remain 
only 

ABcd 

AbCd 

AhcJ) 

abcD 

abed. 

The expression for not-opaque things consists of. the 
three combinations cpntaining d, thus 

d = ABcd -I* AbGd abed, 
or d - Ad (Be -I*' 60 ) -I* abed. 

In prdinavy language, what is not-opaque is either metal 
which is gold, and then not-|ilver, or silver and then not 
geld, or else it is not-metal and neither gold nor silver. 
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Fourth Example. 

A good example for the illustration of the Indirect 
Method is to be found in De Morgan’s Formal Jjogic (p. 
123), the premises being substantially as follows : — 

From A follows B, and from 0 follows D ; but B and D 
are inconsistent with each other ; therefore A and C are 
inconsistent. 

The meaning no doubt is that where A is, B will be 
found, or that every A is a B, and similarly every C is a D ; 
but B and D cannot occur together. ^ The premises there- 
fore appear to be of the forms * 


A = AB, 


(0 

C = CD, 


(2) 

B = B*?. 

• 

( 3 ) 


On examining the series of sixteen combinations, only 
five are found to be consistent with the above conditions 
namely, 

d^cd 

alGD 

ahcD 

abed. 

In these combinati|ns the only A which appears is joined 
to c, and similarly is joined to a, or A is inconsistent 
with C. 


Fifth Example, 

A more complex argument, also given by De Morgan,' 
contains five terms, and is as stated below, except that 
the letters art altered. 

Every A is one only of the two B or C ; D is both B 
and C, except when B is E, and then it is 
neither ; therefore no A is D. 

The meaning of the above premises is difficult to 
interpret, but seems to be capable of expression in the 
following symbolic forms — 

* Formal Logic^ p. 124. Xs Professor Groom Robertson aiias 
pointed^ out to me, , the second and third premises may be thrown 
mto a single proposition, D = DeBO DEte- 
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A = ABc A&C, (I) 

De = D^BC, (2) 

DE=DE6c. (3) 

As five terms enter into these premises it is requisite to 
treat thoir thirty-two combinations, and it wiU be found 
that fourteen of them remain consistent with the premises, 
namely 


ABet^E 

aBCDe 

ahCdE 

ABcrfe 

aBC^^E 

ahCdc 

AbGdE 

aBCrfc 

a&cDE 

AhCde 

oEcdFj 

abedFj 

• 

dEcdc 

ahede. 


If we examine the first four combinations, all of which 
contain A, we find that they none of them contain D ; or 
again, if we select those which contain D, we have only 
two, thus — 

D = aBCD<j !- < 7 Z/cDE. 

Henoe it is clear that no A is 1 ), and vice versd no D is A. 
We might draw many other conclusions from the same 
premises ; for instance — 

DE = ahcDE, 

or D and E never meet but in the absence of A, B, and C. 

Fallacies tcinalysed by the huUrcct Method. 

It has been sufficiently shown, peit iaj)S, that we can by 
the Indirect Method of Inference ex^lract the whole truth 
from^a series of propositions, and exhibit it anew in any 
required form of conclusion. But it may also need to be 
shown by examples that so long as we follow correctly 
the almost mechanical rules of the method, we cannot fall 
into any of the fallacies or paralogisms wliich are often 
committed in ordinary discussion. Let us takp the example 
of a fallacious argument, previously treated by the Method 
of Direct Inference (p. 62), 

Granite is not a sedimentaiy rock, (i 

Basalt is not a*^sediraentaiy rock, (2 ; 

and let us ascertain whether any precise conclusion can be 
drawn concerning the relation of granite and basalt. 
Taking -as before 

A == granite^ 

B = sedimentary rock, 

C = basalt, 
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the premises become , A = Ai, (i) 

C = Gb. (2) 

Of the eight conceivable combinations of A, B. C. five^r 
agree with these conditions, namely 

AhG aBc 

Abe abG 

abc. 

Selecting the combinations which contain A, we find the 
description of granite to be 

A^AIG -I- Abc = Ab(G c), 
that is, granite is nob a sedimentary rock, and is either 
basalt or not-basalt. If we want a description of basalt the 
answer is of like form 

G = AbG -I- abG = bG{A -I- a), 
that is basalt is not a sedimentary rock, and is either 
granite or not-granite. As it. is already perfectly evident 
that basalt must be either granite or not, and vice versa, 
the premises fail to give ns any information on the .point, 
that is to say the Method of Indirect Inference saves us 
from falling into any fallacious conclusions. This 
example sufficiently illustrates both the fallacy of 
Negative premises and that of Undistributed Middle of 
the old logic. 

The fallacy called the Illicit Process »f the Major Term 
is also incapable oflcommission in following the rules of 
the method. Our ejjfample was (p. 65) 

All planets are subject to gravity, fi) 

Fixed stars are not planets. • (2) 

The false conclusion is that ‘‘ fixed stars are not subject to 
gravity.” The terms are 

A = planet 

B = fixed star 

C = subject to gravity. 

And the premises are A = AC, (i) 

B = oB. (2) 

The combinations which remain uncontradicted on com 

parison with these premises are 

AbG aBc 

aBC abG 

^ abc. 

For fixed star we have the description 
• B = aBC aBo, 
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that is, “ a fixed star is not a planet, ,but is either subject 
or not, as the case may be, to gravity.'* Here we have no 
^conclusion concerning the connection of fixed stars and 
gravity. 


The Logical Abacus. 

The Indirect Method of Inference has now been suffi- 
ciently described, and a careful examination of its powers 
will show that it is capable of giving a full analysis and 
solution of every question involving only logical relations. 
The chief difficulty of the method consists in the great 
number of cambinations which may have to be examined ; 
not only may the requisite labour become formidable, but 
a considerable chance of mistake arises. I have therefore 
given much attention to modes of facilitating the work, 
and have succeeded in reducing the method to an almost 
meclianical form. It soon appeared obvious that if the 
conceivable combinations of the Logical Alphabet, for any 
number of letters, instead of being printed in fixed order 
on a piece of paper or slate, were marked upon light 
movable pieces of wood, mechanical arrangements could 
readily be devised for selecting any required class of the 
combinations. Tlig labour of comparison and rejection 
might thus be immensely reduced. .This idea was first 
carried out in the Logical Abacus, w|\ich I have found 
useful in the lecture-room for exhibiting the complete 
solution of logical problems. A minute description of the 
construction and use of the Abacus, together with figures 
of the parts, has already been given in my essay called 
»>,The Si^stitution of Similars^ and I will here give only 
a general description. 

The Logical Abacus consists of a common school black- 
board placed in a sloping position and furnished with four 
horizontal and equi-distant ledges. The combinations 
of the letters shown in the first four columns of the 
Logical Alphabet are Sprinted in somewhat large type, 
so that each letter is about an inch from the neighbour- 
ing one, but ttie letters are placed one above the other 
instead 6 f being in horizontal lines as in p. 94. Each 
comjiination of letters is separately fixed to the surface of 

1 Pp. 55—59, 81—86. 
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a thin slip of wood o^e inch broad and about one-eighth 
inch thick. Short steel pins are then driven in an inclined 
position into the wood. When a letter is a large capital^ 
representing a positive term, the pin is fixed in the upper 
part of its space ; when the letter is a small italic repre- 
senting a negafive term, the pin is fixed in the lower part 
of the space. "Now, if one of the series of combinations 
be ranged upon a ledge of the black-board, the sharp edge 
of a flat rule can be inserted beneath the pins belonging to 
my one letter — say A, so that all the combinations marked 
A can be lifted out and placed upon a separate ledge. 
Thus we have represented the act of thouglit which 
separates the class A from what is not- A. "jfhe operation 
can be repeated ; out of tlie A's we can in like manner 
select tliose which are B’s, obtaining the AB s ; and in like 
manner we may select any otljer classes sucli as the aB’s, 
the aVs, or the ahes. 

If now we take the series of eight combinations of the 
letters A, B, C, a, h, c, and wish to analyse the argument 
anciently called Barbara, having the premises 

A = AB (I) 

B = BC, (2) 

we proceed as follows — We raise the combinations marked 
a, leaving the A’s behind ; out of these lA’s we move to a 
lov^er ledge such a| are 5’s, and to the remaining AB’s 
we join the a's wliioji have been raised. The result is that 
we have divided all the combinations into two classes, 
namely, the A&’s which are incapable of existing consist- 
ently with premise (i), and the combinations which are 
consistent with the premise. Turning now to the second 
premise, we raise out of those which agree with (i) the 
then we lower the Be’s ; lastly we join the 6’s to the BC’s. 
We now find our combinations arranged as below. 



The lower line contains all the combinations whiclii^rQ 
inconsistent with either premise*; we have caAied out in a 
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mechanical manner that exclusion of self-contradictories 
which was formerly done upon the slate or upon paper. 
'Accordingly, from the combinations remaining in the upper 
line we can draw any inference which the premises yield. 
If we raice the As we find only one, and that is C, so 
that A must be C. If we select the c s we again find only 
one, which is a and also h ; thus we prove that not-0 is 
not-A and not-B. 

When a disjunctive proposition occurs among the 
premises the requisite movements become rather more 
complicated. Take the disjunctive argument 
A is either B or C or D, 

A is not C and not D, 

Therefore A is B. 

The premises are represented accurately as follows : — 


A = APtAC-l-AD 

(I) 

A = Ac 

( 2 ) 


(3) 


As there are four terms, we choose the series of sixteen 
combinations and place them on the highest ledge of the 
board but one. We raise the a’s and out of the As, which 
remain, we lower the 6’s. But we are not to reject all the 
A 2 ?’s as contradictory, because by the first premise A's 
may be either B’s«or C's or D*s. Accordingly out of the 
A6’s we must select the c's, and out of these again the d's, 
so that only Ahcd will remain to |be rejected finally. 
Joiitingall the other fifteen combinations together again, 
and proceeding to premise (2), we raise the a’s and lower 
the AC’s, and thus reject the combinations inconsistent 
with (2) ; similarly we reject the AD’s which are incon- 
sistent with (3). It will be found that there remain, in 
addition to all the eight combinations containing a, only 
one containing A, namely 

AEcd, 

whence it is apparent that A must be B, the ordinary 
conclusion of the argument. 

In my " Substitution of Similars ” (pp. 56 — 59) I have 
described the^ working upon the Abacus of two other 
logical problems, which it would be tedious to repeat in 
this place. 
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The Logical Machine, 

Although the Logical Abacus considerably reduced th? 
labour of using the Indirect Method, it was not free from 
the possibility of error. I thought moreover thmt it would 
afford a conspicuous proof of the generality and power of 
the method if I could reduce it to a purely mechanical 
form. Logicians had long been accustomed to speak of 
Logic as an Organon or Instrument, and even Lord Bacon, 
while he rejected the old syllogistic logic, had insisted, in 
the second aphorism of his “ New Instrument,’* that the 
mind required some kind of systematic ,aid. In the 
kindred science of mathematics mechanical assistance of 
one kind or another had long been employed. Orreries, 
globes, mechanical clocks, and such like instruments, 
are really aids to calculation and are of considerable 
antiquity. The Arithmetical Abacus is still in common 
use in Russia and China. The calculating machine of 
Pascal is more than two centuries old, having been con- 
structed in 1642-45. M. Thomas of Colmar manufactures 
an arithmetical machine on Pascal’s principles which is 
employed by engineers and others who need frequently 
to multiply or divide. To Babbage and Scheutz is due 
the merit of embodying the Calculus bf Differences in a 
machine, which fckus became capable of calculating the 
most complicated iables of figures. It seemed strange 
that in the more intricate science of quantity mechahism 
should be applicable, whereas in the simple science of 
qualitative reasoning, the syllogism was only called an 
instrument by a figure of speech. It is true that Swift 
satirically described the Professors of Laputa as in pos- 
session of a thinking machine, and in 1851 Mr. Alfred 
Smee actumly proposed the construction of a Relational 
machine and a Differential machine, the first of which 
would be a mechanical dictionary and the second a mode 
of comparing ideas; but with these exceptions I have 
not yet met with so much as a suggestion of a reasoning 
machine. It may be added that Mr. Smee’^designs, though 
highly ingenious, appear to be impracticaWe, and in any 
case they do not attempt fee performance of logical inference.^ 

^ See his work called The Process of Thought adaf 'jed to Words and 
Language, together with a Description of the Relational and Differ* 
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The Logical 0 Abacus soon suggested the notion of a 
Logical Machine, which, after two unsuccessful attempts, 

succeeded in constructing in a comparatively simple and 
effective form. The details of the Logical Machine have 
been fully described by the aid of plates in the Philo- 
sophical Transactions,^ and it would be needless to repeat 
the account of the somewhat intricate movements of the 
machine in this place. 

The general api)carance of the machine is shown in a 
plate facing the title-page of this volume. It somewhat 
resembles a very small upright piano or organ, and has a 
keyboard con^ining-twenty-one keys. These keys are of 
two kinds, sixteen of them representing the terms or 
letters A, a, B, 6, C, c, 1), which have so often been 
employed in our logical notation. When letters occur on 
the left-hand side of' a proposition, formerly called the 
subject, each is represented by a key on the left-hand half 
of the keyboard ; but when they occur on the right-^hand 
side, or as it used to be called the predicate of the pro- 
position, the letter-keys on the right-hand side of the 
keyboard are the proper representatives. The five other* 
keys may be called operation keys, to distinguish them 
from the letter or term keys. They stand for the stops, 
copula, and disjunctive conjunctions of a proposition. 
The middle key of all is the copula, tl) be pressed when 
the verb is or the sign = is met. The Ikey to the extreme 
right-hand is called the Full Stop, because it should be 
pressed when a proposition is completed, in fact in the 
proper place of the full stop. Tlie key to the extreme 
left-hand is used to terminate an argument or to restore 
the machine to its initial condition; it is called the Finis 
key. Tlie last keys but one on the right and left com- 
plete the whole series, and represent the conjunction or in 
its unexclusive meaning, or the sign which I have 
employed, according as it occurs in the right or left hand 
side of tlie proposition. • The whole keyboard is arranged 
as shown on the next page — 

mtial Machines, 'Also Philosophical Transactions, [1870] vol, 160, 
p. 518. 

^ nUosophical Transc^tions [18/0], \ol, 160, p. 497. Proceedings 
of mUoyal So<^y, voJ. xviii. p. i66, Jan. 20 l8^o. Natwre, vol. i 
P- - 343 . 
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'S 

Left-hand side of Projjosition. 

A 

d 

Right-hand sj^e of Proposition. 

d 

o 

Si 

1 

o. 

1 . 1 . 

1 



d D c 0 !. B a A 

"I 

AaB6CjcDd(j^ 


To work the machine it is only requisite to press the 
keys in succession as indicated by the letters and signs of 
a symbolical proposition. All the premises of an argu- 
ment are supposed to be reduced to the simple notation 
which has been employed in the previous pages. Taking, 
then such a simple proposition as 
A = AB, 

we press the keys A (left), copula, A (right)^ B (right), and 
full stop. 

If there be a second premise, for instance 
B = BC, 

we press in like manner the keys — 

B (left), copula, B (right), C (right), full stop. 

The process is exactly the same however numeii:)us the 
premises may be. When they are completed the operator 
will see indicated on the face of the machine the exact 
combinations of letters which are consistent with the 
premises according to the principles of thought. 

As shown in the figure opposite the title-page, the 
machine exhibits in front a Logical Alphabet of sixteen 
combinations, exaitly like that of the Abacus, except 
that the letters <3' each combination are separated by a 
certain interval. After the above problem has ^ been 
worked upon the machine the Logical Alphabet will have 
been modified so as to present the following appearance — 
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The operator will readily collect the various conclusions 
in the manner"' described in previoils pages, as, for in- 
f^tance that A is always C, that not-C is not-B and not- 
A ; and not-B is not-A but either C or not-C. The results 
are thus to be read off exactly as in the case of the 
Logical Slate, or the Logical Abacus. 

IJisjunctive propositions are to be treated in an exactly 
similar manner. Thus, to work the premises 
A = AB .|. AC 
B I* C = BD .|. CD, 

it is only necessary to press in succession the keys 
A (left), copula, A (right), B, , A,C, full stop. 

B (left), -I- , C, copula, B (right), D, -I* , C,D, full stop. 
The combinations then remaining will be as follows 
ABCD aBCD abcD 

ABcD aBcT> abed, 

AhCD obGD 

On pressing the left-hand key A, all the possible com- 
binations which do not contain A will disappear, and the 
description of A may be gathered from what remain, 
namely that it is always D. The full-stop key restores all. 
combinations consistent with the premises and any other 
selection may be made, as say not-D, which will be found 
to be always not-A, not-B, and not-C. 

At the end of every problem, when no further questions 
need be addressed to the machine, f 7e press the Finis 
key, }vhich has the effect of bringing into view the whole 
of the conceivable combinations of the alphabet. This 
key in fact obliterates the conditions impressed upon the 
machine by moving back into their ordinary places those 
combinations which had been rejected as inconsistent with 
the premises. Before beginning any new problem it is 
requisite to observe that the whole sixteen combinations 
are visible. After the Finis key has been used the machine 
represents a mind endowed with powers of thought, but 
wholly devoid of knowledge. It would not in that con- 
dition give any answer out such as would consist in the 
primary laws of thought themselves. But when any pro- 
position is woujied upon the keys, the machine analyses 
and digests the meaning of it and becomes charged with 
the J^nowledge embodied in that ^Tbpositiom Accordingly 
' it is able to return as an answer any description of a term 
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or class so far as furnished by that proposition in accordance 
with the Laws of Thought. The machine fs thus the em- 
bodiment of a true logical system. The combinations are^ 
classified, selected or rejected, just as they should be by a 
reasoning mind, so that at each step in a problem, the 
Logical Alphabet represents the proper condition of a mind 
exempt from mistake. It cannot be asserted indeed that 
the machine entirely supersedes the agency of conscious 
thought; mental labour is required in interpreting the 
meaning of grammatical expressions, and in correctly im- 
pressing that meaning on the machine ; it is further required 
in gathering the conclusion from the remaining combina- 
tions. Nevertheless the true process of logical inference 
is really accomplished in a purely mechanical manner. 

It is worthy of remark that the machine can detect any 
self-contradiction existing between the premises presented 
to it ; should the premises be self-contradictory it will be 
found that one or more of the letter-terms disappears 
entirely from the Logical Alphabet. Thus if we work the 
two propositions, A is B, and A is not-B, and then inquire 
for a description of A, the machine will refuse to give it 
by exhibiting no combination at all containing A. This 
result is in agreement with the law, which I have ex- 
plained, that every term must have its negative (p. 74). 
Accordingly, whenever any one of the letters A, B, C, D, a, 
h, Cy dy wholly disAipears from the alphabet, it may be 
. safely inferred that some act of self-contradiction has been 
committed. 

It ought to be carefully observed that the logical 
machine cannot receive a simple identity of the form 
A = B except in the double form of A = B and B = A. 
To work the proposition A = B, it is therefore necessary to 
press the keys — 

A (left), copula, B (right), full stop ; 

B (left), copula, A (right), full stop. 

The same double operation will be necessary whenever the 
proposition is not of the kind c^led a partial identity 
(p. 40). Thus AB = CD, AB = AC, A = B .|. C, A 4 B 
= C D, all require to be read from both ends separately. 

The proper rule for using the machine may in fact be 
given in the following w^^ : — (i) Bead each 'praimitio^as 
it stands, and play the corresponding keys : (2jP Convert the 
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proposition and read and play the keys again in the trans- 
posed order of %e terms. So long as ‘this rule is observed 
the true result must always be obtained. There can be no 
mistake. But it will be found that in the case of partial 
identities, and some other similar forms of propositions, 
the transposed reading has no effect upon the combinations 
of the Logical Alpliabet. One reading is in such cases all 
that is practically needful. After some experience has 
been gained in the use of the machine, the worker naturally 
saves himself the trouble of the second reading when 
possible. 

It is no doubt a remarkable fact that a simple identity 
cannot be impressed upon the machine except in the form 
of two partial identities, and this may be thought by some 
logicians to militate against the equational mode of repre- 
senting propositions. 

Before leaving the subjttct I may remark that these 
mechanical devices are not likely to possess much 
practical utility. We do not require in common life to be 
constantly solving complex logical questions. Even in 
mathematical calculation the ordinary rules of arithmetic 
are generally sufficient, and a calculating machine can only 
be used with advantage in peculiar cases. But the machine 
and abacus have nevertheless two important uses. 

In the first plabe I hope that the time is not very far 
distant when the predominance of ihl^ ancient Aristotelian 
Logic will be a matter of history vnly, and when the 
teaclyng of logic will be placed on a footing more worthy* 
of its supreme importance. It will then be jfound that the 
solution of logical questions is an exercise of mind at least 
as valuable and necessary as mathematical calculation. I 
believe that these mechanical devices, or something of the 
same kind, will then become useful for exjiibiting to a 
class of students a clear and visible analysis oL logical 
problems of any degree of complexity, the nature of each 
step being rendered plain to the eyes of the students. I 
often used the machine or abacus for this purpose in 
my class lectures while I was Professor of Logic at 
Owens College. 

Secondly, the more immediate importance of the machine 
seems to consist in the unquestionable proof which it 
afflJrds that <55orrect views of the fundamental principles of 
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reasoning have now; been attained, altlicyigh tliey were 
unknown to Aristotle and his followers. The time must 
come when the inevitable results of the admirable 
investigations of the late Dr. Boole must be recognised 
at their true value, and the plain and palpabfe form in 
which the machine presents those results will, I hope, hasten 
the time. Undoubtedly Boole’s life marks an era in the 
science of human reason. It may seem strange that it had 
remained for him first to set forth in its full extent the 
problem of logic, but I am not aware that anyone before 
liini had treated logic as a symbolic method for evolving 
from any premises the description of any class whatsoever 
as defined by those premises. In spite of several serious 
errors into which he fell, it will probably be allowed that 
Boole discovered the true, and general form of logic, and 
put the science substantially into the form whicli it must 
hold for evermore. He thus effected a reform with which 
there is hardly anything comparable in the history of logic 
between his time and the remote age of Aristotle. 

Nevertheless, Boole’s quasi- mathematical system could 
hardly be regarded as a final and unexceptionable solution 
of the problem. Not only did it require the manipulation 
of mathematical symbols in a very intricate and perplexing 
manner, but the results when obtairlbd were devoid of 
demonstrative forces because they turned upon the employ- 
ment of unintelligible symbols, acquiring meaning onl^ by 
analogy. 1 have also pointed out that he imported into 
his system a condition concerning the exclusive nature of 
alternatives (p. 70), which is not necessarily true of logical 
terms., I shall have to show in the next chapter that logic 
is really the basis of the whole science of mathematical 
reasoning, so that Boole inverted the true order of proof 
when he pfoposed to infer logical truths by algebraic 
processes. It is wonderful evidence of his mental power 
that by methods fundamentally false he should have 
succeeded in reaching true conclusions and widening the 
sphere of reason. 

The mechanical performance of logical iij^ference affords 
a demonstration both of the truth of Boole’s results and 
of the mistaken nature».of his mode of deducing then. 
Conclusions which he could obtain only by pf^ges of ifffii- 
cate calculation/ave exhibited by the machine after one or 
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two minutes of manipulation. And not only are those 
conclusions ea^ly reached, hut they are demonstratively 
ftrue, because every step of the process involves nothing 
more obscure than the three fundamental Laws of Thought. 

The Order of Premucs, 

Before quitting the subject of deductive reasoning, I 
may remark that the order in which the premises of an 
argument are placed is a matter of logical indifference. 
Much discussion has taken place at various times con- 
cerning the arrangement of the premises of a syllogism ; 
and it has been generally held, in accordance with the 
opinion of Aristotle, that the so-called major premise, 
containing the major term, or the predicate of the con- 
clusion, should stand first. This distinction however falls 
to the ground in our system, since the proposition is 
reduced to an identical form, in which there is no distinc- 
tion of subject and predicate. In a strictly logical point 
of view the order of statement is wholly devoid of 
significance. The premises are simultaneously coexistent, 
and are not related to each other according to the properties 
of space and time. Just as the qualities of the same 
object are neither , before nor after each other in nature 
(p. 33), and are only thought of in some one order owing 
to the limited capacity of mind, soicthe premises of an 
argi^ment are neither before nor after each other, and are 
only thought of in succession because the mind cannot 
grasp many ideas at once. The combinations of the 
logical alphabet are exactly the same in whatever order 
the premises be treated on the logical slate or machine. 
Some difference may doubtless exist as regards convenience 
to human memory. The mind may take m the results 
of an argument more easily in one mode of statement 
than another, although there is no real difference in the 
logical results. But in this point of view I think that 
Aristotle and the old Ibgicians were clearly wrong. It is 
more easy to gather the conclusion that ‘‘ all A's are C’s 
from all A’s -*re B’s and all B’s are C’s,” than from the 
same propositions in inverted order, all B's are C*8 and 
, are B’s, 
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The Equivalence of Propositio'^ 

• 

One great advantage which arises from the study of 
this Indirect Method of Inference consists in^the clear 
notion which v^e gain of the Equivalence of Propositions. 
The older logicians showed how from certain simple 
premises we might draw an inference, but they failed to 
point out whether that inference contained the whole, or 
only a part, of the information embodied in the premises. 
Any one proposition or group of propositionj^ may be 
classed with respect to another proposition or group of 
propositions, as • 

1. Equivalent, 

2. Inferrible, 

3. Consistent, 

4. Contradictory. 

Taking the proposition *'A11 men are mortals*' ^s the 
original, then All immortals are not men *’ is its equiva- 
lent ; “ Some mortals are men *’ is inferrible, or capable of 
inference, but is not equivalent ; “ All not-raen are not 
mortals” cannot be inferred, but is consistent, that is, 
may be true at the same time ; “ All men are immortals ” 
is of course contradictory. ^ 

One sufficient test^of equivalence is capability of mutual 
inference. Thus fro^i. 

All electrics — all non-conductors, 

I can infer 

All non-electrics = all conductors, 
and vice vcrsd from the latter I can pass back to the 
former. In short, A = B is equivalent to a = ft. Again, 
from the union of the two propositions, A = AB and 
B = AB, I get A = B, and from this I might as easily 
deduce the two with which I started. In this case one 
proposition is equivalent to two other propositions. There 
are in fact no less than four modes in which we may 
express the identity of two classes A and B, namely, 

FIRST MODE. SECOND MODE, THIRD MODE. FOURTH MODE. 

B = Ab} = 

The Indirect Method of’ Inference furnishes a univer,ggil 
and clear criterion as to the relationship of propositions. 
The import of a statement is always to be measured by, 

* I 2 
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the combination's of terms which it destroys. Hence two 
^ propositions are equivalent when they remove the same 
combinations from the Logical Alphabet, and neither more 
nor less. A proposition is inferrible but not equivalent to 
another ^Vhen it removes some but not all the combinations 
which the other removes, and none except what this 
other removes. Again, propositions are consistent provided 
that they jointly allow each term and the negative of 
each term to remain somewhere in the Logical Alphabet. 
If after all the combinations inconsistent with two propo- 
sitions are struck out, there still appears each of the letters 
A, a, B, 6, C, c, D, d, which were there before, then no 
inconsistency between the propositions exists, although 
they may not be equivalent or even inferrible. Finally, 
contradictory propositions are those which taken together 
remove any one or more letter-terms from the Logical 
Alphabet. 

What is true of single propositions applies also to groups 
of propositions, however large or complicated ; that is to 
say, one group may be equivalent, inferrible, consistent, 
or contradictory as regards another, and we may similarly 
compare one proposition with a group of propositions. 

To give in this place illustrations of all the four kinds 
of relation would require much space : as the examples 
given in previous sections or chapter|^ may serve more or 
less to explain the relations of inference, consistency, and 
contradiction, 1 will only add a few instances of equivalent 
propositions or groups. 

In the following list each proposition or group of pro- 
positions is exactly equivalent in meaning to the corre- 
sponding one in the other column, and the truth of this 
statement may be tested by working out the combinations 
of the alphabet, which ought to be found exactly the same 
in the case of each pair of equivalents. 

A ^ Ab B = aB 

A — h a = B 

A - BC a = h\c 

^^AB-I-AC. . . h ^ah\ AlC 

‘ A.1*B = C.|.D , ab^cd 

A c = B -I* aC = JD 

A = AB .|. AC 
AB - ABc 


*A = ABcl AbC 
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|A=B , 
B=Cj--- (A=CS 
A == AB \ ( A = AC 

B = BOJ- • • |B = A|^iBO' 

Although in these and many other cases tlie ecfuivaleiits 
of certain propositions can readily be given, yet I believe 
that no uniform and infallible process can be pointed out 
by which the exact equivalents of premises can be 
ascertained. Ordinary deductive inference usually gives 
us only a portion of the contained information. It is 
true that the combinations consistent with a set of 
premises may always be thrown into the form of a 
proposition which must be logically equivalent to those 
]n'emises ; but the difficulty consists in detecting the other 
iorrns of propositions which will be equivalent to the 
premises. Tlie task is here oh a different character from 
any which we have yet attempted. It is in reality an 
inverse process, and is just as much more troublesome and 
uncertain than the direct process, as seeking is compared 
with hiding. Not only may several different answers 
equally apply, but there is no method of discovering any 
of those answers except by repeated trial. The problem 
which we have here met is really that of induction, the 
inverse of deduction ; and, as I shall so(in show, induction 
is always tentative, ,^nd, unless conducted with peculiar 
skill and insight, nn'st be exceedingly laborious in cases 
of complexity. • 

l)e* Morgan w'as unfortunately led by this equivaleifce of 
propositions into the most serious error of his ingenious 
system of Logic. He held that because the proposition 
“ All A’s are all B’s,’' is but another expression for the 
two propositions All As are B’s and “ All B’s are A's, 
it must be a composite and not really an elementary form 
of proposition.^ But on taking a general view of the 
equivalence of propositions such an objection seems to 
have no weight. Logicians have, ^with few exceptions, 
persistently upheld the original error of xlristotle in 
rejecting from their science the one simple relation of 
identity on which all more complex logical illations must 
really rest. 

^ Syllabus of a proposed syskm of Logic. §8 57, 121. &c. ForWtii 
Logic, p. 66. - « ^ ^ 
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The Nature of Inference. 

The question, What is Inference ? is involved, even to 
the present day, in as much uncertainty as that ancient 
question, 'What is Truth ? I shall in more ,than one part 
of this work endeavour to show that inference never does 
more than explicate, unfold, or develop the information 
contained in certain premises or facts. Nhuther in deduc- 
tive nor inductive reasoning can we add a little to our 
implicit knowledge, which is like that contained in an 
unread book or a sealed letter. Sir W. Hamilton has well 
said, “ Reasoning is the showing out explicitly that a 
proposition not granted or supposed, is implicitly contained 
in something different, which is granted or supposed.*' ^ 

Professor Bowen has ex])lained with much clearness 
that the cuuclusfou of an argument states ex])licitly what is 
virtually or implicitly thought. “ The process of reasoning 
is not* so much a mode of evolving a new truth, as it is of 
establishing or proving an old one, by showing how much 
was admitted in the concession of the two premises taken 
together." It is true that the whole meaniug of these 
statements rests upon that of such words as explicit," 

implicit,*' “ virtual." That is implicit which is wrapped 
up, and we rendei^it explicit when we unfold it. Just as 
the conception of a circle involves ii hundred important 
geometrical properties, all following Itoin what we know, 
if wq have acuteness to unfold the results, so every fact 
and statement involves more meaning than seems at first 
sight. Reasoning explicates or brings to conscious posses- 
sion what was before unconscious. It does not create, nor 
does it destroy, but it transmutes and throws the same 
matter into a new form. 

The difficult question still remains, Wliere*^ does novelty 
of form begin? Is it a case of inference when we pass 
from ‘‘ Sincerity is the parent of truth " to “ The parent of 
truth is sincerity?" The old logicians would have called 
this change conversion, one case of immediate inference. But 
as all identity is necessarily reciprocal, and the very 
meaning of such a proi)osition is that the two terms are 

m*. 

^Lectures on Metaphysics, vol. iv. n. 369. 

^ Bowen, Treatiee on Loqic^ Cambriage, U.S., 1866 ; p. 362. 
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identical in their signification, I fail to see any difference 
between the statements whatever. As w€|l might we say 
that X = y and y = x are different equations. # 

Another point of difficulty is to decide when a change 
is merely gi'ammatical and when it involves a ijeal logical 
transformation. Between a table of wood and a wooden 
table there is no logical difference (p. 31), the adjective 
being merely a convenient substitute for the prepositional 
phrase. But it is uncertain to my mind whether the 
change from ‘'All men are mortal” to “No men are not' 
mortal” is purely grammatical. Logical change may 
perhaps be best described as consisting in the determination 
of a relation between certain classes of objects from a 
relation between certain other classes. Thus I consider 
it a truly logical inference when we pass from “ All men 
are mortal” to “All immortajs are not-i^t^cn,” because the 
classes imraortals and not-mcn are different from mortals 
and men, and yet the propositions contain at the bottom the 
very same truth, as shown in the combinations of the 
Logical Alphabet. 

The passage from the qualitacive to the quantitative 
mode of expressing a proposition is another kind of change 
which we must discriminate from true logical inference. 
We state the same truth when we ^y that “mortality 
belongs to all as when we assert that “ all men are 

mortals.” Here do not pass from class to class, but 

from one kind of term, the abstract, to another kinti, the 
(Concrete. But inference probably enters when w^ pass 
from either of the above propositions to the assertion that 
the class of immortal men is zero, or contains no objects. 

It is of course a question of words to what processes we 
shall or shall not apply the name “ inference,” and I have 
no wish to •continue the trifling discussions which have 
already taken place upon the subject. What we need to 
do is to define accurately the sense in which we use the 
word “ inference,” and to distinguish the relation of in- 
ferrible propositions from other 'possible relations. It 
seems to be sufficient to recognise four modes in which 
two apparently different propositions niHy be related. 
Thus two propositions may be — 

I. Tautologoits or identical, involving the same reh4ion^ 
between the same terms and classes, and onty differing in . 
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the order of statement ; thus “ Victoria is tlie Queen of 
England ” is tavjtologous with “ The Queen of England is 
Victoria.” 

2. Ch'amviaiically related, when the classes or objects 
are the same and similarly related, and tlie only difference 
is in the words ; thus “ Victoria is the Queen' of England ” 
is grammatically equivalent to “Victoria is England’s 
Queen.” 

3. Equivalents in qualitative and quantitative form, the 
classes being tlie same, but viewed in a different manner. 

4. Logically inferrible, one from the other, or it may be 
equivalent, when the classes and relations are different, but 
involve the saW knowledge of the possible combinations 



CHAPTER VII. 

INDUCTION. 

We enter in this chapter upon the second great de- 
partment of logical method, that of Induction or the 
Inference of general from particular truths. It cannot 
be said that the Inductive process is of greater importance 
than the Deductive process already considered, because the 
latter process is absolutely essential to the existence of 
the former. Each is the complement and counterpart of 
the other. The principles of tliought and existence wliicli 
underlie tliein are at the bottom the same, just as subtrac- 
tion of numbers necessarily rests upon tli^e same principles 
as addition. Induction is, in fact, the inverse operation 
of deduction, and cfcinnot be conceived to exist without 
the corresponding operation, so that the question of ^re- 
lative importance cannot arise. Who thinks of asking 
whether addition or subtraction is the more important 
process in arithmetic ? But at the same time much 
difference in difficulty may exist between a direct and 
inverse operation; the integi’al calculus, for instance, is 
infinitely moae difficult than the differential calculus of 
which it is the inverse. Similarly, it must be allowed 
that inductive investigations are of a far higher degree of 
difficulty and complexity than any questions of deduction ; 
and it is this fact no doubt which 1^ some logicians, such 
as Francis Bacon, Locke, and J. S. Mill, to erroneous 
opinions concerning the exclusive importancw>f induction. 

Hitherto we have been engaged in considering how from 
certain conditions, laws, or identities governing the com- 
binations of qualities, we may deduce the n<«ture of the 
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combinations agreeing with those conditions. Our work 
has been to urjfold the results of what is contained in any 
statements, and the process has been one of Synthesis. 
The terms or combinations of which the character has 
been detcv'mined have usually, though by no means always, 
involved more qualities, and therefore, by the relation of 
extension and intension, fewer objects than the terms in 
which they were described. The truths inferred were thus 
usually less general than the truths from which they were 
inferred. 

In induction all is inverted. The truths to be ascer- 
tained are more general than the data from which they 
are drawn. * The process by which they are reached is 
mialytical, and consists in separating the complex com- 
binations in which natural phenomena are presented to 
us, and determhiing the .relations of separate qualities. 
Given events obeying certain unknown laws, we have to 
discover the laws obeyed. Instead of the comparatively 
easy task of linding what effects will follow from a given 
law, the effects are now given and the law is required. 
We have to interpret the will by which the conditions 
of creation were laid down. 

hiduction an Inverse Operation 

I have already asserted that indiiction is the inverse 
oparation of deduction, but the difference is one of such 
greats importance that I must dwell upon it. Tliere are 
many cases in which we can easily and infallibly do a 
certain thing but may have much trouble in undoing it. 
A person may walk into the most complicated labyrinth 
or the most extensive catacombs, and turn hither and tliither 
at his will; it is when he wishes to return that doubt and 
difficulty commence. In ejitering, any path served him; 
in leaving, he must select certain definite paths, and in this 
selection he must either trust to memory of the way he 
entered or else make^ an exhaustive trial of all possible 
ways. The explorer entering a new country makes sure 
his line of return by barking the trees. 

The same difficulty arises in many scientific processes. 
(Jjyen any two numbers, we may by a simple and infallible 
process obtain their product ; but when a large number 
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is given it is quite another matter to determine its factors. 
Can the reader say what two numbers multiplied together 
will produce the number 8,616,460,799 f I think it, 
unlikely that anyone but myself will ever know ; for 
they are two large prime numbers, and can oi^ly be re- 
discovered by •trying in succession a long series of prime 
divisors until the right one be fallen upon. The work 
would probably occupy a good computer for many weeks, 
but it did not occupy me many minutes to multiply the 
two factors together. Similarly there is no direct process 
for discovering whether any number is a prime or not ; it 
is only by exhaustively trying all inferior numbers which 
could be divisors, that we can show there is ifone, and the 
labour of the process would be intolerable were it not per- 
formed systematically once for all in the process known as 
the Sieve of Eratostliencs, thq results being registered in 
tables of prime numbers. 

The immense difllculties which are encountered jn the 
solution of algebraic equations afford another illustration. 
Given any algebraic factors, we can easily and infallibly 
arrive at the product ; but given a product it is a matter 
of infinite difficulty to resolve it into factors. Given any 
series of quantities however numerous, tliere is very little 
trouble in making an equation whiclj shall have those 
quantities as roots. ^ Let a, &, c, d, &c., be the quantities ; 

then {x- — a) \x — h) {x — c) {x - d) = o 

is the equation required, and we only need to multiply# out 
the expression on the left hand by ordinary rules.* But 
having given a complex algebraic expression equated to 
zero, it is a matter of exceeding difficulty to discover all 
the roots. Mathematicians have exhausted their highest 
powers in carrying the complete solution up to the fourth 
degree. In «very other mathematical operation the inverse 
process is far more difficult than the direct process, sub- 
traction than addition, division than multiplication, evo- 
lution than involution ; but the difficulty increases vastly 
as the process becomes more coniplex. Differentiation, 
the direct process, is always capable of performance by 
fixed rules, but as these rules produce consMerable variety 
of results, the inverse process of integration presents im- 
mense difficulties, ana in an infinite majority of c^^es 
surpasses the oi'esent resources of mathematifjians. There 
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are no infallible and general rules for its accomplishment ; 
it must be donA by trial, by guesswork, or by remembering 
'the results of differeiitiatiori, and using them as a guide. 

Coming more nearly to our own immediate subject, 
exactly tlK3 same difficulty exists in determining the law 
which certain things obey. Given a general mathematical 
expression, we can infallibly ascertain its value for any 
required value of the variable. But I am not aware that 
mathematicians have ever attempted to lay down the rules 
of a process by which, having given certain numbers, one 
might discover a rational or precise formula from which 
they proceed. The reader may test his power of detecting 
a law, by contemplation of its results, if he, not being a 
mathematician, will attempt to point out the law obeyed 
by the following numbers: 

1 L 1 . 1 . 1 . ^21 1 ^11 ^3867 

6’ 30’ 4a* 30’ 66* 2730’ 6’ 510’ 798 ’ 

These numbers are sometimes in low terms, but un- 
expectedly spring up to high terms ; in absolute magnitude 
they are very variable. They seem to set all regularity 
and method at defiance, and it is hardly to be supposed 
that anyone could, from contemplation of the numbers, 
have detected the gelations between them. Yet they are 
derived from the most regular and symmetrical laws of 
relation, aijd are of the highest importance in mathematical 
* analysis, being known as the numbers of Bernoulli. 

Compare again the difficulty of decyphering with that 
of cyphering. Anyone can invent a secret language, and 
with a little steady labour can translate the longest letter 
into the character. . But to decypher the letter, having no 
key to the signs adopted, is a wholly different matter. 
As the possible modes of secret writing are infinite in 
number and exceedingly various in kind, there is no direct 
mode of discovery whatever. Repeated trial, guided more 
or less by knowledge of the customary form of cypher, and 
resting entirely on the principles of probability and logical 
induction, is the only resource. A peculiar tact or skill is 
requisite for tlffe process, and a few men, such as Wallis or 
Wheatstone, have attained great sjiccess. 

induction is the decyphering of the hidden meaning of 
natural phenSmena. Given events which happen in certain 
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definite combinations, we are required to point out the 
laws which govern tliose combinations. ]^nj laws being 
supposed, we can, with ease and certainty, decide whether* 
the phenomena obey those laws. But the laws which may 
exist are infinite in variety, so that the chancss are im- 
mensely against mere random guessing. The difficulty is 
much increased by the fact that several laws will usually 
be in operation at the Same time, the effects of which 
are complicated together. The only modes of discovery 
consist either in exhaustively trying a great number of 
supposed laws, a process which is exhaustive in more 
senses than one, or else in carefully contemplating the 
effects, endeavouring to remember cases iii which like 
effects followed from known laws. In whatever manner 
we accomplish the discovery, it must be done by the more 
or less conscious application of the direct process of 
deduction. 

The Logical Alphabet illustrates induction as v;ell as 
deduction. In considering the Indirect Process of Inference 
we found that from certain propositions we could infallibly 
determine tlie combinations of terms agreeing with those 
premises. The inductive problem is just the inverse. 
Having given certiun combinations of terms, we need to 
ascertain the propositions with which the combinations are 
consistent, and fropi which they may have proceeded. 
Now, if the readet contemplates the following combina- 
tions, 

ABC abC 

aBC ahe, 

he will probably remember at once that tliey belong to the 
premises A = AB, B = BC (p. 92). If not, he will require 
a few trials before he meets with the. right answer, and 
every trial will consist in assuming certain laws and 
observing whether the deduced results agree with the data. 
To test the facility with which he can solve this inductive 
problem, let him casually strike oqt any of tlie combina- 
tions of the fourth column of the I.ogical Alphabet, (p. 94), 
and say what laws the remaining combinations obey, 
observing that every one of the letter-tejftns and their 
negatives ought to appear in order to avoid self-contradic- 
tion in the premises (pp. 74, iii). Let him say,t-V 
instance, what laws are embodied in the combinations 
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ABC aBC 

I Abe abC. 

» The difficulty becomes much greater when more terms 
enter into the combinations. It would require some little 
examination to ascertain the complete conditions fulfilled 
in the combinations 

ACe abCe 

aBCe abcK 

aBcdE 

The reader may discover easily enough that the principal 
laws are G = e, and A = ; but he would hardly discover 

without some trouble the remaining law, namely, that 
BD = BDe. ' 

The difficulties encountered in the inductive investigations 
of nature, are of an exactly similar kind. We seldom 
observe any law in uninterrupted and undisguised opera- 
tion. The acuteness of Aristotle and the ancient Greeks 
did not enable them to detect that all terrestrial bodies 
tend to fall towards the centre of the earth. A few nights 
of observation might have convinced an astronomer 
viewing the solar system from its centre, that the planets 
travelled round the sun ; but the fact that our place of 
observation is one of the travelling planets, so complicates 
the apparent motions of the other bodies, that it required 
all the sagacity of Copernicus to prove the real simplicity 
of the planetary system. It is the same throughout 
nature; the laws may be simple, but their combined 
effects are not simple, and we have no clue to guide us 
through their intricacies. “ It is the glory of God,"' said 
Solomon, “ to conceal a thing, but the glory of a king to 
search it out.” The laws of nature are the invaluable 
secrets which God has hidden, and it is the kingly pre- 
rogative of the philosopher to search them mft by industry 
and sagacity. 

Inductive Probhnis for Solution by the Reader. 

In the first edition (vol. ii. p. 370) I gave a logical 
problem involving six terms, and requested readers to 
discover the laws governing thq, combinations given. I 
^ rgiacived satisfactory replies from readers both in the 
United States and in England. I formed the combina* 
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tions deductively from four laws of correction, but my 
correspondents found* that three simpler laivs, equivalent 
to the four more complex ones, were the best answer ; these 
laws are as follows : a ac, h — ctl, d = E/. 

In case other readers should like to test their skill in the 
inductive or inverse problem, I give below several series 
of combinations forming problems of graduated difficulty. 


Pho*»lem k 


A B fl 
A ft G 
a B G 


Pkoblem 11. 


ABC 
A ft G 
a II G 
a B c 


Vkoblem hi 


ABC 

A ft (3 
a B 0 
« B c 
a ft c 


Problem iv 


A BC D 
A ft c T) 
a B c d 
a h C d 


Problem v. 


ABC D 
A BGd 
AB c d 


A ft c n 
A ft c D 
a B 0 U 
a B c D 
a B c d 
a h C d 


Problem vi. 

ABODE 
A B C 
A B c n E 
A B c e 
A ft C I> E 
a B C 1) E 
a B C d e 
u ft G I) E 
« ft c d e 


Problem vii. 

A ft c 1) e 
a B 0 d E 
a ft 0 d E 


Problem viir. 

ABODE 
ABC De 
A B 0 d e 
A B c d c 
AftC D E 
A h c d E 
A h c d e, 

« B 0 D c 
a B G d e, 
a B c D e 


o 6 0 D e 
a ft 0 d E 

a ft c D e 
a ft c d E 


PaOBLETkl* II, 


A B c D E F 
A B c D e F 
A ft 0 0 c / 
A ft c 1 ) E / 

A i) r. D e / 
A ft a It E F 
A ft i- d r, V 
<t B (; D E V 
a B r 1) f? F 

rt B /• d K F 
o. ft 0 L) E !'■ 
(t ft C I > e F 

a ft G n e f 

a b c D e / 

rt ft c 1) E / 
u ft c d e F 


Problem x. 


A BG De F 
A B fi D B / 
A ft (nj E F 
AftC L) c F 
A ft c 1) e F 
ft B C D E ^ 
ft B 0 L) K f 
ft ft 0 D c P 
a ft G d e P 
a h c D e / 
a b c d e / 


Induction of Simple Identities, 

Many important laws of nature expressible in the 
form of simple identities, and I can at once adduce them 
as examples to illustrate what I have said of«the difficulty 
of the inverse process of induction. Two phenomena are 
conjoined. Thus all gravitating matter is exactly 
incident with alj matter possessing inertia f where one 
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property appears, the other likewise appears. All crystals 
of the cubical system, are all the crystals which do not 
doubly refract light. All exogenous plants are, with some 
exceptions, those which have two cotyledons Or seed-leaves. 

A little reflection will show that there is no direct and 
infallible process by which such complete coincidences 
may be discovered. Natural objects are aggregates of 
many qualities, and any one of those qualities may prove 
to be in close connection with some others. If each of a 
numerous group of objects is endowed with a hundrea 
distinct physical or chemical qualities, there will be no 
less than J (icx) x 99) or 4950 pairs of qualities, which 
may be connected, and it will evidently be a matter of 
great intricacy and labour to ascertain exactly which 
qualities are connected by any simple law. 

One principal source of dilficulty is that the finite powers 
of the human mind are not sulficient to compare by a 
single act any large group of objects with another large 
group. We cannot hold in the conscious possession of the 
mind at any one moment more than five or six different 
ideas. Hence we must ti*eat any more complex group by 
successive acts of attention. The reader will perceive by 
an almost individual act of comparison that the words 
Roma and contain the same letters. He may 

perhaps see at a glance whether the same is true of 
Causal and Casual, and of Logica and Caligo, To assure 
himself that the letters in Astronomers make No more 
star'hy that Serpens in alculeo is an anagram of Joannes 
KepleruSy or Great g^cn do us a sum an anagram of Au- 
gustus de Morgan^ it will certainly be necessary to break 
up the act of comparison into several successive acts. The 
process will acquire a double character, and will consist in 
ascertaining that each letter of the first gioup is among 
the letters of the second group, and vice versd, that each 
letter of the second is among those of the first group. 
In the same way we can only prove that two long lists of 
names are identical, by showing that each name in one 
list occurs in the other, and vice versd. 

This process of comparison really consists in establishing 
two partial identities, which are, as already shown (p. 58), 
equivalent in conjunction to one simple identity. We 
first ascerta'ln the truth of the two propositions A =* AB* 
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B = AB, and we then rise by snbstitMtion to the single 
law A = B. 

There is another process, it is true, by which we may 
get to exactly the same result ; for the two propositions 
A = AB, a — ah are also equivalent to tlie simple identity 
A = B. If thdn we can show that all objects included 
under A are included under B, and also that all objects 
not included under A are not included under B, our pur- 
pose is effected. By this process we should usually com- 
pare two lists if we are allowed to mark them. For each 
name in the first list we should strike off‘ one in the second, 
and if, when the first list is exhausted, the second list is 
also exhausted, it follows that all names absent from the 
first must be absent from the second, and the coincidence 
must be complete. 

These two modes of proving an identity are so closely 
allied that it is doubtful how far we can detect any differ- 
ence in their powers and instances of application. The 
first method is perhaps more convenient viien the pheno- 
mena to be compared ai*e rare. Thus we prove that all 
the musical concoids coincide with all the more simple 
numerical ratios, by showing that each concord arises from 
a simple ratio of undulations, and then showing that each 
simple ratio gives rise to one of the concards. To examine 
all the possible cases of discord or complex ratio of 
undulation would be impossible. By a happy stroke of 
induction Sir John llerschel discovered that all crystTils 
of quartz whicli cause the plane of polarization of light 
to rotate are precisely those crystals which have plagi- 
hedral faces, that is, oblique faces on the corners of the 
prism unsyrnmetrical with the ordinary faces. This 
singular relation would be proved by observing that all 
plagihedral ciystals possessed the power of rotation, and 
vice versd all crystals possessing this power were plagi- 
hedral. But it might at the same time be noticed that 
all ordinary crystals were devoid of ,the power. There is 
no reason why we should not detect any of the four pro- 
positions A = AB, B = AB, a = ab, h == ah, all of which 
follow from A = B (p. 115). • 

Sometimes the terms the identity may be singular 
objects ; thus we observe that diamond is a combustible geici^ 
and being unable to discover any other that is,Ve affirm — 
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Diamond = combustible gem. 

lu a similar imanner we ascertain that 

Mercury ^ metal liquid at ordinary temperatures, 
Substance of least density = substance of least atomic 
freight. 

Two or three objects may occasionally center into the 
induction, as when we learn that 

Sodium -I* potassium = metal of less density than 
water, 

Venus Mercury -I* Mars = major planet devoid of 
satellites. 

• Induction of Partial Identities. 

We found in the last section that the complete identity 
of two classes is almost always discovered not by direct 
observation of *the fact, but by first establishing two 
partial identities. There are also a multitude of cases in 
which the partial identity of one class with another is the 
only relation to be discovered. Thus the most common of 
all inductive inferences consists in establishing the fact 
that all objects having the properties of A have also those 
of B, or that A = AB. To ascertain the truth of a pro- 
position of this Ijind it is merely necessary to assemble 
together, mentally or physically, all the objects included 
under A, and then observe whether B is present in eacli 
of 4}hem, or, which is the same, whether it would be im- 
possible to select from among them any not-B. Thus, if 
we mentally assemble together all the lieavenly bodies 
which move with apparent rapidity, that is to say, the 
planets, we find that they all possess the property of not 
scintillating. We cannot analyse any vegetable substance 
without discovering that it contains carbon 9 iad hydrogen, 
but it is not true that all substances containing carbon 
and hydrogen are vegetable substances. 

The great mass of scientific truths consists of propo- 
sitions of this form A'= AB. Thus in astronomy we learn 
that all the planets are spheroidal bodies ; that they all 
revolve in oiffe direction round the sun; that they all shine 
by reflected light; that they all obey the law of gravi- 
.,t%tion. But of course it is nof to be asserted that all 
bodies obeying the law of gravitation, or shining by 
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reflected light, or revolving in a particular direction, or 
being spheroidal in form, are planets. Ii4 other sciences 
we have immense numbers of propositions of the same’ 
form, as, for instance, all substances in becoming gaseous 
absorb heat ; all metals are elements ; they are all good 
conductors of lieat and electricity ; all the alkaline metals 
are monad elements ; all foraminifera are marine organ- 
isms ; all parasitic animals are non-mammalian ; lightning 
never issues from stratous clouds ; pumice never occurs 
where only Labrador felspar is present ; milkmaids do 
not suffer from small-pox ; and, in the works of Darwin, 
scientific importance may attach even to such an appa- 
rently trilling observation as that white tom-cats having 
blue eyes are deaf.” 

The process of inference by which all such truths are 
obtained may readily be exhibited in a precise symbolic 
form. We must have one premise specifying in a dis- 
junctive form all the possible individuals which belong 
to a class ; we resolve the class, in short, into its con- 
stituents. We then need a number of propositions, each 
of which affirms that one of the individuals })Ossesses a 
certain property. Thus the premises must be of the 
forms 

A-L .(. C .|. D h * P h Q 

r> = r»x 
c = cx 

Q - (jx. 

Now, if we substitute for each alternative of the first 
premise its description as found among the succeeding 
premises, we obtain 

A = r>X .|. cx .(. i PX I QX 

or 

A = (B .|. C .|. ...... h Q)X 

But for the aggregate of alteriiatives ne may now 
svibstitute their equivalent ^is given in the first premise, 
namely A, so that we get the required result : 

A = AX. 

We should have reached the same result if the first 
premise had been of the form 

A==AB h AC |. A(f. 
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We can always prove a proposition, if we find it more 
convenient, by^roving its equivalent. To assert that all 
•not-B's are not-A’s, is exactly the same as to assert that all 
A*s are B’s. Accordingly we may ascertain that A = AB by 
first ascertJliining that I == ah. If we observe, for instance, 
that all substances which are not solids are also not capable 
of double refraction, it follows necessarily that all double 
refracting substances are solids. We may convince our- 
selves that all electric substances are nonconductors of 
electricity, by reflecting that all good conductors do not, 
and in fact cannot, retain electric excitation. When we 
come to questions of. probability it will be found desirable 
to prove, as far as possible, both the original proposition 
and its equivalent, as there is then an increased area of 
observation. 

The number .of alternatives which may arise in the 
division of a class varies greatly, and may be any number 
from two upwards. Thus it is probable that every sub- 
stance is either magnetic or diamagnetic, and no substance 
can be both at the same time. Tlie division then must be 
made in the form 

A = AB.; .|. AhG, 

If now we can prove that all magnetic substances are 
capable of polarit>y, say B = Bl), and also that all dia- 
magnetic substances are capable of polarity, C = CD, it 
follows l)y substitution tliat all substances are capable of 
polarity, or A = AD. We commonly divide the class sub- 
stance into the three subclasses, solid, liquid, and gas ; and 
if we can show that in each of these forms it obeys Carnot's 
thermodynamic law, it follows that all substances obey 
that law. Similarly we may show that all vertebrate 
animals possess red blood, if we can show separately that 
fish, reptiles, birds, marsupials, and mammate possess red 
blood, there being, as far as is known, only five principal 
subclasses of vertebrata. 

Our inductions wilUoftcn be embarrassed by exceptions, 
real or apparent. We might affirm that all gems are in- 
combustible were not diamonds undoubtedly combustible. 
Nothing seems more evident than, that all the metals are 
opaque until we examine them injine films, when gold and 
«isiiver are found to be transparent. All plants absorb 
carbonic acid except certain fungi ; all the bodies of the 
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planetary system have a progressive motion from west to 
east, except the s*atellites of Uranus and Neptune. Even 
some of the profoundest laws of mattei^ are not quite- 
universal ; all solids expand by heat except india-rubber, 
and possibly a few other substances ; all liquids which have 
been tested expand by heat except water below 4° C. and 
fused bismuth ; all gases have a coeificieiit of expansion 
increasing with the temperature, except hydrogen. In 
a later chapter I shall consider how such anomalous 
cases may be regarded and classified ; here we have only to 
express them in a consistent manner by our notation. 

Let us take the case of the transparency of metals, and 
assign the terms thus : — 

A = metal 1 ) = iron 

B ~ gold K, F, &c. = copper, lead, &c. 

C = silver X = opaque. . 

Our premises will be 

A = r> 4 C -I- I) -I- E, &c. 

B = V>x 
C = Cx 
])= DX 
K = EX, 

and so on for the rest of the metals. Now (jvidenily 
A&c == (D E -l-E -I* .#.... )?>c, 
and by substitution as before we shall obtain 
Abe = AteX, 

or in words, All metals not gold nor silver are opaqiTe j* 
at the same time we have 

A(B .|. C) = AB -I- AC = AYjx L ACx = A(B -I- C)^, 
or “ Metals Avhich are either gold or silver are not opaque.” 

In some cases the problem of induction assumes a much 
higher degree of complexity. If we examine the properties 
of ciystallizisd substances we may find some properties 
which arc common to all, as cleavage or fracture in definite 
planes ; but it would soon become requisite to break up 
the class into several minor ones. We should divide 
crystals according to the seven accepted systems — and we 
should then find that crystals of each system possess 
many common properties. Thus crystals 01 the Eegular 
or Cubical system expand equally by heat, conduct heat 
and electricity with uniform rapidity, and are of 
elasticity in all directions ; they have but one index of 
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refraction for light ; and every facQt is repeated in like 
relation to each of the three axes. Crystals of the system 
•having one piincipal axis will he found to possess the 
various physical powers of conduction, refraction, elas- 
ticity, &of, uniformly in directions perpendicular to the 
principal axis ; in other directions their iWoperties vary 
according to complicated laws. The remaining systems 
in which the crystals possess three unequal axes, or have 
inclined axes, exhibit still more complicated results, the 
effects of the crystal upon light, heat, electricity, &c., 
varying in all directions. But when we pursue induction 
into the intricacies of its application to nature we really 
enter upon Ithe subject of classification, which we must 
take up again in a later ]»art of this work. 

Solution of tlui Inverse or^ Inductive rruhlon, involving 
Two Clashes, 

t 

It is now plain that Induction consists in passing back 
from a series of combinations to the laws by which such 
combinations are governed. The natural law that all 
metals are conductors of electricity really means that in 
nature we find three classes of objects, namely — 

1. ^letals, conductors ; 

2. Not-metals, conductors ; 

3. Not-metals, not- conductors. 

It monies to the same thing if we say that it excludes the 
existtmee of the class, “metals not-conductors.’^ In the 
same way every other law or group of laws will really 
mean the exclusion from existence of certain combinations 
of the things, circumstances or phenomena governed by 
those laws. Now in logic, strictly speaking, we treat not 
the phenomena, nor the laws, but the general forms of the 
laws ; and a little consideration will show that for a finite 
number of things the possible number of forms or kinds 
of law governing them must also be finite. Using general 
terms, we know that A and B can be present or absent in 
four ways and no more — thus : 

• AB, AJ, aB, ad ; 

therefore every possible law which can exist concerning 
Jiifi relation of A and B must be marked by the exclusion 
of one or mhre of the above combinations. The number 
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of possible laws then cannot exceed the number of selec- 
tions which we can make from these four combinations. 
Since each combination may be present ^r absent, the 
numl)er of cases to be considered is 2 x 2 x 2 x 2 , or sixteen ; 
and these cases are all shown in the following table, in 
which the sigif o indicates absence or non-existence of llie 
combination shown at the left-hand column in the same 
line, and the mark i its presence : — 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 







‘K 

* 


* 


* 


* 



AB 

0 

0 

0 

0 

0 

0 

0 

0 

I 


2 

I 

I 

1 


I 

Ab 

0 

0 1 

0 

0 

I 

' I 

1 

X 

0 

0 

0 i 

0 

: I 

I 

1 I 

j I 

aB 

0 

0 

1 

I 

0 

0 

1 

I 

0 

0 

1 * 

I 

1 0 

0 

1 * 

I 

1 

ab 

0 

I 

1 0 

• 

0 

1 ' 

0 

*• 

0 

I 

0 

1 

• 

0 

I 

1 

1 •_ 


Thus in column sixteen we lind that all the conceivable 
combinations are present, which means that there are no 
special laws in existence in such a case, and that the 
combinations are governed only by the universal Laws of 
Identity and Difference. The example of metals and 
conductors of electricity would be represented by the 
twelfth column ; and every other mode in which two 
things or ([ualities might present themselves is shown in 
one or other of the columns. More than half the CAses 
may indeed be at once rejected, because they involv'e the 
entire absence of a term or its negative. It has been 
shown to be a logical principle that every term must have 
its negative (p. 111), and when this is not the case, incon- 
sistency between the conditions of combination must exist. 
Thus if we Jaid down the two following propositions, 
Graphite conducts electricity,’* and Graphite does not 
conduct electricity,” it would amount to asserting the 
impossibility of gi’aphite existing at all ; or in general 
terms, A is B and A is not B result in destroying alto- 
gether the combinations containing A, a case shown in the 
fourth column of the above table. We thfrefore restrict 
our attention to those cases which may be represented in 
natural phenomena when at least two combinations 
present, and which correspond to those colftmns of tlie 
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table in which each of A, a, B, h appears. Tliese cases 
are shown in the columns marked with an asterisk. 

We find thAt seven cases remain for examination, tlius 
characterised — 

Foar cases exhibiting three combinations, 

Two cases exhibiting two combinations, 

One case exhibiting four combinations. 

It has already been pointed out that a proposition of the 
form A = AB destroys one combination, A&, so that this is 
the form of law applying to the twelfth column. But by 
changing one or more of the terms in A = AB into its 
negative, or by interchanging A and B, a and 6, we obtain 
no less than Sight different varieties of the one form ; thus — 

12th case. 8th case. 15th case. 14th case. 

A = AB A = A6 a = aB a ^ ah 

h ^ ah ^ B = h = kh B = AB 

The reader of the preceding sections will see that each 
propo^^itioii in the lower line is logically ecjuivalent to, and 
is in fact the contrapositive of, that above it (p. 83). Thus 
the propositions A = A& and B = aV> both give the same 
combinations, shown in the eighth column of the table, 
and trial shows that the twelfth, eighth, fifteenth and 
fourteenth columns are thus accounted for. We come to 
this conclusion tj.ien — The general form of proposition 
A = AB admits of four logically distinct varieties ^ each 
capable of expression in tivo modes. 

ki two columns of the table, namely the seventh and 
tentlt, we observe that two combinations are missing. 
Now a simple identity A = B renders impossible both Ab 
and aB, accounting for the tenth case ; and if we change 
B into b the identity A — b accounts for the seventh case. 
There may indeed be two other varieties of the simple 
identity, namely a = b and a = B ; but it has already 
been shown repeatedly that these are equivalent respec- 
tively to A = B and A = & (p. 115). As the sixteenth 
column has already been accounted for as governed 
by no special conditions, we come to the following general 
conclusion : — The laws governing the combinations of two 
terms must He capable of expression either in a partial 
identity or a simple identity ; the partial identity is capable 
^ only four logically distinct varieties, and the simple 
identity of t^o. Every logical relation between two terms 
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must be expressed in one of iliese six fornis of law, or 
must be logically equivalent to one of them. 

In short, we may conclude tliat in tred\ing of partial 
and complete identity, we have exhaustively treated the 
modes in which two terms or classes of objefcts can be 
related. Of any two classes it can be said that one must 
either be included in the other, or must be identical with 
it, or a like relation must exist between one class and the 
negative of the other. We have thus completely solved 
the inverse logical problem concerning two terins.^ 


The Inverse Logical Prohleni involving Thrive Cbtsscs. 

No sooner do we introduce into tlie problem a third term 
0, than the investigation assumes a far more complex 
oliaracter, so that some read(ii’s may prefer to pass over 
this section. Three terms and tlieir negatives may be 
combined, as we have frequently seen, in eight different 
coihbinations, and the effect of laws or logical conditions 
is to destroy any one or more of these combinations. Now 
we may make selections from eight things in 2® or 256 
ways; so that we have no less than 256 different cases to 
treat, and the complete solution is at least fifty times as 
troublesome as with two terms. IVIaiiy scries of com- 
binations, indeed, are contradictory, as in the simpler 
problem, and may be passed over, the test of consistency 
being that each of tlic letters A, 11, C, a, ?>, c, shall appear 
somewhere in the series of combinations. 

My mode of solving the problem was as follows: — 
Having written out the wliole of the 256 series of com- 
binations, T examined tliem separately and struck out such 
as did not fulfil the test of consistency. I then chose 
some form of proposition involving two or three terms, 
and varied it in every possible manner, both by the 
circular interchange of letters (A, B, C into B, C, A and 
then into C, A, B), and by the substitution for any one or 
more of the terms of the corresponding negative terms. 

^ The contents oi this ainl the following section liotirly coires})on(l 
with those ol“ a paper read before the Manchester Literary and 
Philosophical Society on Du';eniber 26th, 1871. See Proceedings of 
the Society, vol. xi. pp. 65-— 68, and Memoirs, Third Series, vol.^....> 
pp. 119 -130. 
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For instance, the proposition AB = ABC can be first 
varied by circular interchanj^e so as to give BO = BCA and 
then CA = CaB. Each of these three can then be thrown 
into eight varieties by negative change. Tims AB = ABC 
gives aB^= aBC, A& = A&C, AB = ABc, ah = ahC, and 
so on. Thus there may possibly exist no less than twenty- 
four varieties of the law having the general form 
AB = ABC, meaning thnt whatever has the properties of 
A and B has those also of C. It by no means follows 
that some of the varieties may not be equivalent to others ; 
and trial shows, in fact, that AB = ABC is exactly the 
same in meaning as Ac = Ahc or Be = Bca. Thus the law 
in question has but eight varieties of distinct logical mean- 
■ ing. I now ascertain by actual deductive reasoning which 
of the 256 series of combinations result from each of these 
distinct laws, and mark them off as soon as found. I then 
proceed to some other form of law, for instance A = ABC', 
meaning that whatever has the qualities of A has those 
also of B and C. I find that it admits of twenty-four 
variations, all of which are found to be logically distinct ; 
the combinations being worked out, I am able to mark off 
twenty-four more of the list of 256 series. I proceed in 
this way to work out the results of every form of law 
which I can find #r invent. If in the course of this work 
I obtain any series of combinations which had been pre- 
viously marked off, I learn at once that the law giving 
th 5 se combinations is logically equivalent to some law 
previously treated. It may be safely inferred that every 
variety of the apparently new law will coincide in meaning 
with some variety of the former expression of the same 
law. I have sufficiently verified this assumption in some 
cases, and have never found it lead to error. Thus as 
AB = ABC is equivalent to Ac = Abe, so»we find that 
ah = abG is equivalent to ac = acB, 

Among the laws treated were the two A = AB and 
A = B which involve^ only two terms, because it may of 
course happen that among three things two only are in 
special logical relation, and the third independent ; and 
the series of^combinations representing such cases of re- 
lation are sure to occur in the cogiplete enumeration. All 
mdngle propositions which I could invent having been 
treated, paift of propositions were next investigated. Thus 
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we have the relation§, All A’s are B’s and all B’s are 
C's,” of which the old logical syllogism is the development. 
We may also have “ all A’s are all B’s, and afl B’s are C’s,” 
or even all A’s are all B’s, and all B’s are all C’s.” All 
such premises admit of variations, greater or less in 
number, the logical distinctness' of which can only be 
determined by trial in detail. Disjunctive propositions 
either singly or in pairs were also treated, but were often 
found to be equivalent to other propositions of a simpler 
form ; thus A = ABC -f Ahc is exactly the same in meaning 
as AB - AC. 

This mode of exhaustive trial bears some, analogy to 
that ancient mathematical process called the Sieve of 
Eratosthenes. Having taken a long series of the natural 
numbers, Eratosthenes is said to have calculated out in 
succession all the multiples of every number, and to 
have marked them off, so that at last the prime numbers 
alone remained, and the factors of every number *'were 
exhaustively discovered. My problem of 256 scries of 
combinations is the logical analogue, the chief points of 
difference being that there is a limit to the number of cases, 
and that prime numbers have no analogue in logic, since 
every series of combinations corresponds to a law or group 
of conditions. But the analogy is perfec’fe* in the point that 
they are botli inverse processes. There is no mode of 
ascertaining that a number is prime but by showing that 
it is not the product of any assignable factors. So tjicre 
is no mode of ascertaining what laws are embodied in any 
series of combinations but trying exhaustively the laws 
which would give them. Just as the results of Erato- 
sthenes’ method have been worked out to a great extent 
and registered in tables for the convenience of other 
mathematiciaifs, I have endeavoured to work out tlic 
inverse logical ])roblem to the utmost extent which is at 
present practicable or useful. 

I have thus found that there are ailtogether fifteen con- 
ditions or series of conditions which may govern the com- 
binations of three terms, forming the premises of fifteen 
essentially different kinds of arguments. T^he following 
table contains a statemi*nt of these conditions, together 
with the numbers of combinations which are contradicted 
ot destroj^ed by eUch, and the numbers of logically distinct 
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variations of which the law is capable. There might be 
also added, as a sixteenth case, that case where no special 
logical condii^on exists, so that all the eight combinations 
remain. 


Reference 

Number. 

Propositions expressing the geneml 
typo of the logical conditions. 

Number of dis- 
tinct logical 
variations. 

Number of 
combinations 
contradicted 
by each. 

1. 

A = U 

6 

4 

n. 

A = AB 

12 

2 

in. 

A = B, B = C 

4 

6 

IV. 

A = B, B = BC 

24 

5 

V. 

A%- AB, B = BC 

24 

4 

VI. 

A = BC 

24 

4 

VH. 

A ABC 

24 

3 

Vlll. 

AB = A BC 

8 

I 

IX. 

A = AB, aB = aBc 

24 

3 

X. 

A — AB(^, ah = ahC 

8 

4 

XI. 

AB = 4^^C, ab = dbc » 

4 

2 

XH. 

AB = AC 

12 

2 

xni. 

A BC Abe 

8 

3 

xiy. 

A = BC .(. he 

V. 

4 

XV. 

A = ABC, a = Be -I* hC 

8 

5 


There are sixty- three scries of combinations dcnived from 
self-contradictory premises, wliich with 192, the sum of 
the numbers of distinct logical variations stated in the 
third column of the table, and with the one case where 
there are no conditions or laws at all, make up the whole 
conceivable number of 256 series. 

Aye learn from this table, for instance, that two pro- 
positions of the form A = AE, ]> = liO, which are such 
as constitute the premises of tlie old syllogism Ikirbara, 
exclude as impossible four of the eight combinations in 
which three terms may be united, and that these proposi- 
tions are capable of taking twenty-four variations by ti’ans- 
positions of tlie terms or the introductiofi of negatives. 
This table then presents the results of a complete analysis 
of all the possible logical relations arising in the case of 
three terms, and tho old syllogism forms but one out of 
fifteen typical forms. Generally speaking, every form can 
be converted into apparently different propositions ; thus 
the fourth type A = B, B = BC may appear in the form 
A = ABC, a = ab, or again in the form of three proposi- 
tions A = ylB, B = BC, aB = dBc ; but all these sets of 
premises yield identically the same series of combinations, 
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and are therefore of equivalent logical meaning. The fifth 
type, or Barbara, can also he thrown into the equivalent 
forms A = ABC, aB = aBC and A = AC, = A *1* aBC. 
In other cases I have obtained the very same logical 
conditions in four modes of statements. As regards mere 
appearance and form of statement, the number of possible 
premises would he very great, and difficult to exhibit 
exhaustively. 

The most remarkable of all the types of logical condition 
is the fourteenth, namely, A = BC he. It is that which 
expresses the division of a genus into two doubly marked 
species, and might he illustrated by the example — “ Com- 
ponent of the physical universe = matter, gravitating, or 
not-matter (ether), not-gravitating.” It is capable of only 
two distinct logical variations, namely, A — BC i he and 
A = Be 6C. By transposition or negative change of the 
letters we can indeed obtain six different expressions of 
each of these propositions ; but when their meanings are 
analysed, by working out the combinations, they are ibund 
to be logically equivalent to one or other of the above two. 
Thus the proposition A — BC can be written in any 
of the following five other modes, 

a bVj Be, B — C-A ca, h — c\ -f CVq 
C = AB -I* ah, c = aV) ©I* Ah. 

I do not think it needful to ]mblish at present the com- 
plete table of 193 seri(‘s of combinatit)ns and the premises 
corresponding to each. Such a table enables us by mere 
inspection to learn the laws obeyed by any set of com- 
binations of three things, and is to logic wliat a table of 
factors and prime iiuml>ers is to the theory of numbers, or 
a table of integrals to the higher mathematics. The table 
already given (p. 140) would enable a person with but little 
labour to discover the law of any combinations. If there 
he seven combinations (one contradicted) the law must be 
of the eighth type, and the proper variety will be apparent. 
If there be six combinations (two contradicted), either the 
second, eleventh, or twelfth type applies, and a certain 
number of trials will disclose the proper type and variety. 
If there be but two combinations tlie law must be of the 
third type, and so on. » 

The above investigations are complete as regards tlm-^ 
possible logical Velations of two or three terms. But 



142 THE PRINCIPLES OF SCIENCE. * [chap. 

when we attempt to apply the same kind of method to 
the relations of four or more terms, the labour becomes 
impracticably/gi*eat. Four terms give sixteen combinations 
compatible with the laws of thought, and the number of 
possible s^elections of combinations is no less than 2^® or 
65,536. The following table shows the extraordinary 
manner in which the number of possible logical relations 
increases with the number of terms involved. 


Number of 
terms. 

Number of 
possible com- 
binitions. 

Niiiuber of possible selections of combinations 
corresponding to consistent or inconsistent 
logical relations. 

• 

3 j 

4 

16 

3 

8 

256 

4 

16 

65.536 

5 

32 

4.2Q^,967,29r 

6 

64 

I 18,446, 744.073, 7cx>55r, 616 


Some years of continuous labour would be required to 
ascertain the types of laws whicli may govern the com- 
binations of only four things, and but a small part of such 
laws would be exemplified or capable of practical appli- 
cation in science. The purely logical inverse problem, 
whereby we pass from combinations to their laws, is 
solved in the preceding pages, as far as it is likely to be 
for a long time to come ; and it is almost impossible that 
it should ever be . carried more than a single step 
further. 

Ir the first edition, vol i. p. 158, I stated that I had not 
been able to discover any mode of calculating the number 
of cases in which inconsistency would be implied in the 
selection of combinations from the Logical Alphabet. The 
logical complexity of the problem appeared to be so great 
that the ordinary modes of calculating numbers of com- 
binations failed, in my opinion, to give any aid, and 
exhaustive examination of the combinations in detail 
seemed to be tlie only method applicable. Tliis opinion, 
however, was mistaken, for both Mr. IL B. Hayward, of 
Harrow, and Mr, W. H. Brewer have calculated the 
numbers of k^consistent cases both for three and for four 
terms, without much difficulty. In the case of foui 
terms they find that there are lydi inconsistent selections 
*^d 63,774c consistent, which with one case where no 
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condition exists, make up the total of 65,536 possible 
selections. 

The inconsistent cases are distributed iii the manner 
shown in the following table : — 


Number of 
Combinations 
remaining. 

1 ° * 

2 3 

Number of 
Inconsistent 
Cases. 

I 16 

112 352 


9 10, &c. 


O O, &C. 


When more than eight combinations of ^the Logical 
Alphabet (p. 94, column V.) remain unexcliided, there cannot 
be inconsistency. The whole numbers of ways of selecting 
o, 1,2, &c., combinations out of 16 are given in the 17th 
line of the Arithmetical Triangle given further on in the 
Chapter on Combinations and Permutations, the sum of 
the numbers in that line being 65,536. 

Professor Clifford on the Types of Coni^mind Statement 
involving F(mr Classes. 

In the first edition (vol. i. p. 163), I asserted that some 
years of labour would be required to ascertain even the 
precise number of types of law governing the combinations 
of four classes of things. Though T still believe that sotne 
years’ labour would be required to work out the fypes 
themselves, it is clearly a mistake to suppose that the 
numbers of such types cannot be calculated with a reason- 
able amount of labour, Professor W. K Clifford ha\dng 
actually accomplished the task. His solution of the 
numerical prciblem involves the use of a complete new 
system of nomenclature and is far too intricate to be fuUy 
described here. I can only give a brief abstract of the 
results, and refer readers, who wish to follow out the 
reasoning, to the Proceedings of the Literary and Philo- 
sophical Society of Manchester, for the 9th January, 1877, 
vol. xvi., p. 88, where Professor Clifford’s paj^er is printed 
in full. 

By a simple statement I^rofessor Clifford means the deniCiU 
of the existence of any single combinatiefn or cross- 
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division, of the classes, as in ABCD = o, or AhQd = o. 
The denial of two or more such combinations is called a 
compound sta^ment, and is further said to be twofold, 
threefold, &c., according to the number denied. Thus 
ABC = o ‘is a twofold compound statement in regard to 
four classes, because it involves both ABCD = o and 
ABC/i = o. When two compound statements can be 
converted into one another by interchange of the classes, 
A, B, C, D, with each other or with tlieir complementary 
classes, a, b, c, d, they are called similar, and all similar 
statements are said to belong to the same type. 

Two stat^mients are called complementary when they 
deny between them all the sixteen combinations without 
both denying any one ; or, whicli is the same thing, when 
each denies just those combinations winch the other 
permits to exist. It is obvious that when two statements 
are similar, the complementary statements will also be 
simiUlr, and consequently for every type of ?i-fold statement, 
there is a complementary type of (i6 — ^O-fold statement. 
It follows that we need only enumerate tlie typos as far as 
the eighth order; for the types of more- than -eight-fold 
statement will already have been given as comi>lementary. 
to types of lower orders. 

One combination, ABCD, may be converted into another 
AbGd by interchanging one or more of tlie classes with 
the complementary classes. The numlxu* of such changes 
is'cg-lled the distance, which in the above case is 2. In 
two similar compound statements the distances of the 
combinations denied must be the same ; but it does not 
follow that when all tlie distances are the same, the state- 
ments are similar. There is, liowever, only one example 
of two dissimilar statements having the same distances. 
When the distance is 4, the two combinations are said to 
be obverse to one another, and tlie statements denying them 
are called obverse statements, as in ABCD ~ o and abed = o 
or again AbGd — o qnd aBcD = o. When any one com- 
bination is given, called the origin, all the others may be 
grouped in respect of their relations to it as follows : — Four 
are at distance one from it, and may be called proximates; 
six are at distance tivo, and may he called mediates ; four 
^liTe at distance three, and may be called ultimates ; finally 
the obverse is at distance four. 
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Origin and 
four proximates. 


aBCD 

i 

ABCW— AliCD- 

Alll) 


AhcD\ 


Six 

mediatea. 

abCD 


Obverse and 
four ultiinatea. 




aBcD 



AhCd 


>Ahcd 

I 

ahc'D — ahcV. — alicd 


Ahcd 


\a\)Cd 


ahCd, 


1 -fold statements 

2 „ 


It will be seen that the four proximates are respectively 
obverse to the four ultimates, and that the mediates form 
three pairs of obverses. Every proximate or ultimate is 
distant i and 3 respectively from such a pair of mediates. 

Aided by this system of nomenclature Profes.^or Clifford 
proceeds to an exhaustive enumeration of types, in which 
it is impossible to follow him. The results are as follows 

I type ^ 

4 fyi>es 

3 » 6 

4 >’ »• ^9 I ^ 59 

5 n n 27 „ 

6 „ „ 47 M 

7 ,> 55 » 

8-fold statements 78 „ 

Now as each seven-fold or less-than-seven-fold statement 
is complementary to a nine-fold or mofti-than-nine-fold 
statement, it follows that the complete number of types 
will be 159 X 2 4- 78 = 396. 

It appears then that the types of statement concerning 
four classes are only about 26 times as numerous as tliose 
concerning three classes, fifteen in number, although the 
number of possible combinations is 256 times as great. 

Professor Clifford informs me that the knowledge of the 
possible groupings of subdivisions of classes which he 
obtained by this inquiry has been of service to him in 
some applications of hyper-elliptic functions to which he 
has subsequently been led. Professor Cayley has since 
expressed his opinion that this line of investigation should 
be followed out, owing to the bearing of the theory of 
compound combinations upon the higher geoqjetry.^ It 
seems likely that many unexpected points of connection 

«» 

' Proceedings of the Manchester Literary and Philosophical Society, 
6th February, 1877, vol. xvi., p. 1 13. ^ 

h 
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will in time be disclosed between. the sciences of logic 
and mathema^cs. 


Distinfiion hcfAveen Perfect and Iwpcrfcct Induction. 


We cannot proceed with advantage before noticing the 
extreme difference wliich exists between cases of perfect 
and those of imperfect induction. We call an induction 
perfect when all the objects or events wliich can possibly 
come under the class treated have been examined. But 
in the majority of cases it is impossible to collect together, 
or in any Wij.y to investigate, the properties of all portions 
of a substance or of all the individuals of a race. The 
number of objects would often be practically infinite, and 
the greater part of them might be beyond our reach, in 
the interior of 4ihe earth, Of in the most distant parts of 
the Universe. In all such cases induction is imperfect, 
and Is affected by more or less uncertainty. As some 
writers have fallen into much error concerning the func- 
tions and relative importance of these two branches of 
reasoning, I shall have to point out that — 

1. Perfect Induction is a process absolutely requisite, 

both in the performance of imperfect induction and 
in the trc^litment. of large bodies of facts of which 
our knowledge is complete. 

2. Imperfect Induction is founded on Perfect Induction, 
, but involves another process of inference of a 

widely different character. 

It is certain that if I can draw any inference at all 
concerning objects not examined, it must be done on the 
data afforded by the objects which have been examined. 
If I judge that a distant star obey^s the law of gravity, 
it must be because all other material objects sufficiently 
known to me obey that law. If I venture to assert that 
all ruminant animals have cloven hoofs, it is because all 
ruminant animals wljich have come under my notice have 
cloven hoofs. On the other hand, I cannot safely say 
that all crjptogamous plants possess a purely cellular 
structure, because some cryptogamous plants, which have 
been examined by botanists, Ime a partially vascular 
■•structure. The probability that a new cryptogam will be 
cellular onfy can be estimated, if at all, bn the ground of 
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the comparative nmnhers of known cryptogams which 
are and are not cellular. Thus the first step in every 
induction will consist in accurately sumhiing up the 
number of instances of a particular phenome^ion which 
have fallen under our observation. Adams and Leverrier, 
for instance, must have inferred that the undiscovered 
planet Neptune would obey Bode’s law, because all the 
planets known at that time obeyed it. On what principles 
the passage iVom the known to the apparently unknown 
is warranted, must be carefully discussed in the next sec- 
tion, and in various parts of tins work. 

It would be a great mistake, however, to suppose that 
Perfect Induction is in itself useless. Even when the 
enumeration of objects belonging to any class is complete, 
and admits of no inference to unexamined objects, the 
statement of our knowledge in a general proposition is a 
process of so much importance that we may consider it 
necessary. In many eases we may render our investiga- 
tions exhaustive ; all the teeth or bones of an animal ; all 
the cells in a minute vegetable organ ; all the caves in a 
mountain side; all the strata in a geological section; all 
the coins in a newly found hoard, may be so completely 
scrutinized that wo may make some general assertion 
concerning them without f(‘ar of mistftke. Every bone 
might be proved to contain phosphate of lime ; every cell 
to enclose a nucleus ; every cave to hide remains of extii^ct 
animals ; every stratum to exhibit signs of marine origin ; 
every coin to be of Homan manufacture. These are cases 
where our investigation is limited to a definite portion of 
matter, or a definite area on the earth’s surface. 

There is another class of cases where induction is 
naturally and necessarily limited to a definite number of 
alternatives. •()! the regular solids we can say without the 
least doubt that no one has more than twenty faces, thirty 
edges, and twenty corners ; for by the principles of geometry 
we learn that there cannot exist nipre than five regular 
solids, of each of which we easily observe that the aloove 
statements are true. In the theory of numbe^, an endless 
variety of perfect inductions might be made ; we can show 
that no number less than sixty possesses so many divisors, 
and the like is true of 360 ; for it does not reyiire a great* 
amount of laboui* to ascertain and count all the divisors 

L 2 
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of numbers up to sixty or 360. I can, assert that between 
60,041 and 60,077 prime number occurs, because the 
exhaustive examination of those who have constructed 
tables of prjjne numbers proves it to be so. 

In matters of human appointment or history, we can 
frequently have a complete limitation of the number of 
instances to be included in an induction. We might show 
that the propositions of the third book of Euclid treat only 
of circles ; that no part of the works of Galen mentions the 
fourth figure of the syllogism ; that none of the other kings 
of England reigned so long as George III.; that Magna 
Charta has n^t been repealed by any subsequent statute ; 
that the price of corn in England has never been so high 
since 1847 if in that year; that the price of the 
English funds has never been lower than it was on the 
23rd of January, *iyg 8 , when*it fell to 47^. 

It has been urged against this process of Perfect Induc- 
tion that it gives no new information, and is merely a 
summing up in a brief form of a multitude of particulars. 
But mere abbreviation of mental labour is one of the most 
important aids we can enjoy in the acquisition of knowledge. 
The powers of the human mind are so limited tliat multi- 
plicity of detail is alone snfhcient to prevent its progress 
in many direction sf Thought would be practically impos- 
sible if every separate fact had to be separately thought 
and^ treated. Economy of mental power may be considei’ed 
one of the main conditions on which our elevated intellectual 
position depends. Mathematical processes are for the most 
part but abbreviations of the simpler acts of addition and 
subtraction. The invention of logarithms was one of the 
most striking additions ever made to human power : yet it 
was a mere abbreviation of operations which could have 
been done before had a sufficient amount of* labour been 
available. Similar additions to our power will, it is hoped, 
be made from time to time ; for the number of mathematical 
problems hitherto solved is but an indefinitely small 
fraction of those which await solution, because the labour 
they liave hijjjierto demanded renders them impracticable. 
So it is throughout all regions of thought. The amount 
of our knowledge depends upon oue power of bringing it 
within practicable compass. Unless we arrange and 
classify facts and condense them into general truths, they 
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Boon surpass . our powers of memory, and serve but to 
confuse. Hence Perfect Induction, even as a process of 
abbreviation, is absolutely essential to an>\higli degree of 
mental acliievement. 

Transition from Perfect to I7n2)crfect Induction. 

It is a question of in'ofuund difficulty on wliat grounds 
we are v'arranted in inferring tlic future from the present,# 
or the nature of undiscovered objects from those which we 
have examined with our senses. We pass from Perfect to 
Imperfect Induction when once we allow oiq; conclusion to 
apply, at all events apj)arently, beyond the data on which 
it was founded. In making such a step we seem to gain a 
net addition to our knowledge ; for we learn the nature of 
what was unknown. We reirp where wo have never sown. 
We appear to possess the divine power of creating know- 
ledge, and reaching with our mental arms far beyond the 
sphere of our own observation. 1 shall have, indeed, to 
point out certain methods of reasoning in which we do 
pass altogether beyond the sphere of the senses, and 
acquire accurate knowledge which observation could 
never have given ; but it is not imperfect induction that 
accomplishes such a task. Of imperfSct induction itself, 

I venture to assert that it never makes any real addition 
to our knowledge, in the meaning of the expression some- 
times accepted. As in other cases of inference, it merely 
unfolds the information contained in past observations ; 
it merely renders explicit wha.t was implicit in previous 
experience. It transmutes, but certainly docs not create 
knowledge. 

There is no fact whicli I shall more constantly keep 
before the rdkder’s mind in the following pages than that 
the results of imperfect induction, however well authen- 
ticated and verified, are never more than probable. Wo 
never can be sure that the future will be as the present. 
We hang ever upon the will of the Creator: and it is 
only so far as He has created two things aliljj^, or maintains 
the framework of the world unchanged from moment to 
moment, that our mosfr careful inferences can be fulffiled. 
All predictions^ all inferences which reacli^ beyond their 
data, are purely hypothetical, and proceed on the assump- 



160 


THE PRINCIPLES OF SCIENCE. 


[chap. 


tion that new events will conform to the conditions detected 
in our observation of past events. No experience of finite 
duration can i^ive an exliaustive knowledge of the forces 
which are yi operation. There is thus a double uncertainty ; 
even supposing the Universe as a whole to proceed un- 
changed, we do not really know the Universe as a whole. 
We know only a point in its infinite extent, and a moment 
in its infinite duration. We cannot be sure, then, that our 
observations have not escaped some fact, which will cause 
the future to be apparently different from the past ; nor 
can we be sure tliat the future really will be the outcome 
of the ])ast^ We i»rocecd tlien in all our inferences to 
unexamiiied objects and times on the assumptions — 

1 . That our past observation gives us a comjdete know- 

ledge of what exists. 

2. That the ''conditions ' of things wliich did exist 

will continue to be the conditions wliich will 
‘ exist. 

We sliall often need to illustrate the character of our 
knowledge of nature by the simile ol’ a ballot-box, so often 
employed by matliematical writers in the theory of proba- 
bility. Nature is to us like an infinite ballot-box, the 
contents of which are being continually drawn, ball after 
ball, and exhibitfed to us. Science is but the careful 
observation of the succession in which balls of various 
character present themselves; we register the conibina- 
tioiisL, notic'e those which seem to l)e excluded from occur- 
rence, and Irom the proportional frequency of those which 
appear n e infer the probable character of future drawings. 
But under such circumstances certainty of prediction 
depends on two conditions : — 

1. Tluit we acquire a perfect knowledge of the com- 

parative numbers of balls of each kind within 

the box. 

2 . That the contentsof the ballot-box remain unchanged. 

Of the latter assumption, or rather that concerning the 

constitution of the world which it illustrates, the logician 
or physicist ^an have nothing to say. As the Creation of 
the Universe is necessarily an act passing all experience 
and all conception, so any change 4n that Universe, or, it 
Tliay be, a termination of it, must likcAvise be infinitely be- 
yond the bounds of our mental faculties. No science no 
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reasoning iij^on the subject, can have any validity ; for 
without experience \Ve are without the basis and materials 
of knowledge. It is the fundamental postuh;jXe accordingly 
of all inference concerning the future, tliatrhere shall he 
no arbitrary change in the subject of inference ;^of the pro- 
bability or improbability of sucli a change 1 conceive that 
our faculties can give no estimate. 

The other condition of inductive inference — that we 
acquire an approximately complete knowledge of the com- 
binations in which events do occur, is in some degree 
within our power. There are branches of science in which 
phenomena seem to be governed by conditions of a most 
lixed and general character. AVe have groflnd in such 
cases for believing that the future occurrence of such 
phenomena can be calculated and predicted. But the 
whole question now becomes ^one of probability and im- 
probability. AVe seem to leave the region* of logic to enter 
one in which the number of events is the ground of in- 
ference. AVe do not really leave the region of logic; we 
only leave that where certainty, alhrmative or negative, is 
the result, and the agreement or disagreement of qualities 
the means of infeieiicc. For the future, number and 
quantity will commonly enter into our processes of reason- 
ing ; but then I hold that number am^ quantity are but 
])prtions of the great logical domain. I venture to assert 
that number is wholly logical, both in its fundamental 
nature and in its developments. Quantity in all its fo#ms 
is but a development of number. That which is nruthe- 
matical is not the less logical ; if anything it is more 
logical, ill the sense that it }>resents logical results in a 
higher degree of complexity and variety. 

Before proceeding then from Berfect to Imperfect In- 
duction I mqst devote a portion of this work to ti eating 
the logical conditions of number. I shall then employ 
number to estimate the variety of conibiiiatioiis in which 
natural phenomena may present themselves, and the pro- 
bability or improbability of their occurrence under delinite 
circumstances. 1 1 is in later parts of the work that I must 
endeavour to establish the notions which I %ave set forth 
upon the subject of Imperfect Induction, as applied in the 
investigation of Nature, which notions maybe thus briefly 
stated : — 
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1. Imperfect Induction entirely rests upon Perfect In- 

duction for its materials. 

2. The lo^al process by which we seem to pass directly 

from examined to uncxamined cases consists in an 
in'ferse application of deductive inference, so that 
all reasoning may be said to be either directly or 
inversely deductive. 

3. The result is always of a hypothetical character, and 

is never more than probable. 

4. No net addition is ever made to our knowledge by 

reasoning ; what we know of future events or un- 
examined objects is only the unfolded contents of 
our \)revious knowledge, and it becomes less pro- 
bable as it is more boldly extended to remote 
cases. 



BOOK II. 

NUMBER, VARIETY, AND PROBA^BILITI . 


CHAPTER VIII. 

PKINCIPLKS OW NUMBER. 

Not without reason did Pytliagoras represent the world 
as ruled by nunilxir. Into almost all our acts of thouglit 
number enters, and in proportion as wc can define numeri- 
cally we enjoy exact and useful knowledge of the Universe. 
The science of numbers, too, has hitherto presented the 
widest and most practicable training in logic. So fretf and 
energetic has been the study of mathematical forms* com- 
pared with the forms of logic, that mathematicians have 
passed far in advance of pure logicians. Occasionally, in 
recent times, they have condescended to apply their 
algebraic instrument to a reflex treatment of the primary 
logical sci(mce. It is thus that we owe to profound mathe- 
maticians, such as Jolm Ilerschel, Whewell, De Morgan, or 
Boole, the regeneration of logic inHhe present century. I 
entertain no doubt that it is in maintaining a close alliance 
with quantitative reasoning that we must look for further 
progress in our comprehension of qualitative inference 
1 cannot assent, indeed, to the commffi notion that 
certainty begins and ^ends with numerical determination. 
Nothing is more certain than logical truth. The laws of 
identity and difference are the tests of all tJiat is certain 
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throughout the range of thought, and mathematical reason- 
ing is cogent only when it conforms to these conditions, of 
which logic ^s the hrst development. And if it be 
erroneous to suppose that all certainty is mathematical, it 
is equally^an error to imagine that all which is mathe- 
matical is certain. Many processes of mathematical 
reasoning are of most doubtful validity. There are points 
of mathematical doctrine which must long remain matter 
of opinion ; for instance, the best form of the definition and 
axiom concerning parallel lines, or the true nature of a 
limit. In the use of symbolic reasoning questions occur on 
which the best mathematicians may dilfcr, as Bernoulli 
and LeibnitS differed irreconcileably concerning the exis- 
tence of the logarithms of negative quantities.^ In fact we 
no sooner leave the simjde logical conditions of number, 
than we find ourselves involved in a mazy and mysterious 
science of symbols. 

M^tthemutical science enjoys no mono[)oly, (ind not even 
a supremacy, in certainty of I’csults. It is the boundless 
extent and variety of quantitative questions that delights 
the inatliematical student. When sim])le logic can give 
but a bare answer Yes or No, the algebraist raises a score 
of subtle questions, and brings out a crowd of curious 
results. The llo>i'er and the fruit, all that is attractive 
and delightful, fall to the share of the mathematician, who 
too often despises the j)lain but necessary stem from which 
iil^ has arisen. In no region of thought can a reasoner 
cast*himself free from the prior conditions of logical cor- 
rectness. The mathematician is only strong and true as 
long as he is logical, and if number rules the world, it is 
logic which rules number. 

Neai'ly all writers have hitherto been strangely content 
to look upon numerical reasoning as something apart from 
logical inference. A long divorce has existed between 
quality and quantity,* and it has not been uncommon to 
treat them as contrasted in nature and restricted to 
independent branched of thought. For my own part, I 
believe that all the sciences meet somewhere. No part of 
knowledge LT^n stand wholly disconnected from other parts 
of the universe of thought ; it is incredible, above all, that 


* Moutifvjla, llistoire dcs MaMmatiques^ vol. iii. p. 373, 
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the two great branches of abstract science, interlacing and 
co-operating in every* discourse, should rest upon totally 
distinct foundations. I assume that a coiipection exists, 
and care only to inquire, Wliat is its natur^ Does tlie 
science of quantity rest upon that of qualit^; or, vice 
versa, does the science of quality rest uj)on that of 
quantity ? There might conceivably be a third view, 
that they both rest upon some still deeper set of prin- 
ciples. 

It is geneially supposed that Boole adopted the second 
view, and treated logic as an application of algebra, a 
special case of analytical reasoning which admits only two 
quantities, unity and zero. It is not easy To ascertain 
clearly which of these views really was aocepted by Boole. 
In his interesting biographical sketch of Boole, ^ the Bcv. 
K Harley ])rotests against the statciuept that Boole’s 
logical calculus imported the conditions of number and 
quantity into logic. He says : Logic is never ideutitied 
or confounded with mathematics; the two systems of 
thought arc kept perfectly distinct, each being subject to 
its own laws and conditions. The symbols are the same 
for both systems, but they have not the same interpre- 
tation.” The Bev. J. Venn, again, in his review of Boole’s 
logical system, 2 liolds that Boole’s proccjsses are at bottom 
logical, not mathematical, though stated in a highly gener- 
alized form and with a mathematical dress. But it is 
quite likely that readers of Boole should be misled. ^Not 
only have his logical works an entirely niatheniatic[d 
appearance, but I had on p. 12 of his Laws of Thoiujhi 
the following unequivocal statement: “That logic, as a 
science, is susceptible of very wide ap])li cations is 
admitted ; but it is equally certain that its ultimate 
forms and proc(\sses are mathematical.” A few lines 
below he adds, “It is not of the essence of mathematics 
to be conversant with the ideas of number and quantity.” 

The solution of the dilliculty is^ that Boole used the 
term mathematics in a wider sense than that usually 
attributed to it. He probably adopted the third view, so 
that his mathematical Laws of Thoiiyld are"**The common 
• 

^ British ^Quarterly Beview, No. Ixxxvii, Ju^ 1866. 

^ Mind; October 1876, vol. i. p. 484. 
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basis both of logic and of quantitative mathematics. But 
I do not care to pursue the subject because T think that 
in either c^se Boole was wrong. In my opinion logic is 
the superior science, the general basis of mathematics as 
well as oi all other sciences. Number is but logical die- 
crimination, and algebra a highly developed logic. Thus 
it is easy to understand the deep analogy which Boole 
pointed out between the forms of algebraic and logical 
deduction. Logic resembles algebra as the mould 
resembles that which is cast in it. Boole mistook the 
cast for the mould. Considering that logic imposes its 
own laws upon every branch of mathematical science, it 
is no wonder that we constantly meet with the traces of 
logical laws in mathematical processes. 

- TJie Nat-.u'c of Number. 

N?amber is but another name for diversUjj. E.vact iden- 
tity is unity, and witli difference arises plurality. An 
abstract notion, as was pointed out (p. 28), possesses a 
certain oneness. The quality of justice, for instance, is one 
and the same in wdiatever just acts it is manifested. In 
justice itself there are no marks of difference by which to 
discriminate justice from justice. But one just act can be 
discriminated from another just act by circumstances of 
time and place, and we can count many acts thus discri- 
liiinatcd each from each. In like manner pure gold is 
simply pure gold, and is so far one and the same through- 
out. But besides its intrinsic qualities, gold occupies 
space and must have shape and size. Portions of gold 
are always mutually exclusive and capable of discrimina- 
tion, in respect that they mnst be each without the other. 
Hence they may be numbered. 

Plurality arises when and only when we detect differ- 
ence. For instance, in counting a number of gold coins 
I must count each coin once, and not more than once. 
Let C denote a coin, and the mark above it the order of 
counting. Then I must count the coins 

- C' + C" -f C'" -h C"" + 

If I were to count them as follows 

O' 4- C" + O'" + C'" + C"" -b . . ., 

I should ihake the third coin into two, and should imply 
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the existence of difference where there is no difference.^ 
C"' and C"' are hut t&e names of one coin named twice 
over. But according to one of the conditior^ of logical 
symbols, which I have called the Law of Unity (p. 72), 
the same name repeated has no effect, and 
A -I- A = A. 

We must apply the Law of Unity, and must reduce all 
identical alternatives before we can count with certainty 
and use the processes of numerical calculation. Identical 
alternatives are harmless in logic, but are wholly inad- 
missible in number. Thus logical science ascertains the 
nature of the mathematical unit, and the definition may 
be given in these terms — A unit is any object of thought 
which can. he discriminated from every other object treated as 
a unit in the same problem. 

It has often been said that vuiits are units in respect of 
being perfectly similar to each other ; but though they 
may be perfectly similar in some respects, they must be 
different in at least one point, otherwise they would be 
incapable of plurality. If three coins were so similar that 
they occupied the same space at the same time, they 
would not be three coins, but one coin. It is a property 
of space that every ])oint is discriminable from every other 
point, and in time every moment is necessarily distinct 
from any other moment before or after. Hence we 
frequently count in space or time, and Locke, with some 
other philosophers, has held that number arises froiti 
repetition in time. Beats of a pendulum may be so 
perfectly similar that we can discover no difference except 
that one beat is before and another after. Time alone is 
here the ground of difference and is a sufficient foundation 
for the discrimination of plurality ; but it is by no means 
the only foundation. Three coins are three coins, whether 
we count them successively or regard them all simul- 
taneously. Ill many cases neither time nor space is the 
ground of difference, but pure quality" alone enters. We 
can discriminate the weight, inertia, and hardness of gold 
as three qualities, though none of these is before nor after 
the other, neither in space norgjbime. EverjT means of 
discrimination may J^e a*30urce of plurality. 


* 


^ Logic, Appendix, p. 82, J 192 
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Our logical notation may be used* to express the rise of 
number. The symbol A stands for one thing or one class, 
and in itself must be regarded as a unit, because no 
difference specified. But the combinations AB and A& 
are necesssarily tivo, because they cannot logically coalesce, 
and there is a mark B which distinguishes one from the 
other. A logical definition of the number four is given in 
the combinations ABC, ABc, A?>C, Ahc, where there is a 
double difference. As Puck says — 

“ Yet but three ? Come one more ; 

Two of both kimls mak(‘s up four.” 

I conceive that all numbers might be represented as 
arising out of the combinations of the Logical Alpliabet, 
more or less of each series being struck out by various 
logical conditions. The number three, for instance, arises 
from the condition that A must be eitlier B or C, so that 
the combinations are AP>C, ABc, AhQ, 

Of A^umerical Ahstraction. 

There will now be little difficulty in forming a clear 
notion of the nature of numerical abstraction. It consists 
in abstracting the^ character of tlie difference from whicli 
plurality arises, retaining merely the fact. Wlien I speak 
of three men I need not at once specify the marks by which 
effch may be known from each. Those marks must exist 
if they are really three men and not one and the same, and 
in speaking of them as many I imply the existence of the 
requisite differences. Abstract number, then, is the cmjpiij 
form of difference ; the abstract number three asserts the ex- 
istence of marks without specifying their kind. 

Numerical abstraction is thus seen to be a dif- 
ferent process from logical abstraction (p. 27), for in the 
latter process wc drop out of notice the very existence of 
difference and plurality. In forming the abstract notion 
hardness^ we ignore ehtirely the diverse circumstances in 
which the quality may appear. It is the concrete notion 
three hard ^jectSy^ which j:)|serts the existence of hardness 
along with sufficient other undefined qualities, to mark out 
three such objects. Numerical thought, is indeed closely 
interwoven with logical thought. We cannot use a con- 
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Crete term in the plural, as men, witliout implying that 
there are marks of difference. But when we use an 
abstract term, we deal witli unity. 

The origin of the great generality of nuiiibp is now 
apparent. Three sounds differ from three colours, or three 
riders from three horses ; but they agree in respect of the 
variety of marks by which they can be discriminated. The 
symbols + i are thus the empty marks asserting tlie 

existence of discrimination. But iii dropping out of sight 
the character of the differences we give rise to new 
agreements on which mathematical reasoning is founded. 
Numerical abstraction is so far from being incompatible 
with logical abstraction that it is the origin of our widest 
acts of generalization. 


Conor dc and Ahdrart Nnmhor. 

The common distinction between concrete and al^stract 
number can now be easily stated. Tn proportion as we 
specify the logical characters of tlie things numbered, we 
render them concrete. Tn the abstract number three 
there is no statement of the points in which the three 
objects agree; but in three coins, three wen, or three horses, 
not only arc the objects numbered but their nature is re- 
stricted. Concrete number thus implies the same con- 
sciousness of difference as abstract number, but it is 
mingled with a groundwork of similarity expressed in the 
logical terms. There is identity so far as logical tmmis 
enter ; difference so far as the terms are merely numerical. 

The reason of the important Law of Homogeneity will 
now be apparent. This law asserts that in every arith- 
metical calculation the logical nature of the things num- 
bered must remain unaltered. The specified logical 
agreement of the things must not be affected by the un- 
specified numerical differences. A calculation would be 
palpably absurd which, after commencing with length, 
gave a result in hours. It is equally absurd, in a purely 
arithmetieal point of view, to deduce areas from the 
calculation of lengths, masses from the coitfbination of 
volume and densitw or^ momenta from mass and velocity. 
It must remain fon^ubsequent consideration to decide in 
what sense we may truly say that two linear feet multi- 
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plied by two linear feet give four superficial feet ; arith- 
metically it is absurd, because there is a change of unit. 

As a general rule we treat in each calculation only 
objects of nature. We do not, -and cannot properly 
add, in the same sum yards of cloth and pounds of sugar. 
We cannot even conceive the result of adding area to 
velocity, or length to density, or weight to value. Tlie 
units added must have a basis of homogeneity, or must be 
reducible to some common denominator. Nevertheless it 
is possible, and in fact common, to treat in one complex 
calculation the most heterogeneous quantities, on the 
condition that each kind of object is kept distinct, and 
treated numerically only in conjunction with its own kind. 
Different units, so far as their logical differences are speci- 
fied, must never be substituted one for the other. Chemists 
continually use equations which assert the equivalence of 
groups of atoms. Ordinary fermentation is represented 
by the' formula 

0« = 2C^ IP 0 + 2CO'. 

Three kinds of units, the atoms resi)ectively of carbon, 
hydrogen, and oxygen, are here intermingled, but there is 
really a separate equation in regard to each kind. Mathe- 
maticians . also employ compound equations of the same 
kind ; for in, a -f 1/\/ — i = c 4 - -y/ — I, it is impossible 

by ordinary’ addition to add a to & -y/ Hence we 
really have the separate equations a = 6 , and c V — i == ^ 
J ^ i- Similarly an equation between two quaternions is 
equivalent to four equations between ordinary quantities, 
whence indeed the name quaternion. 

Analogy of LogicM and Numerical Terms. 

If my assertion is correct that number arises out of 
logical conditions, we ought to find number obeying all the 
laws of logic. It is almost superfluous to point out that 
this is the case with the fundamental laws of identity and 
difference, and it only remains to show that mathematical 
symbols do really obey the special conditions of logical 
symbols whicli were formerly pointed out (p. 32 ). Thus 
4 he Law of Commutativeness, is equally true of quality and 
quantity. As in logic we have 

AB = BA, 

80 in matheiriitics it is familiarly known that 
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2 X 3 = 3 2 , or X X y — y X X. 

The properties of space are as indifferent in multiplication 
as we. found them in pure logical thought. 

Similarly, as in logic 

triangle or square = square or triangle, 
or generally A R = E -I* A, 

so in quantity 2 + 3 = 34-2, 

or generally + 7/ = ?/ + x. 

The symbol 4 is not identical with +, but it is thus far 
analogous. 

How far, now, is it true that mathematical symbols obey 
the Law of Simplicity expressed in the form 
AA = A, 

or the example 

Hound round = round ? 

Apparently^ there are but two numbers which obey this 
law ; for it is certain that 

X X X — X 

is true only in the two cases when x — l, or i?; = o. 

In reality all nu miners obey the law, for 2 x 2 == 2 is not 
really analogous to AA = A. According to the definition 
of a unit already given, each unit is discriminated from 
eacli other in the same problem, so that^ in 2' x 2'', the 
first two involves a different discrimination from the second 
two. I get four kinds of things, for instance, if 1 first dis- 
criminate “heavy and light” and then “cubical and 
spherical,” for we now have the following classes — 
heavy, cubical. light, cubical, 

heavy, spherical. light, spherical. 

But suppose that my two classes are in both cases dis- 
criminated by the same difference of light and heavy, then 
we have 

heavy heavy = heavy, 
heavy light = o, 
light heavy = o, 
light light = light.' 

Thus, (heavy or light) x (heavy or light) = (heawor liglit). 

In short, twice, two is two unless we take cdfe that the 
second two has a different meaning from the first. But 
under similar circviinstances logical terms give the like 
result, and it is ‘not true that A' A” = A', v^ien A” is 
different in meaning from A'. 
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In a similar manner it may be shown that the Law of 
Unity A -I- A = A. 

holds true of logical and mathematical terms. It is 
absurd ind&d to say that 

X + X = X 

except in the one case when x == absolute zero. But this 
contradiction x + x = x arises from the fact that we have 
already defined the units in one x as differing from those in 
the other. Under such circumstances the Law of Unity 
does not apply. For if in 

A' .j. 

we mean Hiat A" is in any way different from A' the 
assertion of identity is evidently false. 

The contrast then which seems to exist between logical 
and mathematical symbols is only apparent. It is because 
the Laws of Simplicity and Unity must always be observed 
in the operation of counting that those laws seem no further 
to apply. This is the understood condition under which 
we use all numerical symbols. Whenever I write the 
symbol 5 I really mean 

1 + 14 1 + 1 + 1 , 

and it is perfectly understood that each of these units is 
distinct from each other. If requisite I might mark them 
thus 

i' + i" + i'" + i"" + i'"". 

Were this not the case and were the units really 
• 1' + i" + i" + 1"' + 

the Law of Unity would, as before remarked, apply, and 

1" + i" = i". 

Mathematical symbols then obey all the laws of logical 
symbols, but two of these laws seem to be inapplicable 
simply because they are presupposed in the definition of 
the mathematical unit. Logic thus lays down the con- 
ditions of number, and the science of arithmetic developed 
as it is into all the wondrous branches of mathematical 
calculus is but an outgrowth of logical discrimination. 

^ Principle of Mathematical Inference, 

The universal principle of aH ft^soning, as I have 
asserted, is^hat which allows us to substitute like for like. 
I have now to point out how in the mathematical sciences 
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this principle is involved in each step of reasoning. It is 
in these science? indeed that we meet with the clearest 
cases of substitution, and it is the simplicity*^ with which 
the principle can be applied which probably led to the 
comparatively early perfection of the sciences of geometry 
and arithmetic. Euclid, and the Greek mathematicians 
from the first, recognised equality as the fundamental 
relation of quantitative thought, but Aristotle rejected the 
exactly analogous, but far more general relation of identity, 
and thus crippled the formal science of logic as it has 
descended to the present day. 

Geometrical reasoning starts from the j&iom that 
** things equal to the same thing are equal to each other.” 
Two equalities enable us to infer a third equality ; and this 
is true not only of lines and angles, but of areas, volumes, 
numbers, intervals of time, forces, velocities, degrees of 
intensity, or, in short, anything which is capable of being 
equal or unequal. Two stars equally bright with the same 
star must be equally bright with each other, and two forces 
equally intense with a third force are equally intense with 
each other. It is remarkable that Euclid has not explicitly 
stated two other axioms, the truth of which is necessarily 
implied. The second axiom should be that Two things of 
which one is equal and the other unequal to a third com- 
mon thing, are unequal to each other.” An equality and 
inequality, in short, give an inequality, and this is equalw 
true with the first axiom of all kinds of quantity.* If 
Venus, for instance, agrees with Mars in density, but Mars 
differs from Jupiter, then Venus differs from Jupiter. A 
third axiom must exist to the effect that “ Things unequal 
to the same tiling may or may not be equal to each 
other.” Two inequalities give no ground of inference what- 
ever. If we only know, for instance, that Mercury ©and 
Jupiter differ in density from Mars, we cannot say whether 
or not they agree between themselves. As a fact they do 
not agree ; but Venus and Mars on Ihe other hand both 
differ from Jupiter and yet closely agree with each other. 
The force of the axioms can be most clearly ilrtlstrated by 
drawing equal and uneqpal lines.^ 

* Elementary Lessgns in Logic (Macmillan), p. 123. ^Tt is pointed 
out in the preface to this Second Edition, that the views here given 
were partially stated by Leibnitz. 

m 2 
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The general conclusion then must be that where there 
is equality there may be inference, but where there is not 
equality U)i4?re cannot be inference. A plain induction 
will leadens to believe that equality is the condition of 
inference concerning quantity. All the three axioms may 
in fact be summed up in one, to the effect, that "'m 
whatever relation one quantity stands to another, it stands 
in the same relation to the equal of that other.** 

The active power is always the substitution of equals, 
and it is an accident that in a pair of equalities we can 
make the substitution in two ways. Prom a = h = c we 
can infer &= c, either by substituting in a = & the value 
of h as given in b = c, or else by substituting in h — c the 
value of h as given in a = &. In a = we can make 

but the one substitution of a for b. In e - / we can 
make no substitution and get no inference. 

Iq. mathematics the relations in which terms may stand 
to each other are far more varied than in pure logic, yet 
our principle of substitution always holds true. We may 
say in the most general manner that In whatever relation 
one quantity stands to another, it stands in the same relation 
to the equal of that other. In this axiom we sum up a 
number of axioiqs which have been stated in more or less 
detail by algebraists. Thus, If equal quantities be added 
to equal quantities, the sums will be equal.” To explain 
tkis, let 

" a — b, c = d. 

Now a + c, whatever it means, must be identical with 
itself, so that 

a c a c. 

In one side of this equation substitute for the quantities 
their equivalents, and we have the axiom proved 
a c b d. 

The similar axiom concerning subtraction is equally evi- 
dent, for whatever a ^ c may mean it is equal to a — c, 
and therefore by substitution to & ~ d. Again, '' if equal 
quantities be multiplied by the same or equal quantities, 
the produce will be equal.” For evidently 

ac = aCy ^ 

and if for c in one side we substitute ile equal d, we have 
• ac = ady 

and a second similar substitution gives us 
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ac = hd. 

We might prove a like axiom concerning division in an 
exactly similar manner. I might even exten^the list of 
axioms and say that “ Equal powers of equal nuhibers are 
equal.'’ For certainly, whatever a y a x a may mean, it 
is equal to a x a x a ; hence by our usual substitution it 
is equal to b x h x h. The same will be true of roots of 
numbers and = tjb provided that the roots are so 
taken that the root of a shall really be related to a as 
the root of h is to h. The ambiguity of meaning of an 
an operation thus fails in any way to shake the lyiiversality 
of the principle. We may go further and assert that, not 
only the above common relations, but all other known or 
conceivable mathematical relations obey the same prin- 
ciple. Let Q(X denote in the most general manner that we 
do something with the quantity a ; then if a = 6 it follows 
that 

Qa = Qh. 

The reader will also remember that one of the most 
frequent operations in mathematical reasoning is to sub- 
stitute for a quantity its equal, as known either by assumed, 
natural, or self-evident conditions. Wlienever a quantity 
appears twice over in a problem, we ma}* apply what we 
learn of its relations in one place to its relations in the 
other. All reasoning in mathematics, as in other branches 
of science, thus involves tlie principle of treating equals 
equally, or similars similarly. In whatever way we 
employ quantitative reasoning in the remaining parts of 
this work, we never can desert the simple principle on 
which we first set out. 

Reasoning by Inequalities. 

I have stated that all the processes of mathematical 
reasoning may be deduced from the^ principle of substi- 
tution. Exceptions to this assertion may seem to exist 
in the use of inequalities. The greater of a^reater is 
undoubtedly a greater, and what is less than a less is 
certainly less. Snowdon is higher than the Wrekin, and 
Ben ITevis than Snowdon ; therefore Ben Nevis is higher 
than the Wrekin. But a little consideration discloses 
suflBcient reason for beUevincr that even in such cases, 
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where equality does not apparently enter, the force of the 
reasoning entirely depends upon underlying and implied 
equalities.^ 

In the lirst place, two statements of mere difference do 
not give any ground of inference. We learn nothing 
concerning the comparative heights of St. Paul’s and 
Westminster Abbey from the assertions that they both 
ditier in height from St. Petia*’s at Koine. We need some- 
thing more than inequality ; we require one identity in 
addition, namely the identity in direction of the two 
differences. Thus we cannot employ inequalities in the 
simple way in which we do equalities, and, when we try 
to express what other conditions are requisite, we find 
ourselves lapsing Into the use of equalities or identities. 

In the second place, every argument by inequalities 
may bo represented in the form of equalities. We express 
that,^a is greater than b by the equation 

a=.h+p, _ (I) 

where p is an intrinsically positive quantity, denoting the 
diflerence of a and b. Similarly we express that b is 
greater than c by the equation 

b = c + q, (2) 

and substituting, for J in (i) its value in (2) we have 

i a = c + + p. (3) ^ 

Now as p and q are both positive, it follows that a is 
greater than c, and we have the exact amount of excess 
specified. It will be easily seen that the reasoning con- 
cerning that which is less than a less will result in an 
equation of the form 

c = a -- r - 5. 

Eveiy argument by inequalities may then be thrown 
into the form of an equality ; but the converse is not true. 
We cannot possibly prove that two quantities are equal 
by merely asserting that they are both greater or both less 
than another quantity. From e >f and g > f, or e <f 
and g can ihfer no relation between e and g. And 

if the reader take the equations ic = y = 3 and attempt to 
prove thSt therefore ic = 3, by throwing them into in- 
equalities, he will find it impossible to do so. 

From these considerations I gather that reasoning in 
arithmetic^^or algebra by so-called inequalities, is only an 
imperfectly expressed reasoning by equalities, and when 
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we want to exhibit exactly and clearly the conditions of 
reasoning, we are obliged to use equalities explicitly. Just 
as in pure logic a negative proposition, as exp%cjf 3 ssing mere 
difference, cannot be the means of inference, so^dneqnality 
can never really be the true ground of inference. I do 
not deny that affirmation and negation, agreement and 
difference, equality and inequality, are pairs of equally 
fundamental relations, but I assert that inference is pos- 
sible only where affirmation, agreement, or equality, some 
species of identity in fact, is present, explicitly or implicitly. 

Arithmetical Reasoning. ^ 

It may seem somewhat inconsistent that I assert number 
to arise out of difference or discrimination, and yet hold 
that no reasoning can be grounded on difference. Number, 
of course, opens a most wide sphere for infci'ence, and a 
little consideration shows that this is due to the unlimited 
series of identities which spring up out of numerical 
abstraction. If six people are sitting on six chairs, there 
is no resemblance between the chairs and the people in 
logical character. But if we overlook all the qualities 
both of a chair and a person and merely remember that 
there are marks by which each of six chairs may be 
discriminated from the others, and similarly with the 
people, then there arises a resemblance between the chairs 
and the people, and this resemblance in number may be 
the ground of inference. If on another occasion the chairs 
are filled by people again, we may infer that these people 
resemble the others in number though they need not 
resemble them in any other points. 

Groups of units are what we really treat in arithmetic. 
The number Jive is really i -f i -f i -f i + i, but for the 
sake of conciseness we substitute the more compact sign 
5, or the name five. These names being arbitrarily im- 
posed in any one manner, an infinite variety of relations 
spring up between them which are not in the least 
arbitrary. If we define four as i + i -f i and five 
as then of course it follows that 

five ^ four q- i ; it would be equally possible to take 
this latter equality as a definition, in which •case one of 
the former equalities would become an inference. It is 
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hardly requisite to decide how we ^define the names of 
numbers, provided we remember that out of the infinitely 
numerous Rations of one number to others, some one 
relation caressed in an equality must be a definition of 
the number in question and the other relations imme- 
diately become necessary inferences. 

In the science of number the variety of classes which 
can be formed is altogether infinite, and statements of 
perfect generality may be made subject only to difficulty 
or exception at the lower end of the scale. Every existing 
number for instance belongs to the class + 7 ; that is, 
every numter must be the sum of another number and 
seven, except of course the first six or seven numbers, 
negative quantities not being here taken into account. 
Every number is the half of some other, and so on. The 
subject of generalization, as exhibited in mathematical 
truths, is an infinitely wide one. In number we are only 
at thb first step of an extensive series of generalizations. 
As number is general compared with the particular things 
numbered, so we have general symbols for numbers, and 
general symbols for relations between undetermined 
numbers. There is an unlimited hierarchy of successive 
generalizations. 

Numerically Definite Reasoning, 

^t was first discovered by De Morgan that many argu- 
ments are valid which combine logical and numerical 
reasoning, although they cannot be included in the 
ancient logical formulas. He developed the doctrine of 
the NTumerically Definite Syllogism,*' fully explained in 
his Formal Logic (pp. 141 — 170). Boole also devoted 
considerable attention to the determination of what he 
called Statistical Conditions,” meaning the numerical 
conditions of logical classes. In a paper published among 
the Memoirs of the M^anchester Literary and Philosophical 
Society, Third Series, vol. IV. p. 330 (Session 1869 — 7o)» 
I have poijjted out that we can apply arithmetical calcula- 
tion to the Logical Alphabet. Having given certain logical 
conditions and the numbers of objeCbS in certain classes, 
we can either determine the numbers of ^objects in other 
classes governed by those conditions, or can show what 
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further data are reqjiired to determine them. As an 
example of the kind of questions treated in numerical 
logic, and the mode of treatment, I give t^e following 
problem suggested by De Morgan, with my mode of 
representing its solution. 

For every man in the house there is a person who is 
aged ; some of the men are not aged. It follows that 
some persons ii. the house are not raen.’’^ 

Now let A = person in house, 

B = male, 

C - aged. 

By enclosing a logical symbol in brackets, let<rus denote 
the number of objects belonging to the class indicated by 
the symbol. ~ Thus let 

(A) = number of persons in house, 

(AB) = number of male persons in house, 

(ABO) = number of aged male persons in house, 
and so on. Now if we use w and tv' to denote unknown 
numbers, the conditions of the problem may be thus stated 
according to my interpretation of the words — 

(AB) = (AC) - (i) 

that is to say, the number of persons in the house who are 
aged is at least equal to, and may exceed, the number of 
male persons in the house ; ** 

(ABc) = w', (2) 

that is to say, the number of male persons in the house 
who are not aged is some unknown positive quantity. - 
If we develop the terms in (i) by the Law of Duality 
(pp. 74, 81, 89), we obtain 

^ (ABC) + (ABc) = (ABC) + (AhC) - w. 
Subtracting the common term (ABC) from each side and 
substituting for (ABc) its value as given in (2), we get at 
once 

(A^C) = w w\ 

and adding (Aic) to each side, we have 
(Ab) = {Abe) 4- w . 

The meaning of this result is that the number of persons 
in the house who are not men is at least equal^jk) w 4- w', 
and exceeds it by the number of persons in the house who 
are neither men noiyaged (Abe), 

, ft 

^ Syllabus of a Proposed System of Logic ^ p. 29. 
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It should be understood that this solution applies only 
to the terms of the example quoted above, and not to the 
general proj^em for which De Morgan intended it to serve 
as an illu^ation. 

As a second instance, let us take the following ques- 
tion : — The whole number of voters in a borough is a ; 
the number against whom objections have been lodged by 
liberals is h ; and the number against whom objections 
have been lodged by conservatives is c; required the 
number, if any, who have been objected to on both sides. 
Taking 

A = voter, 

B = objected to by liberals, 

C = objected to by conservatives, 
tlien we require the value of (ABC). Now the following 
equation is identically true' — 

(ABC) - (AB) 4- (AC) + {Ahc) - (A). (i) 

For if we develop all the terms on the second side we 
obtain 

(ABC) = (ABC) -f (ABc) -i- (ABC) + (AhC) + (Abe) 

- (ABC) - (ABc) - (AhC) - (Abe ) ; 
and . striking out the corresponding positive and negative 
terms, we have Jeft only (ABC) = (ABC). Since then 
(i) is necessarily true, we have only to insert the known 
values, and we have 

^ (ABC) = J + c - a + (Abe). 

Hence the number who have received objections from both 
sides is equal to the excess, if any, of the whole number 
of objections over the number of voters together with the 
number of voters who have received no objection {Abe), 
The following problem illustrates the expression for 
the common part of any three classes: — The number of 
paupers who are blind males, is equal to the excess, if 
any, of the sum of the whole number of blind persons, 
added to the whole number of male persons, added to the 
number of those who being paupers are neither blind nor 
males, above the sum of the whole number of paupers 
added to^e number of those who, not being paupers, 
are blind, and to the number of l^ose who, not being 
paupers, are male. \ 

The reader is requested to prove the truth of the above 
statement (i) by his own unaided common sense; ( 2 ) by 
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the Aristotelian Logic ; (3) by the method of numerical 
logic just expounded ; and then to decide which method 
is most satisfactory. 


Numerical meaning of Logical Conditions. 


In many cases classes of objects may exist under spe- 
cial logical conditions, and we must consider how these 
conditions can be interpreted numerically. Every logical 
proposition gives rise to a corresponding numerical 
equation. Sameness of qualities occasions sameness of 
numbers. Hence if 


A = B 

denotes the, identity of the qualities of A and B, we may 
conclude that 

(A) = (B). 

It is evident that exactly those objects, and those objects 
only, which are comprehended under A must be compre- 
hended under B. It follows that wherever we can draw 
an equation of qualities, we can draw a similar equation 
of numbers. Thus, from 

A = B = C 


we infer 

A A C ; 

and similarly from 

(A) = (B) = (C), 

meaning that the numbers of A's and C’s are equal to’ the 
number of B’s, we can infer 

(A) = (C). 

But, curiously enough, this does not apply to negative 
propositions and inequalities. For if 
A = B - D 


means that A is identical with B, which differs from D, it 
does not follow that 

(A) = (B) ~ (D). 

Two classes of objects may differ in qualities, and yet they 
may agree in number. This point strongly confirms me 
in the opinion which I have already expresi5^5'd, that all 
inference really dep^ds upon equations, not differences. 

The Logical Alphabet thus enables us to make a com- 
plete analysis of any numerical problem’, an 3 ^ though the 
symbolical statemcnf: may sometimes seem prolix, 1 con- 
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ceive that it really represents the course which the mind 
must follow in solving the question. Although tliought 
may oiitstii^ the rapidity with which the symbols can 
be writtcn^dowTi, yet the mind does not really follow a 
different course from that indicated by the symbols. For 
a fuller explanation of this natural system of Numerically 
Definite lieasoning, with more abundant illustrations 
and an analysis of De IVlorgans Numerically Definite 
Syllogism, I must refer the reader to the paper ^ in the 
Memoirs of the Manchester Literary and Philosophical 
Society, already mentioned, portions of which, however, 
have been 'tmbodied in the present section. 

The reader may be referred, also, to Boole’s writings 
upon the subject in the Laws of Thought y chap. xix. 
p. 295, and in a paper on ‘‘ rro])ositions Numerically 
Definite,” communicated by De Morgan, in 1868, to the 
Cambridge Philosophical Society, and printed in their 
Transactions^' vol. xi. part ii. 

1 It lias been pointed out to me by Mr. C. J. Monroe, that section 14 
(p. 339) of this paper is erroneous, and ou;2;bt to be cancelled. The 
problem concerning the number of paupers illustrates the answer 
which should have been obtained. Mr. A. J. Ellis, F.R.S., had 
previously observed that my solution in the paper of De Morgan’s 
problem about ‘^men in the house ’’did not answer the conditions 
intended by De Morgan, and I therefore give in the text a more 
sajisfuctoi’y solution. 



CHAPTER IX. 

THE VARIETY OF NATURE, OR THE DOCTRINE OF 
COMBINATIONS AND PERMUTATIONS. 

Nature may be said to be evolved from the monotony 
of non-existence by the creation of diversity. It is plau- 
sibly asserted that we are conscious only so far as we 
experience difference. Life is change, and perfectly uni- 
form existence would be no better than non-existence. 
Certain it is that life demands incessant novelty, and that 
nature, though it probably never fails to obey the same 
fixed laws, yet presents to us an apparently unlimited 
series of varied combinations of events. It is the work of 
science to observe and record the kinds and comparative 
numbers of such combinations of phenomena, occurring 
spontaneously or produced by our interference. Patient 
and skilful examination of the records may then disclose 
the laws imposed on matter at its creation, and enable us 
more or less successfully to predict, or even to regulate, 
the future occurrence of any particular combination. 

The Laws of Thought are the first and most important 
of all the laws which govern the combinations of pheno- 
mena, and, though they be binding on the mind, they 
may also be regarded as verified in the external world. 
The Logical Alphabet develops th€> utmost variety of 
things and events which may occur, and it is evident that 
as each new quality is introduced, the numbe#of combi- 
nations is doubled. Thus four qualities may occur in i6 
combinations ; five ^qualities in 32 ; six qualities in 64 ; 
and so on. In general language, if n be thoj number of 
qualities, 2" is the number of varieties of things which 
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may be formed from them, if there 'be no conditions but 
those of logic. This number, it need hardly be said, 
increases aj>er the first few terms, in an extraordinary 
manner, so» that it would require 302 figures to express 
the number of combinations in which i,ooo qualities 
miglit conceivably present themselves. 

If all the combinations allowed by the Laws of Thought 
occurred indifferently in nature, then science would begin 
and end with those laws. To observe nature would give 
us no additional knowledge, because no two qualities 
would in the long run be oftener associated than any 
other two.^ We could never predict events with more 
certainty than we now predict the throws of dice, and 
experience would be without use. But the universe, as 
actually created, presents a far different and much more 
interesting problem. The most superficial observation 
shows that some tilings are constantly associated with 
other things. The more mature our examination, the 
more we become convinced that each event depends 
upon the prior occurrence of some other series of events. 
Action and reaction are gradually discovered to underlie 
the whole scene, and an independent or casual occurrence 
does not exist e:^cept in apx)earance. Even dice as they 
fall are surely determined in their course by prior con- 
ditions and fixed laws. Thus the combinations of events 
which can really occur are found to be comparatively 
restricted, and it is the work of science to detect these 
restricting conditions. 

In the English alphabet, for instance, we have twenty- 
six letters. Were the combinations of such letters per- 
fectly free, so that any letter could be indifferently 
sounded with any other, the number of words which 
could be formed without any repetition would be 2 — i, 

or 67,108,863, equal in number to the combinations of 
the twenty-seventh column of the Logical Alphabet, 
excluding one for the case in which all the letters 
would be absent. But the formation of our vocal 
organs pi^'ents us from using the far greater part of 
these conjunctions of letters. At least one vowel must be 
present in each word ; more than two consonants cannot 
usually be Vrought together ; and to produce words capable 
of smooth utterance a number of other rules must be 
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observed. To determine exactly how many words might 
exist in the English language under these circumstances, 
would be an exceedingly complex problem, the., solution of 
which has never been attempted. The number of existing 
English words may perhaps be said not to exceed one 
hundred thousand, and it is only by investigating the com- 
binations presented in the dictionary, that we can learn the 
Laws of Euphony or calculate the possible number 6f 
words. Ill this example we have an epitome of the work 
and method of science. The combinations of natural 
phenomena are limited by a great number of conditions 
which are in no way brought to our knowledgcf except so 
far as they are disclosed in the examination of nature. 

It is often a very difficult matter to determine the num- 
bers of permutations or combinations which may exist 
under various restrictions. Many learned men puzzled 
themselves in former centuries over what were called 
Protean verses, or verses admitting many variations in 
accordance with the Laws of Metre. The most celebrated 
of these verses was that invented by Bernard Bauhusius, 
as follows : ^ — 

“Tot tibi sunt dotes, Virgo, quot sidera coelo.'^ 

One author, Ericius Puteanus, filled fort/-eight pages of a 
work in reckoning up its possible transpositions, making 
them only 1022. Other calculators gave 2196, 3276, 258Q 
as their results. Wallis assigned 3096, but without much 
confidence in the accuracy of his result. ^ It required the 
skill of James Bernoulli to decide that the number of 
transpositions was 3312, under the condition that the sense 
and metre of the v^se shall be perfectly preserved. 

In approaching the consideration of the great Inductive 
problem, it is very necessary that we should acquire correct 
notions as to the comparative numbers of combinations 
which may exist under different circumstances. The 
doctrine of combinations is that ps-rt of mathematical 
science which applies numerical calculation to determine 
the numbers of combinations under various .jonditions. 
It is a part of the science which really lies at the base not 

nly of other sciencdC but of other branches of mathe- 

# 

1 Montdcla, Histoire, &c., vol. iii. p. 388,* 

8 Wallis, Of CombinationSf &c., p. 119, 
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matics. The forms of algebraical expressions are deter- 
mined by the principles of combination, and Hindenburg 
recognised this fact in his Combinatorial Analysis. The 
greatest mathematicians have, during the last three cen- 
turies, given their best powers to the treatment of this 
subject ; it was the favourite study of Pascal ; it early 
attracted the attention of Leibnitz, wlio wrote his curious 
essay, De Arte Combinaioria, at twenty years of age ; James 
Bernoulli, one of the very profoundest mathematicians, 
devoted no small part of his life to the investigation of the 
subject, as connected with that of Probability ; and in his 
celebrated work, Be, Arte Conjectandi, he has so finely 
described the importance of the doctrine of combinations, 
that I need offer no excuse for quoting his remarks at full 
length. 

It is easy to perceive that the prodigious variety which 
appefirs both in the works of nature and in the actions of 
men, and which constitutes the greatest part of the beauty 
of the universe, is owing to the multitude of different ways 
in which its several parts are mixed with, or placed near, 
each other. But, because the number of causes that concur 
in producing a given event, or effect, is oftentimes so im- 
mensely great, and the causes themselves are so different 
one from another, that it is extremely difficult to reckon up 
all the different ways in wliich they may ]}e arranged or 
Combined together, it often hapj^ens that men, even of tlie 
best understandings and greatest circuiaspection, are guilty 
of that fault in reasoning which the writers on logic call 
the insiifficieiit or imperfect enumeration of parts or cases : 
insomuch that I will venture to assert, that this is the 
chief, and almost the oidy, source of the vast number of 
erroneous opinions, and those too very often in matters 
of great importance, which we are apt to form on all the 
subjects we reflect upon, whether they relate to the know- 
ledge of nature, or the merits and motives of human 
actions. " 

It must therefore be acknowledged, that that art which 
affords a* cure to this weakness, or defect, of our under- 
standings, and teaches us so to eni^fterate all the possible 
ways in which a given number of things may be mixed 
and combirfed together, that we may bc certain tliat we 
have not omitted any one arrangement of them that can 
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lead to the object of our inquiry, deservea to be considered 
as most eminently useful and worthy of our highest esteem 
and attention. And this is the business of the art or 
doctrine of comlinations. Nor is this art or doctrine to be 
considered merely as a branch of the mathematical sciences. 
For it has a relation to almost every species of useful know- 
ledge that the mind of man can be employed upon. It 
proceeds indeed upon mathematical principles, in calculat- 
ing the numl^er of the combinations of the tilings proposed ; 
but by the conclusions that are obtained by it, the sagacity 
of the natural philosopher, the exactness of the historian, 
the skill and judgment of the physician, and the prudence 
and foresight of the politician may be assisted ; because 
• the business of all these important professions is but to 
form reasonable conjectures concerning the several objects 
which engage their attention, and all wise conjectures are 
the results of a just and careful examination of the several 
different effects that may possibly arise from the causes 
that are capable of producing them.” ^ 

Distinction of Combinations and Permutations, 

We must first consider the deep difference which exists 
between Combinations and Permutatioi^, a difference in- 
volving important logical principles, and influencing the 
form of mathematical expressions. In permutation we re- 
cognise varieties of order, treating AB as a different group 
from BA. In combination we take notice only of •the 
presence or absence of a certain thing, and pay no regard 
to its place in order of time or space. Thus the "four 
letters a, c, m, n can form but one combination, but they 
occur in language in several permutations, as name, amen, 
mean, mane. 

We have hitherto been dealing with purely logical ques- 
tions, involving only combination of qualities. I have 
fully pointed out in more than one place that, though our 
symbols could not but be written ino^er of place and read 
in order of time, the relations expressed had no regard to 
place or time (pp. 33, 114). The Law of Commutativeness, 
in fact, expresses the condition that in logic we deal with 

^ James Bernoulli,^ De Arte Conjectandi, translated by Baron 
Ma,seres. London, 1*795, PP- 35 , 3^. 
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combinations, and the same law is true of all the processes 
of algebra. In some cases, order may be a matter of 
indifference; it makes no difference, for instance, whether 
gunpowder is a mixture of sulphur, carbon, and nitre, or 
carbon, nitre, and sulphur, or nitre, sulphur, and carbon, 
provided that the substances are present in proper propor- 
lions and well mixed. But this indifference of order does 
not usually extend to the events of pliysical science or the 
operations of art. The change of mechanical energy into 
heat is not exactly the same as the change from heat into 
mechanical energy ; thunder does not indifferently precede 
and follow lightning ; it is a matter of some importance 
that we load, cap, present, and fire a rifle in this precise 
order. Time is the condition of all our thoughts, space of 
all our actions, and therefore both in art and science we 
are to a great extent concerned with permutations. 
Language, for instance, treats different permutations of 
letters as having different meanings. 

Permutations of things are far more numerous than 
combinations of those things, for the obvious reason that 
each distinct thing is regarded differently according to 
its place. Thus the letters A, B, C, will make different 
permutations according as A stands first, second, or third ; 
having decided^ the place of A, there are two places 
between which we may choose for B ; and then there 
remains but one place for C. Accordingly the permuta- 
'tions of these letters will be altogetlier 3x2x1 or 6 in 
number. With four things or letters. A, B, C, D, we 
shall have four choices of place for the first letter, three 
for the second, two for the third, and one for the fourth, 
so that there will be altogether, 4 x 3 x 2 x i, or 24 
permutations. The same simple rule applies in all cases ; 
beginning with the whole number of things we multiply 
at eacli step by a number decreased by a unit. In general 
language, if n be the number of things in a combination, 
the number of permutations is 

^ - i> (71 - 2) 4 . 3 . 2 . I. 

If we were to re-arrange the names of the days of 
the weekj the possible arrangements out of which we 
should have to choose the new ^];;jjer, would be no less 
than 7 . 6 . S . 4 . 3 , 2 . I, or 5040, or, excluding tlie 
existing order, 5039. 
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The reader will see that the numbers which we reach in 
questions of permutation, increase in a more extraordinary 
manner even than in combination. Each new object or 
term doubles the number of combinations, but increases 
the permutations by a factor continually growing. Instead 

of 2 X 2 X 2 X 2 X we have 2X3X4X5X 

and the products of the latter expression immensely 

exceed those of the former. These products of increasing 
factors are frequently employed, as we shall see, in ques- 
tions both of permutation and combination. They are 
technically called factorials, that is to say, the product of 
all integer numbers, from unity up to any numl:»r n is the 
factorial of n, and is often indicated symbolically by [n. 
I give below the factorials up to that of twelve : — 

24 = I . 2 . 3 . 4 
120 I . 2 . . . . S ^ 

720 = I . 2 .... 6 
5,040 = \ 7 
40,320 = [8 
^62,SSo = [9 
3,628,800 [jp 
39,916,800 = [II 
479.001,600 = [12 

The factorials up to are given in RtVs’s ‘ Cyclopaedia, 
art. Cipher, and the logarithms of factorials up to ^265 
are to be found at the end of the table of logarithms 
published under the superintendence of the St)ciety.for 
the Diffusion of Useful Knowledge (p. 215). To express 
the factorial [265 would require, 529 places of figures. 

Many writers have from time to time remarked upon 
the extraordinary magnitude of the numbers with which 
we deal in this subject. Tacquet calculated^ that the 
twenty-four letters of the alphabet may be arranged in 
more than 620 thousand trillions of orders ; and Schott 
estimated ^ that if a thousand millions of men were em- 
ployed for the same number of yeais^in writing out these 
arrangements, and each man filled each day forty pages 
with forty arrangements in each, they would #not have 
accomplished the task, as they would have wi itten only 
584 thousand trillions instead of 620 thousand trillions. 

^ AriihmeticcB Theoria, Ed, Ainsterd. 1704. p ^17. 

* item’s Cyclopaedia^ art. Cipher, 
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In some questions the number of permutations may be 
restricted and reduced by variohs conditions. Some 
things in a group may be undistinguishable from others, 
so that change of order will produce no difference. Thus 
if we were to permutate the letters of the name Ann^ 
according to our previous rule, we should obtain 3x2x1, 
or 6 orders ; but half of these arrangements would be 
identical with tlie otlier half, because the interchange of 
the two has no effect. The really different orders will 

therefore be - ’ ^ * — or 3, namely Ann, Nan; Nna, In 

the word utility there are two ^’s and two ^’s, in respect 
of both 0I* which pairs the numbers of permutations must 

be halved. Thus we obtain -- ^ - or 1260, as 

the number of permutations. The simple rule evidently 
is — W’hen sotne things or letters are undistinguished, 
proceed in the first place to calculate all the possible 
permutations as if all were different, and then divide by 
the numbers of possible permutations of those series of 
things which are not distinguished, and of which the 
permutations have therefore been counted in excess. 
Thus since the word Utilitarianism contains fourteen 


letters, of which four are ^^s, two a’s, and two ^'s, the 
number of distinct arrangements will be found by 
dividing the factorial of 14, by the factorials of 4, 2, 
4ind 2, the result being 908,107,200. From the letters 


of* the word Mississijpj)i we can get in like manner 

i - w ^ 34^^50 permutations, which is not the one- 

(4 X [4. X 


thousandth part of what we should obtain were all the 


letters different. 


Calculation of Number of Combinations, 

Although in many questions both ot art and science 
we need to calculate the number of permutations on 
account ^f their own interest, it far more frequently 
happens in scientific subjects that they possess but an 
indirect interest. As I have ail*eady pointed out, we 
almost always deal in the logical ^ and mathematical 
^ith con^binaiions^ and variety of order eiit^r^ 
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only through the inherent imperfections of our symbols 
and modes of calculation. Signs must be used in some 
order, and we must withdraw our attention from this order 
before the signs correctly represent the relations of things 
which exist neither before nor after each other. Now, it 
often happens that we cannot choose all the combinations 
of things, without first choosing them subject to the 
accidental variety of order, and we must then divide by 
the number of possible variations of order, that we may 
get to the true number of pure combinations. 

Suppose that we wish to determine the number of ways 
in which we can select a group of three letters < 5 ut of the 
alphabet, without allowing the same letter to be repeated. 
At the first choice we can take any one of 26 letters ; at 
the next step there remain 25 letters, any one of which 
may be joined with that already taken; at the third step 
there will be 24 choices, so that apparently the whole 
number of ways of choosing is 26 x 25 x 24. But the 
fact that one choice succeeded another has caused us to 
obtain the same combinations of letters in different orders ; 
we should get, for instance, a, r at one time, and j?, r, a at 
another, and every three distinct letters will appear six 
times over, because three things can be arranged in six 
permutations. To get the number of combinations, then, 
we must divide the whole number of ways of choosing, 
by six, the number of permutations of three things, 

obtaining 2,600. 

^1X2x3 

It is apparent that we need the doctrine of combina- 
tions in order that we may in many questions counteract 
the exaggerating effect of successive selection. If out of 
a senate of 30 persons we have to choose a committee of 5, 
we may choose any of 30 first, any of 29 next, and so on, 
in fact there will be 30 x 29 x 28 x 27 x 26 selections ; 
but as the actual character of the members of the committee 
will not be affected by the accidental^ order of their selec- 
tion, we divide byi X2X3X4X5, and the possible 
number of different committees will be 142,506. ^Similarly 
if we want to calculate the number of ways in which the 
eight major planets may come into conjunction, it is evi- 
dent that they may meet either two at a time ^or three at 
a time, or four or more at a time, and as nothing is said as to 
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the relative order or place in the conjunction, we require 
the number of combinations. Now a selection of 2 out of 8 


o pj 

is possible in or 28 ways ; of 3 out of 8 in ^ ^ ^ 

or $6 ways ; of 4 ont of 8 in ^ ^ or 70 ways ; and it 

may be similarly sliown that for 5, 6, 7, and 8 planets, 
meeting at one time, the numbers of ways are 56, 28, 8, 
and I. Thus we have solved the whole question of the 
variety of conjunctions of eight planets ; and adding all the 
numbers together, we find that 247 is the utmost possible 
number oj^modes of meeting. 

In general algebraic language, we may say that a group 
of m things may be chosen out of a total number of n 
tilings, in a number of combinations denoted by the 
formula ^ 

n . (n — i) (n — 2) (w — 3) .... (n—m -|- i) 


8.7.6 


, I . 2 . 3 . 4 m 

The extreme importance and significance of this formula 
seems to liave been first adequately recognised by Pascal, 
although its discovery is attributed by him to a friend, M. 
de Ganimes.^ We shall find it perpetually recurring in 
questions both of combinations and probability, and 
throughout the {ormulie of mathematical analysis traces 
of its influence may be noticed. 


The Arithmetical Triangle, 

The Arithmetical Triangle is a name long since given to 
a series of remarkable numbers connected with the subject 
we are treating. According to Montucla * this triangle is 
in the tlieory of combinations and changes of order, almost 
what the table of Pythagoras is in ordinary arithmetic, that 
is to say, it places at once under the eyes the numbers re- 
quired in a multitude of cases of this theory.” As early 
as 1544 Stifels had noticed the remarkable properties of 
these numbers and the mode of their evolution. Briggs, 
the investor of the common system of logarithms, was so 
struck wiSi their importance that he called them the 

^ CEuvres Completes de Pascal (i865),(^L iii. p. 302. Montucla 
states the name as De Grui^jres, Histoire des Mammatiques, voL iil 
p. 389. c. 

^ Histoire des Matheniatiques, voL iii. p. 378. 
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Abacus Panclirestus. .Pascal, however, was the first wlio 
wrote a distinct treatise on these numbers, and gave them 
the name by which they are still known. But Pascal did 
not by any means exhaust the subject, and it remained for 
James Bernoulli to demonstrate fully the importance of 
the figurate numbers, as they aVe also called. In his 
treatise Be Arte Conjectandi, he points out their applica- 
tion in the theory of combinations and probabilities, and 
remarks of the Arithmetical Triangle, It not only con- 
tains the clue to the mysterious doctrine of combinations, 
but it is also the ground or foundation of most of the im- 
portant and abstruse discoveries that have been^niade in 
the other branches of the mathematics.” ^ 

The numbers of the triangle can be calculated in a 
very easy manner by successive additions. We commence 
with unity at the apex ; in the next line we place a second 
unit to the right of this ; to obtain the third line of figures 
we move the previous line one place to the right, and add 
them to the same figures as they were before removal ; we 
can then repeat the same process ad ivjinilum. The 
fourth line of figures, for instance, contains i, 3, 3, i ; 
moving them one place and adding as directed we obtain : — 

Fourth line . . . i 3 3 f 

I _3 3 _ I 

Fifth line .... 1 4 6 4 i 

14641 
Sixth line . . . . i 5 10 10 5 i 

Carrying out this simple process through ten more steps 
we obtain the first seventeen lines of the Arithmetical 
Triangle as printed on the next page. Theoretically 
speaking the Triangle must be regarded as infinite in 
extent, but the numbers increase so rapidly that it soon 
becomes impracticable to continue the table. The longest 
table of the numbers which I have found is in Fortia’s 
“ Trait6 des Progressions ” (p. 80), whSre they are given up 
to the fortieth line and the ninth column. 

^ Bernoulli, De Arte Guujectandiy translated by Francis Masercs. 
London, 1795, p. 75. 
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Examining these numbers, we find that they are con- 
nected by an inilimited series of relations, a few of the 
more simple of which may be noticed. Each vertical 
column of numbers exactly corresponds with an oblique 
series descending from left to right, so that the triangle is 
perfectly symmetrical in its contents. The first column 
contains only units ; tlie second column contains the 
natural numbers, i, 2, 3, &c. ; the third column contains 
a remarkable series of numbers, i, 3, 6, 10, 15, &c., which 
have long been called the triangular numbers, because they 
correspond with the numbers of balls which may be 
arranged in a triangular form, thus — 

o 

o 00 

o 00 000 

o 00 000 ^ o o o o 

o 00 000 0000 00000 

The fourth column contains the 'pyramulal numbers, so 
called because they correspond to the numbers of equal 
balls which can be piled in regular triangular pyramids. 
Their differences are the triangular numbers. The numbers 
of the fifth column have the pyramidal numbers for their 
differences, but as there is no regular figure of which they 
express the contents, they have been arbitrarily called the 
trianguli-iriangular numbers. The succeeding columns 
have, in a similar manner, been said to contain the 
trianguli-pyramidal, the pyramidi-pyramidal number^ 
and so on.^ 

From the mode of formation of the table, it follows that 
the differences of the numbers in each column will be 
found in the preceding column to the left. Hence the 
second differences, or the differences of differences, will be 
in the second column to the left of any given column, the 
third differences in the third column, and so on. Thus 
we may say that unity wdiich appears in the first column 
is the first difference of the numbers in the second column ; 
the second difference of those in the third column ; the third 
difference of those in the fourth, and so on. The triangle 
is seen to be a complete classification of all numbers 
according as they ha ve -unity for any of their differences. 

Since each line is formed by adding the previous line 

* Wallis’s A Igehra, Discourse of Combinations, &c., p. 1 09. 
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to itself, it is evident that tlie sum of the numbers in each 
horizontal line must be double the sum of the numbers in 
the line next above. Hence we know, without making 
the additions, that tlie successive sums must be i, 2, 4, 
8, 16, 32, 64, &c., the same as the numbers of combinations 
in the Logical Alphabet. Speaking generally, the sum of 
the numbers in the nth line will be 2”“\ 

Again, if the whole of the numbers down to any line be 
added together, we shall obtain a number less by unity 
than some power of 2 ; thus, tlie first line gives l or 
2 ^ — I ; the first two lines give 3 or 2 ^ — i ; the first three 
lines 7 or V — i ; tlie first six lines give 63 or 2® — i ; or, 
speaking in general language, the sum of the first n lines 
is 2" — I. It follows that the sum of the numbers in any 
one line is equal to tlie sum of those in all the preceding 
lines increased by a unit. For the sum of the ?itli line is, 
as already shown, 2“"^ and the sum of the first n — i lines 
is 2 ”"** — I, or less by a unit 

This account of the properties of the figurate numbers 
does not approach completeness ; a considerable, probably 
an unlimited, number of less simple and obvious relations 
might be traced out. Pascal, after giving many of the 
properties, exclaims^: '‘Mais j’en laisse bien plus que je 
n’en donne ; c'est une chose etraiige combien il est fertile 
en proprietes ! Chacun peut s’y exercer.” The arith- 
metical triangle may be considered a natural classification 
of numbers, exhibiting, in the most complete manner, 
their evolution and relations in a certain point of view. 
It is obvious that in an unlimited extension of the 
triangle, each number, with the single exception of the 
number two, has at least two places. 

Though the properties above explained are highly 
curious, the greatest value of the triangle arises from the 
fact that it contains a complete statement of the values of 
the formula (p. 182), for the numbers of combinations of m 
things out of n, for all possible values of m and n. Out 
of seven things one may be chosen in seven ways, and 
seven occuf s in the eighth line of the second column. The 
combinations of two things chosjgn out of seven are 

———or 21, which is the third number in the eighth 

• OSuvres Completes, vol. iii. p. 251, 
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line. The combi natioos of tliree things out of seven are 
“3 — 3S» which appears fourth in the eighth line. 

In a similar manner, in the fifth, sixth, seventh, and eighth 
columns of the eighth line I find it stated in how many 
ways 1 can select comhinations of 4, 5, 6, and 7 things out 
of 7. Proceeding to the ninth line, I find in succession 
the number of ways in which T can select i, 2, 3, 4, 5, 6, 
7, and 8 tilings, out of 8 things. In general language, if 
I wish to know in how many ways m things can be 
selected in combinations out of n things, I must look in 
the w + line, and take the m + numlw, as the 
answer. In how many ways, for instance, can a sub- 
committee of five be chosen out. of a committee of nine. 
The answer is 126, and is the sixth number in the tenth 

line: it will be found equal to ^ - ^ ^ which 

our formula (p. 182) gives. 

Tlie full utility of the tigurate numbers will be more 
apparent when we reach the subject of probabilities, but I 
may give an illustration or two in tliis place. In how 
many ways can we arrange four pennies as regards head 
and tail ? The ([uestion amounts to asking in how many 
ways we can select o, 1,2, 3, or 4 headi'>, out of 4 heads, 
and the fifth line of the triangle gives us tlie complete 
answer, thus — 

We can select No head and 4 tails in i way. 

„ I head and 3 tails in 4’ ways. 

2 heads and 2 tails in 6 ways. 

„ 3 heads and i tail in 4 ways. 

„ 4 heads and o tail in l \vay. 

The total number of different cases is 16, or 2^ and 
when we come to the ne.xt chapter, it will be found that 
these numbers give us the respective probabilities of all 
throws with four pennies. 

I gave in p. 181 a calculation of the number of ways in 
which eight placets can meet in conjunction ; the reader 
will find all the numbers detailed in the ninth ime of the 
arithmetical triangle. The sum of the whole line is 2® or 
256; but we must sublfract a unit for the case where no 
planet appears, and 8 for the' 8 cases in whic]i only one 
planet appears ; so that the total number of conjunctions 
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is 2® “ I — 8 or 247. If an organ . lias eleven stops we 
find in the twelfth line the numbers of ways in which we 
can draw them, I, 2, 3, or more at a time. Thus there are 
462 ways of drawing five stops at once, and as many of 
drawing six stops. The total number of ways of varying 
the sound is 2048, including the single case in which no 
stop at all is drawn. 

One of the most important scientific uses of the arith- 
metical triangle consists in the information which it gives 
concerning the comparative frequency of divergencies 
from an average. Suppose, for the sake of argument, that 
all person^ were naturally of the equal stature of five feet, 
but enjoyed during youth seven independent chances of 
growing one inch in addition. Of these seven chances, 
one, two, three, or more, may happen favourably to any 
individual ; buf, as it does not matter what the chances 
are, so tliat the incli is gained, the question really turns 
upon*the number of combinations of o, 1,2, 3, &c., things 
out of seven. Hence the eiglitli line of tlie triangle gives 
us a complete answer to the question, as follows: — 

Out of every 128 people — 

Feet Inches. 


One person would have the stature of 
7 persons „ „ 


21 


0 

1 

2 

3 

4 

5 

6 

7 

answer may 
This theory 


persons „ „ 

35 persons 
35 persons 

21 persons „ „ 

7 persons „ „ 

I person „ „ 

By taking a proper line of the triangle, an 
be had under any more natural supposition, 
of comparative frequency of divergence from an average, 
was first adequately noticed by Quetelet, and has lately 
been employed in a very interesting and bold manner 
by Mr. Francis Galton,^ in his remarkable work on 
Hereditary Genius.^ We shall afterwards find that the 
theory of grror, to which is made the ultimate appeal in 
cases of quantitative investigation, is founded upon the 

^ See also Galton^s Lecture at the Royarinstitution, 27th February, 
1874 ; Catalogue of the Special Loan Collectioa of Scientific Instru- 
ments, South* Kensington, Nos. 48, 49 ; and Oalton, Fhilosophical 
Magazine^ January 1875. 
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comparative iiuinbers of combinations as displayed in the 
triangle. 


Connection between the Arithmetical Triangle and the 
Logical Alphabet 

There exists a close connection between the arithmetical 
triangle described in the last section, and the series of 
combinations of letters called the Logical Alphabet. The 
one is to mathematical science what the other is to 
logical science. In fact the fignrate numbers, or those 
exhibited in the triangle, are obtained by summing up the 
logical combinations. Accordingly, just as the total of the 
numbers in each line of the triangle is twice as great as 
that for the preceding line (p. i86), so each column of the 
Alphabet (p. 94) contains twice as many combinations as 
the preceding one. The like correspondence also exists 
between the sums of all the lines of figures down to any 
particular line, and of the combinations down to any 
particular column. 

By examining any column of the Logical Alphabet we 
find that the combinations naturally group themselves 
according to the fi^urate numbers. Take the combinations 
of the letters A, B, C, D ; they consist all the ways in 
which I can choose four, three, two, one, or none of the 
four letters, filling up the vacant spaces with negative 
terms. 

There is one combination, ABCD, in which all ’’the 
positive letters are present ; there are four combinations in 
each of which three positive letters are present; six in 
which two are present ; four in which only one is present ; 
and, finally, there is the single case, ahedt in which all 
positive letters are absent. These numbers, i, 4, 6, 4, i, 
are those of the fifth line of the arithmetical triangle, and 
a like correspondence will be found to exist in each 
column of the Logical Alphabet. 

Numerical abstraction, it has beeif asserted, consists in 
overlooking the kind of difference, and retaining only a 
consciousness of its existence (p. 158). Whife in logic, 
then, we have to deal ^vith each combination as a separate 
kind of thing, in arithmetic we distinguish only the classes 
which depend upon wore or less positive Vernas being 
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present, and the numbers of these classes immediately 
produce the numbers of the arithmetical triangle. 

It may here be pointed out that there are two modes in 
which we can calculate the whole number of combinations 
of certain things. Either we may take the whole number 
at once as shown in the Logical Alphabet, in which case 
the number will be some power of two, or else we may 
calculate successively, by aid of permutations, the number 
of combinations of none, one, two, three things, and so 
on. Hence we arrive at a necessary identity between two 
series of numbers. In the case of four things we shall 
have . 


2 


= I + - + — + 

' I ^ 1.2^ 


4 ■ 3 

I . 2 


3 ^ I . 2 . 3 . 4 


In a general form of expression we shall have 


, n . n . in- 

I H 

I 1 . : 


0^n(u-i)(n.-2) 

1.2.3 * 


the terms being continued until they cease to have any 
value. Thus we arrive at a proof of simple cases of the 
Binomial Tlieorera, of which each column of the Logical 
Alphabet is an exemplification. It may be shown that all 
other mathematical expansions likewise arise out of simple 
processes of coml)ination, but the more complete considera- 
tion of this subjetit must be deferred to another work. 


Possible Variety of Nature and Art, 

We cannot adequately understand the difficulties 
wliich beset us in certain branches of science, unless we 
have some clear idea of the vast numbers of combinations 
or permutations which may be possible under certain con- 
ditions. Thus only can we learn how hopeless it would 
be to attempt to treat nature in detail, and exhaust the 
whole number of events which might arise. It is instruc- 
tive to consider, in the first place, how immensely great 
are the numbers of combinations with which we deal in 
many arts and amusements. 

In dealing a pack of cards, the number of hands, of 
thirteen cards each, which can be* produced is evidently 
52 X 51 X 50 X .. . X 40 divided by .1 x 2 x 3 . . x 13. 
pr 635,013,559,600. Bnt iu whist four bauds arp simul- 
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taneously held, and the number of distinct deals becomes 
so vast that it would i«equire twenty-eight figures to express 
it. If the whole population of the world, say one thousand 
millions of persons, were to deal cards day and night, for 
a hundred million of years, they would not in that time 
have exhausted one hundred-thousandth part of the pos- 
sible deals. Even with the same hands of cards the play 
may be almost infinitely varied, so that the complete 
variety of games at whist which may exist is almost 
incalculably great. It is in the highest degree improbable 
that any one game of whist was ever exactly like another, 
except it were intentionally so. ^ 

The end of novelty in art might well be dreaded, did 
we not find that nature at least has placed no attainable 
limit, and that the deficiency will lie in our inventive 
faculties. It would be a cheerless time indeed when all 
possible varieties of melody were exhausted, but it is 
readily shown that if a peal of twenty-four bells had been 
rung continuously from the so-called beginning of tlie 
world to the present day, no approach could have been 
made to the completion of the possible changes. Nay, 
had every single minute been prolonged to 10,000 years, 
still the ^task would have been unaccomplished.^ As 
regards ordinary melodies, the eight ijotes of a single 
octave give more than 40,000 permutations, and two 
octaves more than a million millions. If we were to take 
into account the semitones, it would become apparent tha^t 
it is impossible to exhaust the variety of music. When 
the late Mr. J. S Mill, in a depressed state of mind, feared 
the approaching exhaustion of musical melodies, he had 
certainly not bestowed sufficient study on the subject of, 
permutations. 

Similar considerations apply to the possible number of 
natural substances, though w^e cannot always give precise 
numerical results. It w^as recommended by Hatchett^ 
that a systematic examination of all alloys of metals 
should be carried out, proceeding from tlie binary ones to 
more complicated ternary or quaternary ones. He can 
hardly have been aware of the extent of hiS proposed 

^ Wallis, Of Combinations^ p. 116, quoting Vossius. 

* l^hilosophical Transc^ctiom (1803), vol. xciii. pj*i93. 
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inquiry. If we operate only upon thirty of the known 
metals, the number of binary alloys would be 435, of 
ternary alloys 4060, of quaternary 27,405, without paying 
regard to the varying proportions of the metals, and only 
regarding the kind of metal. If we varied all the ternary 
alloys by quantities not less than one per cent., the 
number of these alloys would be 11,445,060. An ex- 
haustive investigation of the subject is tlierefore out of 
the question, and unless some laws connecting the pinper- 
ties of the alloy and its components can be discovered, it 
is not apparent how our knowledge of them can ever be 
more than fragmentary. 

The possible variety of definite chemical compounds, 
again, is enormously great. Chemists have already ex- 
amined many thousands of inorganic substances, and a 
still greater number of organic compounds ; ^ they have 
nevertheless made no appreciable impression on the 
number which may exist. Taking tlie iiumber of ele- 
ments at sixty-one, the number of compounds contain- 
ing different selections of four elements each would 
be more than lialf a million (521,855). As the same 
elements often combine in many different proportions 
and some of them, especially carbon, have the power of 
forming an almost endless number of compounds, it 
would hardly be possible to assign any limit to the 
number of chemical compounds which may he formed. 
"There are branches of physical science, therefore, of whicli 
it is unlikely that scientific men, with all tlieir industry, 
can ever obtain a knowledge in any appreciable degree 
approaching to completeness. 

Hifjher Orders of Variety. 

The consideration of the facts already given in this 
chapter will not produce an adequate notion of tlie pos- 
sible variety of existence, unless we consider the com- 
parative numbers oF combinations of different orders. By 
a combination of a higher order, I mean a combination 
of groups, which are themselves groups. The immense 
numbers of compounds of carbon^ hydrogen, and oxygen. 


Hofmann's Introductiqn to GhemiHry^ p. 
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described in organic ^chemistry, are combinations of a 
second order, for the atoms are groups of groups. The 
wave of sound produced by a musical instrument may be 
regarded as a combination of motions ; the body of sound 
proceeding jroin a large orchestra is therefore a complex 
aggregate of sounds, each in itself a complex combination 
oi movements. All literature may be said to be developed 
out of the difference of white paper and black ink. From 
tlie unlimited number of marks which might be chosen wo 
select twenty-six conventional letters. The pronounceable 
combinations of letters are probably some trillions in 
number. Now, as a sentence is a selection of words, the 
possible sentences must be inconceivably more numerous 
than the words of which it may be composed. A book is 
a combination of sentences, and a library is a combination 
of books. A library, therefore, may be regarded as a com- 
bination of the fifth order, and the powers of numerical 
expression would be severely tasked in attempting to 
express the number of distinct libraries which might be 
constructed. The calculation, of course, w^ould not be 
possible, because the union of letters in words, of words 
in sentences, and of sentences in books, is governed by 
conditions so complex as to defy analysis. I wish only to 
point out -hat the infinite variety of literature, existing or 
possible, is all developed out of one fundamental differ- 
ence. Galileo remarked that all truth is contained in the. 
compass of the alphabet. He ought to have said that.it 
is all contained in the difference of ink and paper. 

One consequence of successive combination is that the 
simplest marks wdll suffice to express any information. 
Francis Bacon proposed for secret writing a biliteral 
cipher, which resolves all letters of the alphabet into 
permutations of the two letters a and h. Thus A was 
aaaaa, B aaaab, X bababy and so on.^ In a similar way, 
as Bacon clearly saw, any one difference can be made the 
ground of a code of signals ; we can express, as he says, 
omnia jper omnia. The Morse alphabet uses only a 
succession of long and short marks, and othei^ systems 
of telegraphic language employ right and left strokes 
A single lamp obscured at various intervals, long or 

^ Worhsy edited Shaw, vol. i. pp, 141 — 145, quo^d in Rees’ 

Encyclopw(h'a. art. Cipher. 


O 
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short, may be made to spell out any words, and with 
two lamps, distinguished by colour, position, or any 
other circumstance, we could at once represent Bacon’s 
biliteral alphabet. Babbage ingeniously suggested that 
every lighthouse in the world should be made to spell 
out its own name or number perpetually, by hashes or 
obscurations of various duration and succession. A 
sfystem like that of Babbage is now being applied to 
lighthouses in the United Kingdom by Sir W. Thomson 
and Dr. John Hopkinson. 

Let us calculate the numbers of combinations of dif- 
ferent orders which may arise out of the presence or 
absence of a single mark, say A. In these figures 

iALAJ LALll I iX| r ~"| i 

we have four distinct varieties. Perm them into a group 
of a higher order, and consider in how many ways we 
may* vary that group by omitting one or more of the 
component parts. Now, as there are four parts, and any 
one may be present or absent, the possible varieties will 
be 2 X 2 X 2 X 2, or 1 6 in number. Form these into a new 
whole, and proceed again to create variety by omitting 
any one or more of the sixteen. The number of pos- 
sible changes wtll now be 2.2.2.2.2.2.2.2.2.2.2.2.2.2.2.2, or 
2^*, and we can repeat the process again and again. We 
«are imagining the creation of objects, whose numbers are 
represented by the successive orders of the powers of two. 

At the first step we have 2 ; at the next 2^, or A * 

2 > T ) 

at the third 2^ , or i6, numbers of very moderate amount. 

Let the reader calculate the next term, 2^ , and he will be 
surprised to find it leap up to 65,536. But at the next 
s ep he has to calculate the value of 65, 5 36 tivds multiplied 
together, and it is so great that we could not possibly 
compute it, the mere expression of the result requiring 
^ 9^729 peaces of figures. But go one step more and we 
pass the bounds of all reason. The sixth order of the 
powers 0! two becomes so great, that we could not even 
express the number of figures required in writing it down, 
without using about 19,729 figures fo^* the purpose. The 
successive* ordem of the powers of two have then the 
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following values so far as we can succeed* in describing 


them : — 

First order .... 2 

Second order .... 4 

Third order .... 16 

Fourth order . . . . 65,536 


Fifth order, number expressed by 19,729 figures. 

Sixth order, number expressed by 
ligures, to express the number 
of wliich figures would require 
aljout .... 19,729 figures. 

It may give us some notion of infinity to remember 
that at this sixth step, having long surpassed all bounds 
of intuitive conception, we make no approach to a limit. 
Nay, were we to make a hundred such steps, we should be 
as far away as ever from actual infinity. 

It is well worth observing that our powers of expression 
rapidly overcome the possible multitude of finite objects 
which may exist in any assignable space. Archimedes 
showed long ago, in one of the most remarkable writings 
of antiquity, the Liber de Arence Numero^ that the grains of 
sand in the world could be numbered, or rather, that if 
numbered, the result could readily be expressed in arith- 
metical notation. Let us extend his proh! in, and ascertain 
whether we could express the number of atoms which could 
exist in the visible universe. The most distant stars which 
can now be seen by telescopes — those of the sixteenth' 
magnitude — are supposed to have a distance of about 
3 3, 900, 000, 000, 000, CXK) miles. Sir W. Thomson has 
shown reasons for supposing that there do not exist 
more than from 3 x 10^^ to molecules in a cubic 
centimetre of a solid or liquid substance.^ Assuming 
these data to be true, for the sake of argument, a simple 
calculation enables us to show that the almost inconceivably 
vast sphere of our stellar system if entirely filled with 
solid matter, would not contain more than about 68 x 10^® 
atoms, that is to say, a number requiring for its expression 
92 places of figures. Now, this number would be im- 
mensely less than the fifth order of the powers ot two. 

In the variety of logical relations, which may exist 

0 2 


‘ Nature, vol. i. p. 553 
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between a certain number of logical terms, we also meet 
a case of higher combinations. We have seen (p. 142) that 
with only six terms the number of possible selections of 
combinations is 18,446,744,073709,551,616. Considering 
that it is the most common thing in the world to use an 
argument involving six objects or terms, it may excite 
some surprise that the complete investigation of the 
relations in which six such terms may stand to each 
other, should involve an almost inconceivable number 
of cases. Yet these numbers of possible logical relations 
belong only to the second order of combinations. 



CHAPTER X. 


THE THEORY OF PROBABILITY 

The subject upon wliich we now enter must not be 
regarded as an isolated and curious branch of speculation. 
It is the necessary basis of the judgments v:e make in the 
prosecution of science, or the decisions we come to in the 
conduct of ordinary affairs. As Butler truly said, '' Pro- 
bability is the very guide of life.'' Had the science of 
numbers been studied for no other purpose, it must have 
been developed for the calculation of probabilities. All 
our inferences concerning the future are merely probable, 
and a due appreciation of the degree of probability depends 
upon a comprehension of the principh.s oi. the subject. I 
am convinced that it is impossible to expound the methods 
of induction in a sound manner, without resting them upon 
the theory of probability. Perfect knowledge alone can 
give certainty, and in nature perfect knowledge would be 
infinite knowledge, which is clearly beyond our capacities. 
We have, therefore, to content ourselves with partial 
knowledge — knowledge mingled with ignorance, producing 
doubt. 

A great difficulty in this subject consists in acquiring a 
precise notion of the matter treated. What is it that we 
number, and measure, and calculate in the theory of pro- 
babilities ? Is it belief, or opinion, or doubt, or knowledge, 
or chance, or necessity, or want of art^ Does probability 
exist in the things which are probable, or in the mind which 
regards them as such ? The etymology of the name lends 
us no assistance : for, curiously enough, is ultimately 

the same word as provable, a good instance of, one word 
becoming differentiated to two opposite meanings. 
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Chance cannot be the subject of the theory, because 
there is really no such thing as chance, regarded as pro- 
ducing and governing events. The word chance signifies 
falling, and the notion of falling is continually used as a 
simile to express uncertainty, because we can seldom pre- 
dict how a die, a coin, or a leaf will fall, or when a bullet 
will hit the mark. But everyone sees, after a little 
reflection, that it is in our knowledge the deficiency lies, 
not in the certainty of nature's laws. There is no doubt in 
lightning as to the point it shall strike; in the greatest 
storm there is nothing capricious; not a grain of sand lies 
upon the beach, but infinite knowledge would account for 
its lying there ; and the course of every falling leaf is 
guided by the principles of mechanics which rule the 
motions of the heavenly bodies. 

Chance theii exists not in nature, and cannot coexist 
with knowledge ; it is merely an expression, as Laplace 
remarked, for our ignorance of the causes in action, and 
our consequent inability to predict the result, or to bring 
it about infallibly. In nature the happening of an event 
has been pre-detennined from the first fashioning of the 
universe. Prdbahility belongs wholly to the mind. This is 
proved by the fact that different minds may regard the 
very same event at the same time with widely different 
degrees of probability, A steam-vessel, for instance, is 
missing and some persons believe that she has sunk in 
mid -ocean ; others think differently. In the event itself 
there can be no such uncertainty ; the steam-vessel either 
has sunk or has not sunk, and no subsequent discussion of 
the probable nature of the event can alter the fact. Yet 
the probability of the event will really vary from day to 
day, and from mind to mind, according as the slightest 
information is gained regarding the vessels met at sea, the 
weather prevailing there, the signs of wreck picked up, 
or the previous condition of the vessel. Probability thus 
belongs to our menjal condition, to the light in which we 
regard events, the occurrence or non-occuri’ence of which 
is certain in themselves. Many writers accordingly have 
asserted that probability is concerned with degree or 
quantity of belief. De Morgan says,^ “ By degree of proba- 


* Formed Logic, p. 172 . 
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bility we really mean or ought to mean degree of belief.^’ 
The late Professor Donkin expressed the meaning of 
probability as quantity of belief ; ” but I have never felt 
satisfied with such definitions of probability. The nature 
of helief is not more clear to my mind than the notion 
which it is used to define. But an all-sufficient objection 
is, that the theory does not measure what the helief is, hut 
what it ought to he. Few minds think in close accordance 
with the theory, and there are many cases of evidence in 
which the belief existing is habitually different from what 
it ought to be. Even if the state of belief' in any mind 
could be measured and expressed in figures, the results 
would be worthless. The value of the theory consists in 
correcting and guiding our belief, and rendering our states 
of mind and consequent actions harmonious with our 
knowledge of exterior conditions. 

This objection has been clearly perceived by some of 
those who still used quantity of belief as a definition of 
probability. Thus De Morgan adds — “ Belief is but 
another name for imperfect knowledge.” Donkin has 
well said that the quantity of belief is “ always relative 
to a particular state of knowledge or ignorance; but it 
must be observed that it is absolute in the sense of not 
being relative to any individual m’n. , since, the same 
information being presupposed, all minds ought to dis- 
tribute their belief in the same way.”^ Boole seemed to 
entertain a like view, when he described the theory as 
engaged with “ the equal distribution of ignorance ; ^ 

but we may just as well say that it is engaged with the 
equal distribution of knowledge. 

I prefer to dispense altogether with this obscure word 
belief, and to say that the theory of probability deals with 
quantity of knowledge, an expression of which a precise 
explanation and measure can presently be given. An 
event is only probable when our knowledge of it is 
diluted with ignorance, and exact calculation is needed 
to discriminate how much we do and do not know. The 
theory has been described by some writers as pi^ofessing to 
evolve knowledge out of ignorance ; but as Donkin admirably 
remarked, it is really a method of avoiding the erection 

^ Philosophical Magazine, 4tli Series, vol. i. p. 355. , 

^ Transactions of the Royal Society of Bdinhurgh, vol. xxL part 4. 
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of belief upon ignorance.” It defines rational expectation 
by measuring the comparative amoifnts of knowledge and 
ignorance, and teaches us to regulate our actions with 
regard to future events in a way which will, in tlie long 
run, lead to the least disappointment. It is, as Laplace 
happily said, good sense reduced to calculation. Tliis theory 
appears to me the noblest creation of intellect, and it 
passes my conception how two such men as Auguste Comte 
and J. S. Mill could be found depreciating it and vainly 
questioning its validity. To eulogise the theory ought to 
be as needless as to eulogise reason itself. 

% 

Fundamental Principles of the Theory. 

The calculation of probabilities is really lounded, as T 
conceive, upon the principle of reasoning set forth in ])re- 
ceding chapters*. We must treat equals equally, and what 
we know of one case may be alBrmed of every case 
resembling it in the necessary circumstances. The theory 
consists in putting similar cases on a par, and distributing 
equally among them whatever knowledge we possess. 
Throw a penny into the air, and consider what we know 
with regard to its way of falling. We know that it will 
certainly fall up^n a side, so that either liead or tail will 
be uppermost ; but as to whether it will be head or tail, 
our knowledge is equally divided. Whatever we know 
t^oncerning head, we know also concerning tail, so that we 
have no reason for expecting one more than the other. 
The least predominance of belief to either side would be 
irrational; it would consist in treating unequally things 
of which our knowledge is equal. 

The theory does not require, as some writers have 
erroneously supposed, that we should first ascertain by 
experiment the equal facility of the events we are con- 
sidering, So far as we can examine and measure the 
causes in operation, events are removed out of the sphere 
of probability. The* theory comes into play where ignor- 
ance begins, and the knowledge. we possess requires to be 
distributed over many cases. Nor does the theory show 
that the coin will I'all as often on the one side as the other. 
It is almost impossible that this should happen, because 
some inequclity in the form of the coin, ' or some uniform 
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manner in throwing it np, is almost sure to occasion a 
slight preponderance in one direction. But as we do not 
previouslj^ know in which way a preponderance will exist, 
we have no reason for expecting head more than tail. Our 
state of knowledge will be changed should we throw up 
the coin many times and register the results. Every throw 
gives us some slight information as to the probable 
tendency of the coin, and in subsequent calculations we 
must take this into account. In other cases experience 
might show that we had been entirely mistaken ; we might 
expect that a die would fall as often on each of the six 
sides as on each other side in the long run ; trial might show 
that the die was a loaded one, and falls most often on a 
particular face. The theory would not have misled us : it 
treated correctly the information we had, which is all that 
any theory can do. 

It may be asked, as Mill asks. Why spend so much 
trouble in calculating from imperfect data, when a little 
trouble would enable us to render a conclusion certain by 
actual trial ? Why calculate the probability of a measure- 
ment being correct, when we can try whether it is correct ? 
But I shall fully point out in later parts of tins work that 
in measurement we never can attain perfect coincidence. 
Two Tneasurements of the same base 1. in a survey may 
show a difference of some inches, and there may be no 
means of knowing which is the better result. A third 
measurement would probably agree with neither. To 
select any one of the measurements, would imply that 
we knew it to be Hie most nearly correct one, which we 
do not. In this state of ignorance, the only guide is the 
theory of probability, which proves that in the long run 
the mean of divergent results will come most nearly to 
the truth. In all other scientific operations whatsoever, 
perfect knowledge is impossible, and when we have ex- 
hausted all our instrumental means in the attainment of 
truth, there is a margin of error which can only be safely 
treated by the principles of probabili^\ 

The method which we employ in the theory consists in 
calculating the number of all the cases or events concerning 
which our knowledge is equal. If we have the slightest 
reason for suspecting that one event is more likely to 
occur than another, we should take this knowledge into 
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account. This being done, we must determine the whole 
number of events which are, so far as we know, equally 
likely. Thus, if we have no reason for supposing that a 
penny will fall more often one way than another, there are 
two cases, head and tail, equally likely. But if from trial 
or otherwise we know, or think we know, that of lOO 
throws 5 5 will give tail, then the probability is measureS 
by the ratio of 55 to 100. 

The mathematical formulse of the theory are exactly the 
same as those of the theory of combinations. In this 
latter theory we determine in how many ways events may 
be joined'together, and we now proceed to use this know- 
ledge in calculating the number of ways in which a certain 
event may come about. It is the comparative numbers of 
ways in which events can happen which measure their 
comparative probabilities. If we throw three pennies 
into the air, what is the probability that two of them 
windfall tail uppermost ? This amounts to asking in how 
many possible ways can we select two tails out of three, 
compared with the whole number of ways in which the 
coins can be placed. Now, the fourth line of the Arith- 
metical Triangle (p. 184) gives us the answer. The whole 
number of ways in which we can select or leave three things 
is eight, and the* possible combinations of two things at a 
time is three ; hence the probability of two tails is the 
j’atio of three to eight. From the numbers in tlie triangle 
we. may similarly draw all the following probabilities : — 
One combination gives o tail. Probability 
Three combinations gives i tail Probability j 
Three combinations give 2 tails. Probability 
One combination gives 3 tails. Probabihty J. 

We can apply the same considerations to the imaginary 
causes of the difference of stature, the combinations of 
which were shown in p. 188. There are altogether 128 
ways in which seven causes can be present or absent. 
Now, twenty-one of these combinations give an addition 
of two inches, so that the probability of a person under 
the circumstances being five feet two inches is 1^. The 
probability of five feet three inches is five feet 

one inch of five feet Thus the 

eighth ling of the Arithmetical Trian^gle gives all the 
probabilities arising out of the combinations of seven causes. 
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Rules for the* Calculation of Prohabilities. 

I will now explain as simply as possible the rules 
for calculating probabilities. The principal rule is as 
follows : — 

Calculate the number of events which may happen 
independently of each other, and which, as far as is 
known, are equally probable. Make this number the 
denominator of a fraction, and take for the numerator 
the number of such events as imply or constitute the 
happening of the event, whose probability is required. 

Thus, if the letters of the word Roma be thrbwn down 
casually in a row, what is the probability that they will 
form a significant Latin word ? The possible arrange- 
ments of four letters are 4x3 x 2 x i, or 24 in number 
(p. 178), and if all the arrangements be examined, seven 
of these will be found to have meaning, namely Kcma, 
ra 7 n 0 j oram, 7 no 7 ^a, maro, armo, and amor. Hence the 
probability of a significant result is 

We must distinguish comparative from absolute pro- 
babilities. In drawing a card casually from a pack, there 
is no reason to expect any one card more than any other. 
Now, there are four kings and four queens in a pack, so 
that there are just as many ways of drawing one as the 
other, and the probabilities are equal. But there are 
thirteen diamonds, so that the probability of a king is t^ 
that of a diamond as four to thirteen. Thus the probabili- 
ties of each are proportional to their respective numbers 
of ways of happening. Again, I can draw a king in four 
ways, and not draw one in forty-eight, so that the pro- 
babilities are in this proportion, or, as is commonly said, 
the odds against drawing a king are forty-eight to four. 
The odds are seven to seventeen in favour, or seventeen to 
seven against the letters R,o,m,a, accidentally forming a 
significant word. The odds are five to three against two 
tails appearing in three throws of a^ penny. Conversely, 
when the odds of an event are given, and the probability is 
required, take the odds in favour of the event for numerator^ 
and the sum of the odds for denominator. 

It is obvious that an event is certain when all the com- 
binations of cautSes which can take place produce that 
event. If we represent the probability of such ev^nt 
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according to our rule, it gives the ratio of some number to 
itself, or unity. An event is certain not to happen when 
no possible combination of causes gives the event, and the 
ratio by the same rule becomes that of o to some number. 
Hence it follows that in the theory of probability certainty 
is expressed by i, and impossibility by o ; but no mystical 
meaning should be attached to these symbols, as they 
merely express the fact that all or no possible combinations 
give the event. 

By a compound evenly we mean an event which may be 
decomposed into two or more simpler events. Thus the 
firing of <*a gun may be decomposed into pulling the 
trigger, the fall of the hammer, the explosion of the 
cap, &c. In tliis example the simple events are not 
independent y because if the trigger is pulled, the other 
events will under proper conditions necessarily follow, and 
their probabilities are therefore the same as that of the 
first event. Events are independent when the ha2)pening 
of one does not render the other either more or less 
probable than before. Thus the death of a person is 
neither more nor less probable because the planet Mars 
happens to be visible. When the component events are 
independent, a simple rule can be given for calculating 
the probability cfi the compound event, thus — Midtiply 
together the fractions expressing the prohabiliiies of the 
^dependent component events. 

The probability of throwing tail twice with a penny is 
^ X I, or the probability of throwing it three times 
running is ^ x ^ x or ^ ; a result agreeing with that 
obtained in an apparently different manner (p. 202). In 
fact, when we multiply together the denominators, we 
get the whole number of ways of happening of the com- 
pound event, and when we multiply the numerators, we 
get the number of ways favourable to the required event. 

Probabilities may be added to or subtracted from each 
other under the important condition that the events in 
question are exclusive of each other, so that not more than 
one of them can happen. It might be argued that, since 
the probability of throwing head at the first trial is and 
at the second trial also the probability of throwing it 
in the first two throws is J or certwity. Not only is 
this result evidentlv absurd, but a repetition of the process 
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would lead us to a probability of or of any greater 
number, results whicK could have no meaning whatever. 
The probability we wish to calculate is that of one head in 
two throws, but in our addition we have included the case 
in which two heads appear. The true result is | ^ x ^ 

or or the probability of head at tlie first throw, added to 
the exclusive probability that if it does not come at the 
first, it will come at the second. The greatest difficulties 
of the theory arise from the confusion of exclusive and 
unexclusive alternatives. I may remind the reader that 
the j) 0 ssibility of unexclusive alternatives was a ])oint 
previously discussed (p. 68), and to the reasons then given 
for considering alternation as logically unexclusive, may 
be added the existence of these difficulties in the theory of 
probability. The erroneous result explained above really 
arose from overlooking the fact that the e.vpression head 
first throw or head second throw ” might include the case 
of head at both throws. 

The Logical Alphabet in questions of Prohitlnlity, 

When the probabilities of certain simple events are 
given, and it is required to deduce the probabilities of 
comp'.umd events, the Logical Alphabet^' nay give assist- 
ance, provided that there are no special logical conditions 
so that all the combinations are possible. Thus, if there be 
three events. A, B, C, of which the probabilities are, a, 

7, then the negatives of those events, expressing the absence 
of the events, will have the probabilities i — a, i — /if, 1—7. 
We have only to insert these values for the letters of the 
combinations and multiply, and we obtain the probability 
of each combination. Thus the probability of ABC is 
a/37; ~ t)- 

We can now clearly distinguish between the probabilities 
of exclusive and unexclusive events. Thus, if A and B 
are events which may happen together like rain and high 
tide, or an earthquake and a storm, thfe probability of A or 
B happening is not the sum of their separate probabilities. 
For by the Laws of Thought we develop A -I* B into 
AB -I- A6 aB, and substituting a and )8, the probabili- 
ties of A and B respectively, we obtain a./3 + a.(i — /3) -f 
(l — a).)S or a 4- ^ — a./S. But if events are Aicompoasible 
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or incapable of happening together, like a clear sky and 
rain, or a new moon and a full moon, then the events are 
not really A or B, but A not-B, or B not-A, or in symbols 
AJb -I- aB. Now if we take (jl = probability of Ah and 
V = probability of aB, then we may add simply, and the 
probability of Ah aB is fi + v. 

Let the reader carefully observe that if the combi- 
nation AB cannot exist, the probability of Ah is not the 
product of the probabilities of A and h. When certain 
combinations are logically impossible, it is no longer 
allowable to substitute the probability of each term for 
the term, because the multiplication of probabilities pre- 
supposes the independence of the events. A large part of 
Boole’s Laws of Thought is devoted to an attempt to 
overcome this difficulty and to produce a General Method 
in Probabilities by which from certain logical conditions 
and certain given probabilities it would be possible to 
deduce the probability of any other combinations of 
events under those conditions. Boole pursued his task 
with wonderful ingenuity and power, but after spending 
much study on his work, I am compelled to adopt the 
conclusion that his method is fundamentiilly eiToneous. 
As pointed out by Mr. Wilbraham,^ Boole obtained his 
results by an arbitrary assumption, which is only the most 
probable, and not the only possible assumption. The 
answer obtained is therefore not the real probability, 
""which is usually indeterminate, but only, as it were, the 
most probable probability. Certain problems solved by 
Boole are free from logical conditions and therefore may 
admit of valid answers. These, as I have shown,^ may be 
solved by the combinations of the Logical Alphabet, but 
the rest of the problems do not admit of e determinate 
answer, at least by Boole’s* method. 

Comparison of the Theory with Experience. 

The Laws of Probability rest upon the fundamental prin- 
ciples of reasoning, and cannot be really negatived by any 

* Philosophical Magazine^ 4th Series, vol. vii. p. 465 ; vol. viii. 

p. ?i. 

Memoirs of the Manchester Literary amd jPhilosophical Society^ 
3rd Series, v<sl. iv. p. 347 
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possible experience. It might happen that a person 
should always throw a coin head uppermost, and appear 
incapable of getting tail by chance. The theory would 
not be falsified, because it contemplates the possibility of 
the most extreme runs of luck. Our actual experience 
might be counter to all tliat is probable ; the whole 
co\irse of events might seem to be in complete contra- 
diction to what we should expect, and yet a casual con- 
junction of events might be the real explanation. It is 
just possible that some regular coincidences, which we 
attribute to fixed laws of nature, are due to the accidental 
conjunction of phenomena in the cases to which our 
attention is directed. All that we can learn from finite 
experience is capable, according to the theory of probabili- 
ties, of misleading us, and it is only infinite experience 
that could assure us of any inductive truths. 

At the same time, the probability that any extreme 
runs of luck will occur is so excessively slight, that it 
would be absurd seriously to expect their occurrence. It 
is almost impossible, for instance, that any whist player 
should have played in any two games where the distri- 
bution of the cards was exactly the same, by pure accident 
(p. 191). Such a thing as a person always losing at 
a game of pure chance, is wholly unknowju. Coincidences 
of this kind are not impossible, as I have said, but they 
are so unlikely that the lifetime of any person, or indeed 
the whole duration of history, does not give any appreciable 
probability of their being encountered. Whenever we 
make any extensive series of trials of chance results, as in 
throwing a die or coin, the probability is great that the 
results will agree nearly with the predictions yielded by 
theory. Precise agreement must not be expected, for that, 
as the theory shows, is highly improbable. Several 
attempts have been made to test, in this way, the accord- 
ance of theory and experience. Buffon caused the first 
trial to be made by a young child who threw a coin many 
times in succession, and he obtained *1992 tails to 2048 
heads. A pupil of De Morgan repeated the trial for his 
own satisfaction, and obtained 2044 tails to 2048 heads. In 
both cases the coincidence with theory is as close as could 
be expected, and the details may be found in De Morgan s 
Formal Logic,” p. 185. 
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Quetelet also tested the theory in a rather more coiri- 
plete manner, by placing 20 black and 20 white balls in an 
nrn and drawing a ball out time after time in an indifferent 
manner, each ball being replaced before a new drawing was 
made. He found, as might be expected, that the greater 
the number of drawings made, the more nearly were the 
white and black balls equal in number. At the ter- 
mination of tlie experiment he had registered 2066 white 
and 2030 black balls, the ratio being 102 .^ 

I have made a series of experiments in a third manner, 
which seemed to me even more interesting, and capable 
of more extensive trial. Taking a handful of ten coins, 
usually shillings, I threw them up time after time, and 
registered the numbers of heads which appeai’ed each 
time. Now the probability of obtaining 10, 9, 8, 7, &c., 
heads is proportional to the number of combinations of 
10, 9, 8, 7, &c., things out of 10 things. Consequently 
the results ought to approximate to the numbers in the 
eleventh line of the Arithmetical Triangle. I made 
altogether 2048 throws, in two sets of 1024 throws each, 
and the numbers obtained are given in the following 
table : — 
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The whole number of single throws of coins amounted 
to 10 X 2048, or 20,480 in all, one half of which or 
10,240 should theoretically give head. The total number 

* Letters on the Theory of Probabilities, translated by Downes, 1849, 
PP- 37. ^ 
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of heads obtained was actually 10,353, or 5222 in the 
first series, and 5131 in the second. The coincidence 
with theory is pretty close, but considering the large 
number of throws there is some reason to suspect a 
tendency in favour of heads. 

The special interest of this trial consists in the ex- 
hibition, in a practical form, of the results of Bernoulli’s 
theorem, and the law of error or divergence from the 
mean to be afterwards more fully considered. It illus- 
trates the connection between combinations and permu- 
tations, which is exhibited in the Arithmetical Triangle, 
and which underlies many important theorems of science. 

Frobohlc Deductive Argiiments. 

With the aid of the theory of probabilities, we may 
extend the sphere of deductive argument. Hitherto we 
have treated propositions as certain, and on the hypo- 
thesis of certainty have deduced conclusions equally 
certain. But the information on which we reason in 
ordinary life is seldom or never certain, and almost all 
reasoning is really a question of probability. We ought 
tlierefore to be fully aware of the mode and degree in 
which deductive reasoning is affected bj the theory of 
probability, and many persons may be surprised at the 
results which must be admitted. Some controversial 
writers appear to consider, as De Morgan remarked,^ that 
an inference from several equally probable premises is 
itself as probable as any of them, but the true result is 
very different. If an argument involves many proposi- 
tions, and each of them is uncertain, the conclusion will 
be of very little force. 

The validity of a conclusion may be regarded as a com- 
pound event, depending upon the premises happening 
to be true ; thus, to obtain the probability of the conclusion, 
we must multiply together the fractions expressing the 
probabilities of tlie premises. If the probability is ^ that 
A is B, and also \ that B is C, the conclusion that A is C, 
on the ground of these premises, is ^ x or Similarly if 
there be any number of premises requisite to the establish- 

^ Encyclopaedia Metropolitana, art. Frohahilities^ p; 396 . 

P 
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ment of a conclusion and their probabilities be r, &c., 
the probability of the conclusion .on the ground of these 

premises is^xg'xrx. This product has but a small 

value, unless each of the quantities p^ q, &c., be nearly 
unity. 

But it is particularly to be noticed that the probability 
thus calculated is not the whole probability of the con- 
clusion, but that only which it derives from the premises 
in question. Whately’s ^ remarks on this subject might 
mislead the reader into supposing that the calculation is 
coixipleted by multiplying together the probabilities of the 
premises. But it has been fully explained by De Morgan ^ 
that we must take into account the antecedent probability 
of the conclusion ; A may be C for other reasons besides 
its being B, and as he remarks, ‘‘ It is difficult, if not 
impossible, to produce a chain of argument of which the 
reasoner can rest the result on those arguments only." 
The failure of one argument does not, except under special 
circumstances, disprove the truth of the conclusion it is 
intended to uphold, otherwise there are few truths which 
could survive the ill-considered arguments adduced in their 
favour. As a rope does not necessarily break because one 
or two strands in i fail, so a conclusion may depend upon 
an endless number of considerations besides those imme- 
diately in view. Even when we have no other informa- 
tion we must not consider a statement as devoid of all 
probability. The true expression of complete doubt is a 
ratio of equality between the chances in favour of and 
against it, and this ratio is expressed in the probability 

Now if A and C are wholly unknown things, we have 
no reason to believe that A is C rather than A is not C. 
The antecedent probability is then If we also have the 
probabilities that A is B, ^ and that B is C, J we have no 
right to suppose that the probability of A loeing C is re- 
duced by the argument in its favour. If the conclusion is 
true on its own grounds, the failure of the argument does 
not affect it ; thus its total probability is its antecedent 
probability, added to the probability that this failing, the 
new argument in question establishes it. There is a pro- 

* Elements of I^ogw, Book III. sections 1 1 and i8. 

2 Mncyclopcedia Metropolita'na, art. FrobabiHtieSf p. ^oo. 
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bability ^ that we shall not require the special argument ; 
a probability ^ that we» shall, and a probability J that the 
argument does in that case establish it. Thus the com- 
plete result is ^ ^ X or f. In general language, if a 

be the probability founded on a particular argument, and 
c the antecedent probability of the event, the general result 
is I — (i — a) (i — c), or a 4- c — ac. 

We may put it still more generally in this way : — Let 
a, b, c, &c. be the probabilities of a conclusion grounded 
on various arguments. It is only when all the arguments 
fail that our conclusion proves finally untrue ; the proba- 
bilities of each failing are respectively, i — a, i —h, i — c, 
&c. ; the probability that they will all fail is (i — a)(i — &) 
(l — c)... ; therefore the probability that the conclusion 
will not fail is i - (i — a){i — &)(i - c)... &c. It follows 
that every argument in favour of a conclusion, however 
flimsy and slight, adds probability to it. ^ .When it is 
unknown whether an overdue vessel has foundered or not, 
every slight indication of a lost vessel will add some proba- 
bility to the belief of its loss, and the disproof of any 
particular evidence will not disprove the event. 

We must apply these principles of evidence with great 
care, and observe that in a great proportion of cases the 
adducing of a weak argument does tend to the disproof 
of its conclusion. The assertion may have in itself great 
inherent improbability as being opposed to other evidence 
or to the supposed law of nature, and every reasoner may 
be assumed to be dealing plainly, and putting forward the 
whole force of evidence which he possesses in its favour. 
If he brings but one argument, and its probability a is 
small, then in the formula i - (i- a)(i - e) both a and c 
are small, and the whole expression has but little value. 
The whole efiect of an argument thus turns upon the 
question whether other arguments remain, so that we can 
introduce other factors (i -6), (i - cJ), &c., into the above 
expression. In a court of justice, in a publication having 
an express purpose, and in many other gases, it is doubtless 
light to assume that the whole evidence considered to 
have any value as regards the conclusion asserted, is put 
forward. 

To assign the antecedent probability of any proposition, 
ma^ be a matter diffi^oulty or impossibility^ and one 

P 2 
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with which logic and the theory of probability have little 
concern. From the general body«of science in our posses- 
sion, we must in each case make the best judgment we 
can. But in the absence of all knowledge the probability 
should be considered = for if we make it less than this 
we incline to believe it false rather than true. Tims, before 
we possessed any means of estimating the magnitudes of 
the fixed stars, the statement that Sirius was greater than 
the sun had a probability of exactly | ; it was as likely that 
it would be greater as that it would be smaller ; and so 
of any other star. This was the assumption which Michell 
made in his admirable speculations.^ It might seem, 
indeed! that as every proposition expresses an agreement, 
and the agreements or resemblances between phenomena 
are infinitely fewer than the differences (p. 44), every pro- 
position should in the absence of other information be 
infinitely iifiprobable. But in our logical system every 
term may be indifferently positive or negative, so that we 
express under the same form as many dilierences as agree- 
ments. It is impossible therefore that we should have 
any reason to disbelieve rather than to believe a statement 
about things of which we know nothing. We can hardly 
indeed invent a proposition concerning the truth of which 
we are absoluj^ely ignorant, except when we are entirely 
ignorant of the terms used. If I ask the reader to assign 
the odds that a ‘‘ Platythliptic Coefficient is positive ” he 
will hardly see his way to doing so, unless he regard them 
as even. 

The assumption that complete doubt is properly ex- 
pressed by i has been called in question by Bishop Terrot,^ 
who proposes instead the indefinite symbol and he 
considers that ''the d 'priori probability derived from 
absolute ignorance has no effect upon the force of a 
subsequently admitted probability.’' But if we grant that 
the probability may have any value between o and i, and 
that every separate value is equally likely, then n and 
I — ^ are equallyjikely, and the average is always Or 
we may take p . dp to express the probability that our 

J Philosophical Transactions (1767). Abridg. vol. xii. p. 435. 

^ , Transactions of the Edinburgh Philosophical Society, vol. xxi, 

P* 375- 
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estimate concerning any proposition should lie beween 
p and p + dp. The complete probability of the proposition 
is then the integral taken between the limits i and o, or 
again 


Dijfficidties of the Theory. 

The theory of probability, though undoubtedly true, 
requires very careful application. Not only is it a branch 
of matliematics in which oversights are frequently com- 
mitted, but it is a matter of great difficulty in many cases, 
to be sure that the formula correctly represents the data 
of the problem. These difficulties often arise from the 
logical complexity of the conditions, which might be, 
perhaps, to some extent cleared up by constantly bearing 
in mind tlie system of combinations as developed in the 
Indirect Logical Method. In the study of probabilities, 
mathematicians had unconsciously employed logical pro- 
cesses far in advance of those in possession of logicians, 
and the Indirect Method is but the full statement of these 
processes. 

It is very curious how often the most acute and power- 
ful intc'ilects have gone astray in the calculation of 
probabilities. Seldom was Pascal mistaken, yet he in- 
augurated the science with a mistaken solution.^ Leibnitz 
fell into the extraordinary blunder of thinking that the 
number twelve was as probable a result in the throwing 
of two dice as the number eleven.^ In not a few cases the 
false solution first obtained seems more plausible to the 
present day than the correct one since demonstrated. 
James Bernoulli candidly records tw^o false solutions of a 
problem which he at first thought self-evident ; and he 
adds a warning against the risk of error, especially when 
we attempt to reason on this subject without a rigid 
adherence to methodical rules and symbols. Mcntmort 
was not free from similar mistakes. •D’Alembert con- 
stantly fell into blunders, and could not perceive, lor 
instance, that the probabilities would be the same when 

^ Montucla, Histoire des Mathhnatiques, vol. iii. p. 386. 

* Leibnitz Operas Dutcns^ Edition, vol. vi. part i. p. 217. Tod- 
hunter’s History of the Theory of Probability^ p. 48. To^ the latter 
work I am indebted for many of the statements in the text, 
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coins are thrown successively as when thrown simul- 
taneously. Some men of great reputation, such as 
Ancillon^ Moses Mendelssohn, Garve, Auguste Comte/ 
Poinsot, and J. S. Mill,*^ have so far misapprehended the 
theory, as to question its value or even to dispute its 
validity. The erroneous statements about the theory given 
in the earlier editions of Mill’s System of Logic were par- 
tially withdrawn in the later editions. 

Many persons have a fallacious tendency to believe that 
when a chance event has happened several times together 
in an unusual conjunction, it is less Likely to happen 
again. D’Alembert seriously held that if head was thrown 
three times running with a coin, tail would more probably 
appear at the next trial.^ Bequelin adopted the same 
opinion, and jet there is no reason for it whatever. If 
the event be really casual, what has gone before cannot in 
the, slightest degree influence it. As a matter of fact, the 
more often a casual event takes place the more likely it is 
to happen again; because there is some slight empirical 
evidence of a tendency. The source of the fallacy is to be 
found entirely in the feelings of surprise with which we 
witness an event happening by chance, in a manner which 
seems to proceed from design. 

Misapprehension- may also arise from overlooking the 
difference between permutations and combinations. To 
throw ten heads in succession with a coin is no more 
unlikely than to throw any other particular succession 
of heads and tails, but it is much less likely than five 
heads and five tails without regard to their order, T)e- 
cause there are no less than 252 different particular 
throws which will give this result, when we abstract 
the difference of order. 

Difficulties arise in the application of the theory from 
our habitual disregard of slight probabilities. We are 
obliged practically to accept truths as certain which are 
nearly so, because it ceases to be worth while to calculate 
the difference. NTo punishment could be inflicted if 
absolutely certain evidence of guilt were required, and * as 

* Positive Fhilos^hy, translated by Martiiusjau, vol. ii. p. 120. 

* System if Lo^io^ bk. iii. chap. 18, 5th Ed. vol. ii. p. 61. 

* Montucfa, Histovre, vol iii p. 405 ; Todhunter, p. 263. 
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Locke remarks, “He tbat will not stir till he infallibly 
knows the business he goes about will succeed, will 
have but little else to do but to sit still and perish.’' ^ 
There is not a moment of our lives when we do not lie 
under a slight danger of death, or some most terrible fate. 
There is not a single action of eating, drinking, sitting 
down, or standing up, which has not proved fatal to some 
person. Several philosophers have tried to assign the 
limit of the probabilities which we regard as zero ; Buffoii 
named because it is the probability, practically 

disregarded, that a man of 56 years of age will die the next 
day. Pascal remarked that a man would be esteemed a 
fool for hesitating to accept death when three dice gave 
sixes twenty times running, if his reward in case of a 
different result was to be a crown ; but as the chance of 
death in question is only i -r- 6'“’^, or unity divided by 
a number of 47 places of figures, we may be said to incur 
greater risks every day for less motives. There is far 
greater risk of death, for instance, in a game of cricket or 
a visit to the rink. 

Nothing is more requisite than to distinguish carefully 
between the truth of a theory and the truthful application 
of the theory to actual circumstances. A. ^ a general rule, 
events in nature and art will present a complexity of 
relations exceeding our powers of treatment. The intricate 
action of the mind often intervenes and renders complete 
analysis hopeless. If, for instance, the probability that 
a marksman shall hit the target in a single shot be i in 
10, we might seem to have no difficulty in calculating 
the probability of any sucession of hits ; thus the proba- 
bility of three successive hits Avould be one in a thousand. 
But, in reality, the confidence and experience derived from 
the first successful shot would render a second success 
more probable. The events are not really independent, 
and there would generally be a far greater preponderance 
of runs of apparent luck, than a simple calculation of 
probabilities could account for. In some persons, however, 
a remarkable series of successes will produce a degree of 
excitement rendering continued success almost impossible. 

Attempts to apply the theory of probability to the 

1 Bsio^y concernmg Mvmtm Understanding, bk. iv. cL 14. J 
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results of judicial proceedings have proved of little value, 
simply because the conditions are far too intricate. As 
Laplace said, Tant de passions, d’intdrets divers et de 
circonstances compliquent les questions relatives a ces 
objets, qu’elles sont presque toujours insolubles.” Men 
acting on a j ury, ' or giving evidence before a court, are 
subject to so many complex influences that no mathema- 
tical formulas can b^ framed to express the real conditions. 
Jurymen or even judges on the bench cannot be regarded 
as acting independently, with a definite probability in 
favour of each delivering a correct judgment. Each man 
of the jury is more or less influenced by the opinion of the 
others, and there are subtle effects of character and manner 
and strength of mind which defy analysis. Even in 
physical science we can in comparatively few cases apply 
the theory in a definite manner, because the data required 
are too complicated and difficult to obtain. But such failures 
in no way diminish the truth and beauty of the theory 
itself ; in reality there is no branch of science in which our 
symbols can cope with the complexity of Nature. As 
Donkin said, — 

I do not see on what ground it can be doubted that 
every definite state of belief concerning a proposed hypo- 
thesis, is in itself capable of being represented by a nume- 
rical expression, however difficult or impracticable it may 
^be to ascertain its actual value. It would be very difficult 
to estimate in numbers the vis viva of all the particles of 
a human body at any instant ; but no one doubts that it is 
capable of numerical expression.” ^ 

The difficulty, in short, is merely relative to our know- 
ledge and skill, and is not absolute or inherent in the 
subject. We must distinguish between what is theo^ 
retically conceivable and what is practicable with our 
present mental resources. Provided that our aspirations 
are pointed in a right direction, we must not allow them 
to be damped by the consideration that they pass beyond 
what can now be turned to immediate use. In spite of 
its immense difficulties of application, and the aspersions 
which have been mistakenly cast upon it, the theory of 
probabilities, I repeat, is the noblest, as it will in course 

' PfKlosophical Magazine, 4th Series, vol. i. p. 354. 
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of time prove, perhaps the most fruitful branch of mathe- 
matical science. It is the very guide of life, and hardly 
can we take a step or make a decision of any kind without 
correctly or incorrectly making an estimation of proba- 
bilities. In the next chapter we proceed to consider how 
the whole cogency of inductive reasoning rests upon pro- 
babilities. The truth or untruth of a natural law, when 
carefully investigated, resolves itself into a high or low 
degree of probability, and this is the case whether or not 
we are capable of producing precise numerical data. 



CHAPTER XL 

PHILOSOPHY OF INDUCTIVE INFERENCE. 

We have inquiVed into the nature of perfect induction, 
whereby we pass backwards from certain observed com- 
binations of events, to the logical conditions governing 
such combinations. We have also investigated the grounds 
of that theory of probability, which must be our guide when 
we leave certainty behind, and dilute knowledge with 
ignorance. There is now before us the difficult task of 
endeavouring to decide how, by the aid of that theory, we 
can ascend from the . facts to the laws of nature ; and may 
then with more or less success anticipate tlie future 
eourse of events. All our knowledge of natural objects 
must be ultimately derived from observation, and the 
difficult question arises — How can we ever know anything 
which we have not directly observed through one of our 
senses, the apertures of the mind ? The utility of reason- 
ing is to assure ourselves that, at a determinate time and 
place, or under specified conditions, a certain phenomenon 
will be observed. When we can use our senses and per- 
ceive that the phenomenon does occur, reasoning is super- 
fluous. If the senses cannot be used, because the event 
is in the future, or oqt of reach, how can reasoning take 
their place ? Apparently, at least, we must infer the un- 
known from the known, and the mind must itself create 
an addition to the sum of knowledge. But I hold that it 
is quite impossible to make any real additions to the con- 
tents of our»knowledge, except through Miew impressions 
upon the senses, or upon sonie seat of feeling. I shall 
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attempt to show that inference, whether jnductive or 
deductive, is never more than an unfolding of the contents 
of our experience, and that it always proceeds upon the 
assumption that the future and the unperceived will be 
governed by the same conditions as the past and the 
perceived, an assumption which will often prove to be 
mistaken. 

In inductive as in deductive reasoning the conclusion 
never passes beyond the premises. Eeasoning adds no 
more to the implicit contents of our knowledge, than the 
arrangement of the specimens in a museum adds to the 
number of those specimens. Arrangement adds to our 
knowledge in a certain sense : it allows us to perceive the 
similarities and peculiarities of the specimens, and on the 
assumption that the museum is an adequate representation 
of nature, it enables us to judge of the prevailing forms of 
natural objects. Bacon’s first aphorism holds perfectly 
true, that man knows nothing but what he has observed, 
provided that we include his whole sources of experience, 
and the whole implicit contents of his knowledge. In- 
ference but unfolds the hidden meaning of our observations, 
and the theory of prohahility shows how far we go beyond 
(nir data in assuming that new specimensi>will resemble the 
old ones, or that the future may be regarded as proceeding 
unifoimly with the past. 

Various Classes of Inductive Truths. 

It will be desirable, in the first place, to distinguish 
between the several kinds of truths which we endeavour 
to establish by induction. Although there is a certain 
common and universal element in aU our processes of 
reasoning, yet diversity arises in their application. 
Similarity of condition between the events from which 
we argue, and those to which we argue, must always be 
the ground of inference; but this eimilarity may have 
regard either to time or place, or the simple logical 
combination of events, or to any conceivable junction of 
circumstances involving quality, time, and place. Having 
met with many pieces of substance possessing ductility 
and a bright yellow colour, and having (^’se6vercd, by 
perfect induction, that they all possess a high specific 
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gravity, and a freedom from the corrosive action of acids, 
we are led to expect that every piece of substance, possess- 
ing like ductility and a similar yellow colour, will have an 
equally high specific gravity, and a like freedom from 
corrosion by acids. This is a case of the coexistence of 
qualities ; for the character of the specimens examined 
alters not with time nor place. 

In a second class of cases, time will enter as a prin- 
cipal ground of similaiity. When we hear a clock 
pendulum beat time after time, at equal intervals, and 
with a uniform sound, we confidently expect that the stroke 
will continue to be repeated uniformly. A comet having 
appeared several times at nearly equal intervals, we infer 
that it will probably appear again at the end of another 
like interval. A man who has returned home evening 
after evening forVnany years, and found his house stand- 
ing, m^ay, on like grounds, expect that it will be standing 
the next evening, and on many succeeding evenings. Even 
the continuous existence of an object in an unaltered state, 
or the finding again of that which we have hidden, is but 
a matter of inference depending on experience. 

A still larger and more complex class of cases involves 
the relations of si:^ce, in addition to those of time and 
quality. Having observed that every triangle drawn upon 
the diameter of a circle, with its apex upon the circum- 
feence, apparently contains a right angle, we may 
ascertain that all triangles in similar circumstances will 
contain right angles. This is a case of pure space reason- 
ing, apart from circumstances of time or quality, and it 
seems to be governed by different principles of reasoning. 
I shall endeavour to show, however, that geometrical 
reasoning differs but in degree from that which applies 
to other natural relations. 

The Relation of Cause and Effect. 

In a very large part of the scientific investigations 
which must be considered, we deal with events which 
follow from previous events, or with existences which 
succeed existences. Science, indeed, might arise even were 
material nature a fixed and changeless'^ whole. Endow 
mind with the power to travel about, and compare part 
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with part, and it could certainly draw inferences concern- 
ing the similarity of forms, the coexistence of qualities, ‘ 
or the preponderance of a particular kind of matter in 
a changeless world. A solid universe, in at least approxi- 
mate equilibrium, is not inconceivable, and then the rela- 
tion of cause and effect would evidently be no more than 
the relation of before and after. As nature exists, how- 
ever, it is a progressive existence, ever moving and 
changing as time, the great independent variable, pro- 
ceeds. Hence it arises that we must continually compare 
what is happening now with what happened a moment 
before, and a moment before that moment, <and so on, 
until we reach indefinite periods of past time. A comet 
is seen moving in the sky, or its constituent particles 
illumine the heavens with their tails of fire. We cannot 
explain the present movements of such a body without 
supposing its prior existence, with a ’definite amount 
of energy and a definite direction of motion ; nor can we 
validly suppose that our task is concluded when we find 
that it came wandering to our solar system through the 
unmeasured vastness of surrounding space. Every event 
must have a cause, and that cause again a cause, until 
we are lost in the obscurity of the past, and are driven to 
the belief in one First Cause, by \vhom the course of 
nature was determined. 

Fallacioiis Use of the Term Cause. 

The words Cause and Causation have given rise to infinite 
trouble and obscurity, and have in no sbght degree retarded 
the progress of science. From the time of Aristotle, the 
work of philosophy has been described as the discovery of 
the causes of things, and Francis Bacon adopted the notion 
when he said “ vere scire esse jper causes scireT Even now 
it is not uncommonly supposed that the knowledge of 
causes is something different from other knowledge, and 
consists, as it were, in getting possession of the keys of 
nature. A single word may thus acC as a spell, and throw 
the clearest intellect into confusion, as I have often thought 
that Locke was thrown into confusion when endeavouring 
to find a meaning for the word power} In Mill's System of 

^ Sssay concerning Human Understanding ^ bk. iix chap. xxi. 
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Loffic the term cmise seems to have re-asserted its old 
noxious power. Not only does MiU treat the Laws of 
Causation as almost coextensive with science, but he so 
uses the expression as to imply that when once we pass 
within the circle of causation we deal with certainties. 

The philosophical danger which attaches to the use of 
this word may be thus described. A cause is defined as 
the necessary or invariable antecedent of an event, so 
that when the cause exists the effect will also exist or 
soon follow. If then we know the cause of an event, we 
know what will certainly happen ; and as it is implied 
that science, by a proper experimental method, may attain 
to a knowledge of causes, it follows that experience may 
give us a certain knowledge of future events. But nothing 
is more unquestionable than that finite experience can 
never give us certain knowledge of the future, so that 
either a cause is not an invariable antecedent, or else we 
can never gain certain knowledge of causes. The first 
horn"' of this dilemma is hardly to be accepted. Doubtless 
there is in nature some invariably acting mechanism, such 
that from certain fixed conditions an invariable result 
always emerges. But we, with our finite minds and 
short experience, can never penetrate the mystery of 
those existences which embody the Will of the Creator, 
and evolve it throughout time. We are in the position 
of spectators who witness the productions of a compli- 
-cated machine, but are not allowed to examine its inti- 
mate structure. We learn what does happen and what • 
does appear, but if we ask for the reason, the answer 
would involve an infinite depth of mystery. The simplest 
bit of matter, or the most trivial incident, such as the 
stroke of two billiard balls, offers infinitely more to learn 
than ever the human intellect can fathom. The word 
cause covers just as much untold meaning as any of the 
words 8yl)8tance, matter, thougJd, existence. 


Oonfusion of Two Qimtions. 

The subject is much complicated, too, by the confusion 
of two distinct questions. An event having happened, we 
paay asl? — ^ 
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* (i) Is there any cause for the event ? 

(2) Of what kind is that cause ? 

No one would assert that the mind possesses any 
faculty capable of inferring, prior to experience, that the 
occurrence of a sudden noise with flame and smoke indi- 
cates the combustion of a black powder, formed by the 
mixture of black, white, and yellow powders. The greatest 
upholder of d priori doctrines will allow that the parti- 
cular aspect, shape, size, colour, texture, and other 
qualities of a cause must be gathered through the senses. 

The question whether there is any cause at all for an 
event, is of a totally different kind. If an explosion could 
happen without any prior existing conditions, it must be 
a new creation — a distinct addition to the universe. It 
may be plausibly held that we can imagine neither the 
creation nor annihilation of anything. As regards matter, 
this has long been held true ; as regards force, it is now 
almost universally assumed as an axiom that energy can 
neither come into nor go out of existence without distinct 
acts of Creative Will. That there exists any instinctive 
belief to this effect, indeed, seems doubtful. We And 
Lucretius, a philosopher of the utmost intellectual power 
and cultivation, gravely assuming that his raining atoms 
could turn aside from their straight pa|hs in a self-deter- 
mining manner, and by this spontan^^ous origination of 
energy determine the form of the universe.^ Sir George 
Airy, too, seriously discussed the mathematical conditiour 
under which a perpetual motion, that is, a perpetual 
source of self-created energy, might exist.^ The larger 
part of the philosophic world has long held that in mental 
acts there is free will — in short, self-causation. It is in 
vain to attempt to reconcile this doctrine with that of an 
intuitive belief in causation, as Sir W. Hamilton candidly 
allowed. 

It is obvious, moreover, that to assert the existence 
of a cause for every event cannot do more than remove 
into the indefinite past the inconceiv|ible fact and mystery 
of creation At any given moment matter and energy 

^ De Rerrnn Natura, bk. ii. 11 . 216-293. 

* Cambridge Philosophical Tramactume (1830), vol. iii. pp. 

569-37?. 
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were equal to what they are at present, or they were 
not ; if equal, we may make the same inquiry concerning 
any other moment, however long prior, and we are thus 
obliged to accept one horn of the dilemma — existence 
from infinity, or creation at some moment. This is but 
one of the many cases in which we are compelled to believe 
in one or other of two alternatives, both inconceivable, 
My present purpose, however, is to point out that we must 
not confuse this supremely difficult question with that 
into which inductive science inquires on the foundation of 
facts. By induction we gain no certain knowledge ; but 
by observation, and the inverse use of deductive reasoning, 
we estimate the probability that an event which has 
occurred was preceded by conditions of specified character, 
or that such conditions will be followed by the event. 

Definition of the Term Cause. 

Clear definitions of the word cause have been given by 
several philosophers. Hobbes has said, ‘‘ A cause is the 
sum or aggregate of all such accidents, both in the agents 
and the patients, as concur in the producing of the effect 
propounded ; all which existing together, it cannot be 
understood but Jhat the effect existetlj with them ; or 
that it can possibly exist if any of them be absent.” 
Brown, in his Essay on Causation, gave a nearly corre- 
sponding statement. ‘‘A cause,” he says,^ “may be 
defined to be the object or event which immediately 
precedes any change, and which existing again in similar 
circumstances will be always immediately followed by a 
similar change.” Of the kindred word power, he like- 
wise says : ^ Power is nothing more than that invariable- 
ness of antecedence which is implied in the belief of 
causation.” 

These definitions may be accepted with the qualifica- 
tion that our knowledge of causes in such a sense can be 
probable only. The work of science consists in ascertaining 
the combinations in which phenomena present themselves. 

* Observations on the Nature and Tendency of the Doctrine of 
Ur. Hume, concerning the Relation of Cause and Effect. Second ea. 

(>.44. 2 Ibid. p. 97. 
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Concerning every event we shall have to determine its 
probable conditions, or^the group of antecedents from which 
it probably follows. An antecedent is anything which 
exists prior to an event ; a consequent is anything which 
exists subsequently to an antecedent. It will not usually 
happen that there is any probable connection between an 
antecedent and consequent. Thus nitrogen is an antece- 
dent to the lighting of a common fire ; but it is so hir from 
being a cause of the lighting, that it renders the combustion 
less active. Daylight is an antecedent to all fires lighted 
during the day, but it probably has no appreciable effect 
upon their burning. P>ut in the case of any given event it 
is usually possible to discover a certain number of ante- 
cedents which seem to be always present, and with more 
or less probability we comdude that when they exist the 
event will follow. 

Let it be observed that the utmost latitude is at present 
enjoyed in the use of the term cause. Not only m^y a 
cause be an existent thing endowed with powers, as 
oxygen is the cause of combustion, gunpowder the cause 
of explosion, but tlie very absence or removal of a thing 
may also be a cause. It is quite correct to speak of the 
dryness of the Egyptian atmosphere, or the absence of 
moisture, as being the cause of th^-^ preservation of 
mummies, and other remains of antiquity. The cause of 
a mountain elevation, Ingleborough for instance, is the 
excavation of the surrounding valleys by denudation. It 
is not so usual to speak of the existence of a thing at one 
moment as the cause of its existence at the next, but to 
me it seems the commonest case of causation which can 
occur. The cause of motion of a billiard ball may be the 
stroke of another ball ; and recent philosophy leads us to 
look upon all motions and changes, as but so many mani- 
festations of prior existing energy. In all probability 
there is no creation of energy and no destruction, so that 
as regards both mechanical and molecular changes, the 
cause is really the manifestation of existing energy. In 
the same way I see not why the prior existence of matter 
is not also a cause as regards its subsequent existence. All 
science tends to show us that the existence of the universe 
in a particular state at one moment, is the condition of its 
existence at the next moment, in an apparently different 

Q 
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state. When we analyse the meaning which we can 
attribute to the word cause, it amounts to the existence of 
suitable portions of matter endowed with suitable quan- 
tities of energy. If we may accept Horne Tooke's asser- 
tion, cause has etymologically the meaning of thing 'before. 
Though, indeed, the origin of the word is very -obscure, its 
derivatives, the Italian cosa, and the Prench chose, mean 
simply thing. In the German equivalent ursache, we have 
plainly the original meaning of thing before, the sachc 
denoting ‘‘interesting or important object,'' the English 
sake, and ur being the equivalent of the English ere, 
before. ’We abandon, then, both etymology and philo- 
sophy, when we attribute to the laws of carnation any 
meaning beyond that of the conditions under whicli an 
event may be expected to happen, according to our 
observation of tlie previous course of nature. 

I have no objection to use the words cause and 
causation, provided they are never allowed to lead us to 
imagine that our knowledge of nature can attain to cer- 
tainty. I repeat that if a cause is an invariable and 
necessary condition of an event, we can never know 
certainly whether the cause exists or not. To us, then, a 
cause is not to be distinguished from the group of positive 
or negative conditions which, with more or less probability, 
precede an event. In this sense, there is no particular 
difference between knowledge of causes and our general 
knowledge of the succession of combinations, in which the 
phenomena of nature are presented to us, or found to 
occur in experimental inquiry. 

Distinction of Inductive and Deductive Results. 

We must carefully avoid confusing together inductive 
investigations which terminate in the establishment of 
general laws, and those which seem to lead directly to 
the knowledge of future particular events. That process 
only can be called induction which gives general laws, 
and it is by the subsequent employment of deduction that 
we anticipate particular events. If the observation of a 
number of cases shows that alloys of metals fuse at lower 
temperatures than their constituent metals, I may with 
more or less probability draw a general inference to that 
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effect, and may thence deductively ascertain the proba- 
bility that the next alloy examined will fuse at a lower 
temperature than its constituents. It has been asserted, 
indeed, by Mill,^ and partially admitted by Mr. Fowler,^ 
that we can argue directly from case to case, so that what 
is true of eome alloys will be true of the next. Professor 
Bain has adopted the same view of reasoning. He thinks 
that Mill has extricated us from the dead lock of the 
syllogism and effected a total revolution in logic. He 
holds that reasoning from particulars to particulars is not 
only the usual, the most obvious and the most ready 
method, but that it is the type of reasoning ^^hich best 
discloses the real process.^ Doubtless, this is the usual 
result of our reasoning, regard being had to degrees of 
probability ; but these logicians fail entirely to give any 
explanation of the process by which we get from case 
to case. 

It may be allowed that the knowledge of future par- 
ticular events is the main purpose of our investigations, 
and if there were any process of thought by which we 
could pass directly from event to event without ascending 
into general truths, this method would be sufi&cient, and 
certainly the briefest. It is true, also, that the laws of 
mental association lead the mind alway bo expect the like 
again in apparently like circumstances, and even animals 
of very low intelligence must have some trace of such 
powers of association, serving to guide them more or less 
correctly, in the absence of true reasoning faculties. But 
it is the purpose of logic, according to MiU, to ascertain 
whether inferences have been correctly drawn, rather than 
to discover them.^ Even if we can, then, by habit, 
association, or any rude process of inference, infer the 
future directly from the past, it is the work of logic to 
analyse the conditions on which the correctness of this 
inference depends. Even Mill would admit that such 
analysis involves the consideration of general truths,® and 


^ System of Logic, bk. II. chap. iii. 

^ Inductive Logic, pp. 13, 14. 

® Bain, Deductive Logic^ pp. 208, 209. 

* System of Logic. Introduction, § 4. Fifth ed. pp. 8, 9. 
^ Ibid. bk. II. chap. hi. § 5, pp. 225, &c. 

Q :: 
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in this, as in several other important points, we might 
controvert Mill’s own views by his own statements. It 
seems to me undesirable in a systematic work like this to 
enter into controversy at any length, or to attempt to refute 
the views of other logicians. But I shall feel bound to 
state, in a separate publication, my very deliberate opinion 
that many of MiH’s innovations in logical science, and 
especially his doctrine of reasoning from particulars to 
particulars, are entirely groundless and false. 

The Grounds of Inductive Inference. 

I hold that in all cases of inductive inference we must 
invent hypotheses, until we fall upon some hypothesis 
which yields deductive results in accordance with experi- 
ence. Such ficcordance renders the chosen hypothesis 
more or less probable, and we may then deduce, with some 
degree of likelihood, the nature of our future experience, 
on the assumption that no arbitrary change takes place in 
the conditions of nature. We can only argue from the 
past to the future, on the general principle set forth in this 
work, that what is true of a thing will be true of the like. 
So far then as one object or event differs from another, all 
inference is impossible, particulars as particulars can no 
more make an inference than grains of sand can make a 
rope. We must always rise to something which is general 
or same in the cases, and assuming that sameness to be 
extended to new cases we learn their nature. Hearing a 
clock tick five thousand times without exception or varia- 
tion, we adopt the very probable hypothesis that there is 
some invariabl}'’ acting machine which produces those uni- 
form sounds, and which will, in the absence of change, go 
on producing them. Meeting twenty times with a bright 
yellow ductile substance, and finding it always to be very 
heavy and incorrodible, I infer that there was some natural 
condition which tended in the creation of things to asso- 
ciate these properties together, and I expect to find them 
associated in the next instance. But there always is the 
possibility that some unknown change may take place 
between past and future cases. The clock may run down, 
or be subject to a hundred accidents altering its condition. 
There is n6 reason in the nature of things, so far as known 
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to us, why yellow colour, ductility, high specific gravity, 
and incorrodibility, sfiould always be associated together, 
and in other cases, if not in this, men's expectations 
have been deceived. Our inferences, therefore, always 
retain more or less of a hypothetical character, and are so 
far open to doubt. Only in proportion as our induction 
approximates to the character of perfect induction, does 
it approximate to certainty. The amount of uncertainty 
corresponds to the probability that other objects than 
those examined may exist and falsify our inferences ; the 
amount of probability corresponds to the amount of infor- 
mation yielded by our examination ; and the theory of 
probability will be needed to prevent us from over-esti- 
mating or under- estimating the knowledge we possess. 

Illustrations of the Inductive Process. 

To illustrate the passage from the known to the ap- 
parently unknown, let us suppose that the phenomena 
under investigation consist of numbers, and that the 
following six numbers being exhibited to us, we are 
required to infer the character of the next in the 
series : — 

5, IS, 3S, 45> 65 , 9i>.- 

The question first of all arises, How may we describe this 
series of numbers ? What is uniformly true of them ? 
The reader cannot fail to perceive at the first glance that 
they all end in five, and the problem is, from the proper- 
ties of these six numbers, to infer the properties of the 
next number ending in five. If we test their properties 
by the process of perfect induction, we soon perceive that 
they have another common property, namely that of being 
divisible by five without remainder. May we then assert that 
the next number ending in five is also divisible by five, 
and, if so, upon what grounds ? Or extending the question. 
Is every number ending in five divisible by five ? Does it 
follow that because six numbers ob^y a supposed law, 
therefore 376,685,975 or any other number, however large, 
obeys the law ? 1 answer certainly not The law in ques- 
tion is undoubtedly true ; but its truth is not proved by 
any finite number of examples. All that these six numbers 
can do is to suggest to my mind the possible 'existence ol 
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such a law ; and I then ascertain its truth, by proving 
deductively from the rules of decimal numeration, that any 
number ending in five must be made up of multiples of 
five, and must therefore be itself a multiple. 

To make this more plain, let the reader now examine 
the numbers — 

7. 17. 37. 47. 67, 97. 

They all end in 7 instead of 5, and thougli not at equal 
intervals, the intervals are the same as in the previous 
case. After consideration, the reader will perceive that 
these numbers all agree in being prime numbers, or mul- 
tiples of ilnity only. May we then infer that the next, or 
any other number ending in 7, is a prime number? 
Clearly not, for on trial we find that 27, 57, 117 are not 
primes. Six instances, then, treated empirically, lead us 
to a true and universal law in one case, and mislead us in 
another case. We ought, in fact, to have no confidence in 
any'law until we have treated it deductively, and have 
shown that from the conditions supposed the results ex- 
pected must ensue. No one can show from the principles 
of number, that numbers ending in 7 should be primes. 

From the history of the theory of numbers some good 
examples of false induction can be adduced. Taking the 
following series Of prime numbers, 

41, 43, 47, 53, 61, 71, 83, 97, 113, 131, 151, &c., 
it will be found that they all agree in being values of 
the general expression + a; + 41, putting for re in succes- 
sion the values, o, i, 2, 3, 4, &c. We seem always to 
obtain a prime number, and the induction is apparently 
strong, to the effect that this expression always will 
give primes. Yet a few more trials disprove this false con- 
clusion. Put X = 40, and we obtain 40 x 40 + 40 + 41, 
or 41 X 41. Such a failure could never have happened, 
had we shown any deductive reason why + a; + 41 
should give primes. 

There can be no doubt that what here happens with 
forty instances, might happen with forty thousand or 
forty million instances. An apparent law never once 
failing up to a certain point may then suddenly break 
down, so that inductive reasoning, as it has been described 
by some writers, can give no sure knowledge of what is to 
come. Babbage nointed out in his Ninth Bridgewater 
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Treatise, that a machine could be constructed to give a 
perfectly regular series of numbers through a vast series 
of steps, and yet to break the law of progression suddenly 
at any required point. hTo number of particular cases as 
particulars enables us to pass by inference to any new case. 
It is hardly needful to inquire here what can be inferred 
from an infinite series of facts, because they are never 
practically within our power ; but we may unhesitatingly 
accept the conclusion, that no finite number of instances 
can ever prove a general law, or can give us certain know- 
ledge of even one other instance. 

General mathematical theorems have indeed been dis- 
covered by the observation of particular cases, and may 
again be so discovered. We have Newton’s own state- 
ment, to the effect that he was thus led to the all-impor- 
tant Binomial Theorem, the basis of the whole structure 
of mathematical analysis. Speaking of a certain series of 
terms, expressing the area of a circle or hyperbola, he says : 
“ I reflected that the denominators were in arithmetical 
progression; so that only the numerical co-efficients of 
the numerators remained to be investigated. But these, 
in the alternate areas, were the figures of the powers of 
the number eleven, namely ii®, ii^, ii^, ii^; that is, 
in the first i ; in the second i, i ; in the - third i, 2, i ; in 
the fourth i, 3, 3, i ; in the fifth i, 4, 6, 4, i.^ I inquired, 
therefore, in wliat manner all the remaining figures could 
be found from tlie first two ; and I found that if the first 
figure be called m, all the rest could be found by the 
continual multiplication of the terms of the formula 


I ^ 2 ^ 3 ^ “T ^ 


&C.”* 


It is pretty evident, from this most interesting statement, 
that Newton, having simply observed the succession of the 
numbers, tried various formulae until he found one which 
agreed with them all. He was so little satisfied with this 
process, however, that he verified particular results of his 
new theorem by comparison with the* results of common 


^ These are the figurate numbers considered in pages 183, 187, &c. 
2 Commercium J^istolicum. Epistola ad Olclenhurgum, Oct. 24, 
1676. Horsley’s Works of Newton, vol. iv. p. 541. De Morgan 
in Fenny Cvcloocedia art. “ Binomial Theorem,” p. 41a 
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multiplication, and the rule for the extraction of the 
square root. Newton, in fact, gave no demonstration 
of his theorem ; and the greatest mathematicians of the 
last century, James Bernoulli, Maclaurin, Landen, Euler, 
Lagrange, &c., occupied themselves with discovering a con- 
clusive method of deductive proof. 

There can be no doubt that in geometry also discoveries 
have been suggested by direct observation. Many of the 
now trivial propositions of Euclid’s Elements were pro- 
bably thus discovered, by the ancient Greek geometers ; 
and we have pretty clear evidence of this in the Commen- 
taries of ?roclus.^ Galileo was the first to examine die 
remarkable properties of the cycloid, the curve described by 
a point in the circumference of a wheel rolling on a plane. 
By direct observation he ascertained that the area of tlie 
curve is apparently three times that of the generating circle 
or wheel, but he was unable to prove this exactly, or to 
verify it by strict geometrical reasoning. Sir George Airy 
has recorded a curious case, in which he fell accidentally by 
trial on a new geometrical property of the spliere.^ But 
discovery in such cases means nothing more than sugges- 
tion, and it is always by pure deduction that the getieral 
law is really established. As Proclus puts it, we must 
pass from seme consideration. 




Given, for instance, the scries of figures in the accom- 
panying diagram, measurement will show that the curved 
lines approximnte to semichcles, and the rectilinear figures 
to right-angled triangles. These figures may seem to 
suggest to the mind the general law that angles inscribed 

^ Bk. ii. chap. iv. * 

2 Fuilosophical Transactions (1866), vol. 146, p. 334, 
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in semicircles are right angles ; but no number of instances, 
and no possible accuracy of measurement would really 
establish the truth of that general law. Availing ourselves 
of the suggestion furnished by the figures, we can only 
investigate deductively the consequences which flow from 
the definition of a circle, until we discover among them the 
property of containing right angles. Pei’sons have thought 
that they had discovered a method of trisecting angles by 
plane geometrical construction, because a certain complex 
arrangement of lines and circles had appeared to trisect an 
angle in every case tried by them, and they inferred, by a 
supposed act of induction, that it would succeed in all 
other cases. De Morgan has recorded a proposed mode of 
trisecting the angle which could not be discriminated by 
the senses from a true general solution, except when it was 
applied to very obtuse angles.^ In all such cases, it has 
always turned out either that the angle was not trisected 
at all, or that only certain particular angles could be tiius 
trisected. The trisectors were misled by some apparent or 
special coincidence, and only deductive proof could es- 
tablish the truth and generality of the result. In this par- 
ticular case, deductive proof shows that the problem 
attempted is impossible, and that angles generally cannot 
be trisected by common geometrical metliiids. 

Geometrical Reasoning, 

This view of the matter is strongly supported by the 
further consideration of geometrical reasoning. No skill 
and care could ever enable us to verify absolutely any one 
geometrical proposition. Eousseau, in his Emile, tells us 
that we should teach a child geometry by causing him to 
measure and compare figures by superposition. While a 
child was yet incapable of general reasoning, this would 
doubtless be an instructive exercise ; but it never could 
teach geometry, nor prove the truth of any one proposition. 
All our figures are rude approximations, and they may 
happen to seem unequal when they should be equal, 
and equal when they should be unequal. Moreover 
figures may from chance bo equal in case after case, and 


^ Budget of Paradoxes, p. 257. 
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yet there may be no general reason why they should be 
so. The results of deductive geometrical reasoning are 
absolutely certain, and are either exactly true or capable 
of being carried to any required degree of approximation. 
In a perfect triangle, the angles must be equal to one half- 
revolution precisely ; even an infinitesimal divergence 
would be impossible ; and I believe with equal confidence, 
that however many are the angles of a figure, provided 
there are no re-entrant angles, the sum of the angles will 
be precisely and absolutely equal to twice as many right- 
angles as the figure has sides, less by four right-angles. 
In such biases, the deductive proof is absolute and com- 
plete ; empirical verification can at the most guard against 
accidental oversights. 

There is a second class of geometrical truths which can 
only be proved by approximation ; but, as the mind sees 
no reason why that approximation should not always go 
on,*we arrive at complete conviction. We thus learn that 
the surface of a sphere is equal exactly to two-thirds of 
the whole surface of the circumscribing cylinder, or to four 
times the area of the generating circle. The area of a 
parabola is exactly two- thirds of that of the circumscribing 
parallelogram. The area of the cycloid is exactly three 
times that of th€ generating circle. These are truths that 
we could never ascertain, nor even verify by observatioh , 
for any finite amount of difference, less than what the 
senses can discern, would falsify them. 

There are geometrical relations again which we cannot 
assign exactly, but can carry to any desirable degree of ap- 
proximation. The ratio of the circumference " to the dia- 
meter of a circle is that of 3*14159265358979323846. . . . 
to I, and the approximation may be carried to any ex- 
tent by the expenditure of sufficient labour. Mr. W. 
Shanks has given the value of this natural constant, known 
as TT, to the extent of 707 places of decimals.^ Some years 
since, I amused myself by trying how near I could get to 
this ratio, by the ctireful use of compasses, and I did not 
come nearer than i part in 540. We might imagine mea- 
surements so accurately executed as to give us eight or 
ten places correctly. But the power of the hands and 


* Proce^inga of the Royal Society (1872-3), vol. xxi. p. 3ig. 
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senses must soon stop, whereas the mental powers of de- 
ductive reasoning can proceed to an unlimited degree of ap- 
proximation. Geometrical truths, then, are incapable of 
verification ; and, if so, they cannot even be learnt by 
observation. How can I have learnt by observation a pro- 
position of which I cannot even prove the truth by obser- 
vation, when I am in possession of it ? All that observa- 
tion or empirical trial can do is to suggest propositions, of 
which the truth may afterwards be proved deductively. 

If Viviani’s story is to be believed, Galileo endeavoured 
to satisfy lumself about the area of the cycloid by cutting 
out several large cycloids in pasteboard, and then bompar- 
ing the areas of the curve and the generating circle by 
weighing them. In every trial the curve seemed to be 
rather less than three times the circle, so that Galileo, we 
are told, began to suspect that the ratio wa^ not precisely 
3 to I. It is quite clear, however, that no process of 
weighing or measuring could ever prove truths like these, 
and it remained for Torricelli to show what his master 
Galileo had only guessed at.^ 

Much has been said about the peculiar certainty of 
mathematical reasoning, but it is only certainty of deduc- 
tive reasoning, and equal certainty attaches to all correct 
logical deduction. If a triangle be right-angled, the 
square on the hypothenuse will undoubtedly equal the 
sum of the two squares on the other sides ; but I can 
never be sure that a triangle is right-angled : so I can be 
certain tliat nitric acid will not dissolve gold, provided I 
know that the substances employed really correspond to 
those on which I tried the experiment previously. Here 
is like certainty of inference, and like doubt as to the 
facts. 


Discriminniion of Certainty and Prohahility, 

We can never recur too often to the truth that our 
knowledge of the laws and future events of the external 
world is only probable. The mind its^f is quite capable 
of possessing certain knowledge, and it is well to discri- 
minate carefully between what we can and cannot know 

' Life of Galileo, S^piety for the Diffusion of Useful Knowledge, 
p. 102. 
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with certainty. In the first place, whatever feeling is 
actually present to the mind is certainly known to that 
mind. If I see blue sky, I may be quite sure that I 
do experience the sensation of blueness. Whatever I do 
feel, I do feel beyond all doubt. We are indeed very 
likely to confuse what we really feel with what we are 
inclined to associate with it, or infer inductively from 
it; but the whole of our consciousness, as far as it is 
the result of pure intuition and free from inference, is 
certain knowledge beyond all doubt. 

In the second place, we may have certainty of inference ; 
the fundamental laws of thought, and the rule of substitution 
(p. 9), are certainly true ; and if my senses could inform me 
that A was indistinguishable in colour from B, and B from 
C, then I should be equally certain that A was indistinguish- 
able from C.» In short, whatever truth there is in the 
premises, I can certainly embody in their correct logical 
result. But the certainty generally assumes a hypothetical 
character. I never can be quite sure that two colours 
are exactly alike, that two magnitudes are exactly equal, 
or that two bodies whatsoever are identical even in their 
apparent qualities. Almost all our judgments involve 
quantitative relations, and, as will be shown in succeeding 
chapters, we dim never attain exactness and certainty 
where continuous quantity enters. Judgments concerning 
discontinuous quantity or numbers, however, allow of cer- 
tainty ; I may establish beyond doubt, for instance, that 
the difference of the squares of 17 and 13 is the product 
of 17 + 13 and 17 — 13, and is therefore 30 X 4, or 120. 

Inferences which we draw concerning natural objects 
are never certain except in a hypothetical point of 
view. It might seem to be certain that iron is magnetic, 
or that gold is incapable of solution in nitric acid ; but, 
if we carefully investigate the meanings of these state- 
ments, they will be found to involve no certainty but 
that of consciousness and that of hypothetical inference. 
For what do I nfean by iron or gold? If I choose a 
remarkable piece of yellow substance, call it gold, and 
then immerse it in a liquid which I call nitric acid, and 
find that there is no change called solution, then conscious- 
ness has certainly informed me that, with my meaning of 
the terms, Gold is insoluble in nitric acid.” I may further 
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be certain of something else ; for if this gold and nitric 
acid remain what they were, I may be sure there will be 
no solution on again trying the experiment. If I take other 
portions of gold and nitric acid, and am sure that they really 
are identical in properties with the former portions, I can 
be certain that there will be no solution. But at this point 
my knowledge becomes purely hypothetical ; for how can I 
be sure without trial that the gold and acid are really 
identical in nature with what I formerly called gold and 
nitric acid. How do I know gold when I see it ? If I 
judge by the apparent qualities — colour, ductility, specific 
gravity, &c., I may be misled, because there ma/ always 
exist a substance which to the colour, ductility, specific 
gravity, and other specified qualities, joins others which we 
do not expect. Similarly, if iron is magnetic, as shown by 
an experiment with objects answering to thosje names, then 
all iron is magnetic, meaning all pieces of matter identical 
with my assumed piece. But in trying to identify iron, I 
am always open to mistake. Nor is this liability to mis- 
take a matter of speculation only.^ 

The history of chemistry shows that the most confident 
inferences may have been falsified by the confusion of one 
substance with another. Thus strontia was never discri- 
minated from baryta until Klaproth and'^Haiiy detected 
differences between some of their properties. Accordingly 
chemists must often have inferred concerning strontia 
what wa^ only true of baryta, and vice versd. There is 
now no doubt that the recently discovered substances, 
caesium and rubidium, were long mistaken for potassium.^ 
Other elements have often been confused together — for 
instance, tantalum and niobium ; sulphur and selenium ; 
cerium, lanthanum, and didymium ; yttrium and erbium. 

Even the best known laws of physical science do 
not exclude false inference. Ko law of nature has been 
better established than that of universal gravitation, and 
we believe with the utmost confidence that any body 
capable of affecting the senses will attract other bodies, 
and fall to the earth if not prevented. Euler remarks 

1 Professor Bowen has excellently stated this view. Treatise on 
Logic, Cambridge, U.B.A., 1866, p. 354. 

2 Roscoe^s Spectrum Analysis, ist edit., p. 98. 
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that, although he had never made trial of the stones 
which compose the church of Magdeburg, yet he had 
not the least doubt that all of them were heavy, and 
would fall if unsupported. But he adds, that it would 
be extremely difficult to give any satisfactory explanation 
of this confident belief.^ The fact is, that the belief ought 
not to amount to certainty until the experiment has been 
tried, and in the meantime a slight amount of uncer- 
tainty enters, because we cannot be sure that the stones of 
the Magdeburg Church resemble other stones in all their 
properties. 

In lil?e manner, not one of the inductive truths which 
men have established, or think they have established, is 
really safe from exception or reversal. Lavoisier, when 
laying the foundations of chemistry, met with so many 
instances tending to show the existence of oxygen in 
all acids, that he adopted a general conclusion to that 
effect, and devised the name oxygen accordingly. He 
entertained no appreciable doubt that the acid existing 
in sea salt also contained oxygen yet subsequent ex- 
perience falsified his expectations. This instance refers 
to a science in its infancy, speaking relatively to the 
possible achievements of men. But all sciences are and 
ever will remaih in their infancy, relatively to the extent 
and complexity of the universe which tliey undertake to 
investigate. Euler expresses no more than the truth when 
he says that it would be impossible to fix on any.one thing 
really existing, of which we could have so perfect a know- 
ledge as to put us beyond the reach of mistake.® We may 
be quite certain that a comet will go on moving in a 
similar path if all circumstances remain the same as 
before ; but if we leave out this extensive qualification, 
our predictions will always be subject to the chance of 
falsification by some unexpected event, such as the division 
of Biela's comet or the interference of an unknown gravi- 
tating body. 


• Euler’s Letters to a Germcm Frincm^ translated by Hunter. 
2nd ed., vol. ii. pp. 17, 18. 

2 Lavoisier’s Chemistry^ translated by Kerr. 3rd ed.,. pp. 114, 
121, 123. ^ 

® Euler’s Letters, vol. ii. p. 21. 
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Inductive inference^ might attain to certainty if our 
knowledge of the agents existing throughout the universe 
were complete, and if we were at the same time certain 
that the same Power which created the universe would 
allow it to proceed without arbitrary change. There is 
always a possibility of causes being in existence without 
our knowledge, and these may at any moment produce 
an unexpected effect. Even when by the theory of pro- 
babilities we succeed in forming some notion of the com- 
parative confidence with which we should receive in- 
ductive results, it yet appears to me that we must make 
an assumption. Events come out like balls from lihe vast 
baUot-box of nature, and close observation will enable us 
to form some notion, as we shall see in the next chapter, 
of the contents of that ballot-box. But we must still 
assume that, between the time of an observc^.tion and that 
to which our inferences relate, no change in the ballot-box 
has been made. 



OHAPTEll XII. 


THE INDUCTIVE OR INVEIiSE APPLICATION OF THE 
a'HEORY OF PROBABILITY. 

We have hitherto considered the theory of probability 
only in its simple deductive employment, in which it 
enables us to determine from given conditions the probable 
character of events happening under those conditions. 
But as deductive reasoning when inversely applied con- 
stitutes the process of induction, so the calculation of 
probabilities may be inversely applied ; from the known 
character of certain events we may argue backwards to 
the probability of a certain law or condition governing 
those events. Having satisfactorily accomplished this 
work, we may indeed calculate forwards to the probable 
character of future events happening under the same con- 
ditions ; but this part of the process is a direct use of 
deductive reasoning (p. 226). 

Now it is liighly instructive to find that whether the 
theory of probability be deductively or inductively ap- 
plied, the calculation is always performed according to 
the principles and rules of deduction. The probability 
that an event has a particular condition entirely depends 
upon the probability that if the condition existed the 
event would follow. If we take up a pack of common 
playing cards, and observe that they are arranged in per- 
fect numerical order, we conclude beyond all reasonable 
doubt that they have been thus intentionally arranged 
by some person acquainted with the usual order of 
sequence. ’ This conclusion is quite irresistible, and rightly 
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so ; for there are but two suppositions which we can make 
as to the reason of the cards being in that particular 
order : — 

1. They may have been intentionally arranged by some 
one who would probably prefer the numerical order. 

2. They may have fallen into that order by chance, that 
is, by some series of conditions which, being unknown to 
us, cannot be known to lead by preference to the particular 
order in question. 

The latter supposition is by no means absurd, for any 
one order is as likely as any other when there is no prepon- 
derating tendency. But we can readily calculatG> by the 
doctrine of permutations the probability that fifty-two 
objects would fall by chance into any one particular order. 
Fifty-two objects can be arranged in52x5ix.. X3 
X 2 X I or about 8066 x (10)^^ possible orders, the 
number obtained requiring 68 places of figures for its 
full expression. Hence it is excessively unlikely that 
anyone should ever meet with a pack of cards arranged 
in perfect order by accident. If we do meet with a 
pack so arranged, we inevitably adopt the other supposi- 
tion, that some person, having reasons for preferring that 
special order, has thus put them together’ 

\Ye know that of the immense number of possible 
orders the numerical order is the most remarkable ; it is 
useful as proving the perfect constitution of the pack, and 
it is the intentional result of certain games. At any rate, 
the probability that intention should produce that order is 
incomparably greater than the probability that chance 
should produce it ; and as a certain pack exists in that 
order, we rightly prefer the supposition which most pro- 
bably leads to the observed result. 

By a similar mode of reasoning we every day arrive, 
and validly arrive, at conclusions approximating to cer- 
tainty. Whenever we observe a perfect resemblance 
between two objects, as, for instance, two printed pages, 
two engravings, two coins, two foot-prints, we are war- 
ranted in asserting that they proceed from the same type, 
the same plate, the same pair of dies, or the same boot. 
And why ? Because it is almost impossible that with 
different types, plates, dies, or boots some apparent dis- 
tinction of form should not be produced. It is impossible 

R 
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for the hand of the most skilful artist to make two objects 
alike, so that mechanical repetition is the only probable 
explanation of exact similarity. 

We can often establish with extreme probability that 
one document is copied from another. Suppose that each 
document contains 10,000 words, and that the same word 
is incorrectly spelt in each. There is then a probability of 
less than i in 10,000 that the same mistake should be 
made in each. If we meet with a second error occurring 
in each document, the probability is less than i in 10,000 
X 9999, that two such coincidences should occur by chance, 
and the numbers grow with extreme rapidity for more 
numerous coincidences. We cannot make any precise 
calculations without taking into account the character of 
the errors committed, concerning the conditions of which 
we have no accurate means of estimating probabilities. 
Nevertheless, abundant evidence may thus be obtained 
as to the derivation of documents from each other. In 
the examination of many sets of logarithmic tables, six 
remarkable errors were found to be present in aU but 
two, and it was proved that tables printed at Paris, Berlin, 
Florence, Avignon, and even in China, besides thirteen 
sets printed in England between the years 1633 and 1822, 
were derived directly or indirectly from some common 
source.^ With a certain amount of labour, it is possible 
to establish beyond reasonable doubt the relationship or 
genealogy of any number of copies of one document, pro- 
ceeding possibly from parent copies now lost. The rela- 
tions between the manuscripts of the New Testament have 
been elaborately investigated in this manner, and the same 
work has been performed for many classical writings, 
especially by German scholars. 

Princi'ple of the Inverse Method, 

The inverse application of the rules of probability 
entirely depends upon a proposition which may be thus 
stated, nearly in the words of Laplace.^ If an event can 


1 Lardner, Edinburgh Review, July 1834, p. 277. 

qvoted by Todhunter in 


* Mdmoires par divers Savans, tom. vi. ; qvot 
his Historyof the Theory of Probability, p. 458. 
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6e produced ly any one of a certain number of different 
causes, all equally probable d priori, the probabilities of the 
existence of these causes as inferred from the event, are pro- 
portional to the probabilities of the event derived from these 
causes. In other words, the most probable cause of an 
event which has happened is that which would most pro- 
bably lead to the event supposing the cause to exist; but 
all other possible causes are also to be taken into account 
with probabilities proportional to the probability that the 
event would happen if the cause existed. Suppose, to fix 
our ideas clearly, that E is the event, and Cj Cg are the 
three only conceivable causes. If C exist, the probability 
is p^ that E would follow ; if Cg or Cg exist, the like pro- 
babilities are respectively p^ and p^ Then as p^ is to p^, 
so is the probabiUty of Cj being the actual cause to the 
probability of Cg being it ; and, similarly, as pg is to pg, so 
is the probability of Cg being the actual cause to the 
probability of Cg being it. By a simple mathematical pro- 
cess we arrive at the conclusion that the actual probability 
of Cj being the cause is 

Vi . 

Pi + P2 + Pa ’ 

and the similar probabilities of the e istence of Cg and 
Cg are, 

, and — 

Pi + P2 + Pa Pi + P2 + Pj 

The sum of these three fractions amounts to unity, which 
correctly expresses the certainty that one cause or other 
must be in operation. 

We may thus state the result in general language. 
If it is certain that one or other of the supposed causes 
exists, the probability that any one does exist is the proba- 
bility that if it exists the event happens, divided by the sum 
of all the similar probabilitiesl There may seem to be an 
intricacy in this subject which may prove distasteful to 
some readers; but this intricacy is essential to the subject 
in hand. No one can possibly understand the principles 
of inductive reasoning, unless he will take the trouble to 
master the meaning of this rule, by which we recede from 
an. event to the probability of each of its possible causes. 

This rule or principle of the indirect method is that 
which common sense leads us to adopt almost instinctively, 
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before we have any comprehension of the principle in its 
gener&.l form. It is easy to see, too, that it is the rule 
which will, out of a great multitude of cases, lead us most 
often to the truth, since the most probable cause of an 
event really means that cause which in the greatest 
number of cases produces the event. Donkin and Boole 
have given demonstrations of this principle, but the one 
most easy to comprehend is that of Poisson. He imagines 
each possible cause of an event to be represented by a 
distinct ballot-box, containing black and white balls, in 
such a ratio that the probability of a white ball being 
drawn is' equal to that of the event happening. He further 
supposes that each box, as is possible, contains the same 
total number of balls, black and white ; then, mixing all 
the contents of the boxes together, he shows that if a 
white ball be drawn from the aggregate ballot-box thus 
formed, the probability that it proceeded from any par- 
ticular ballot-box is represented by the number of white 
balls in that particular box, divided by the total number 
of white balls in all the boxes. This result corresponds to 
that given by the principle in question.^ 

Thus, if there be three boxes, each containing ten balls 
in all, and respectively containing seven, four, and three 
white balls, theil on mixing all the balls together we have 
fourteen white ones ; and if we draw a white ball, that is 
if the event happens, the probability that it came out of 

7 

the first box is ^ ; which is exactly equal to — — 3 

the fraction given by the rule of the Inverse Method. 

Simple Applications of the Inverse Method. 

In many cases of scientific induction we may apply the 
principle of the inverse method in a simple manner. If 
only two, or at the most a few hypotheses, may be made 
as to the origin of certain phenomena, we may sometimes 
easily calculate the respective probabilities. It was thus 
that Bunsen and Kirchhoff established, with a probability 
little short of certainty, that iron exists in the sun. On 
comparing the spectra of sunlight and of the light proceed- 

' Voimon^Recherches sur la FrdbahilUd des JugemmtSf Paris, 1837, 
BP' 82, 83. 



XII.] THE INDUCTIVE OU INVERSE METHOD. 


246 


ing from the incandespent vapour of iron, it became appa- 
rent that at least sixty bright lines in the spectrum of iron 
coincided with dark lines in the sun’s spectrum. Such coin- 
cidences could never be observed with certainty, because, 
even if the lines only closely approached, the instrumental 
imperfections of the spectroscope would make them appa- 
rently coincident, and if one line came within half a milli- 
metre of another, on the map of the spectra, they could not 
be pronounced distinct, NTow the average distance of the 
solar lines on Kirchhoff’s map is 2 mm., and if we throw 
down a line, as it were, by pure chance on suc]jl a map, 
the probability is about one-haK that the new line will fall 
within ^ mm. on one side or the other of some one of the 
solar lines. To put it in another way, we may suppose 
that each solar line, either on account of its real breadth, 
or the defects of the instrument, possesses a breadth of 
^ mm., and that each line in the iron spectrum has a like 
breadth. The probability then is just one-half that the 
centre of each iron line will come by chance within i mm. 
of the centre of a solar line, so as to appear to coincide 
with it. The probability of casual coincidence of each 
iron line with a solar line is in like manner Coinci- 
dence in the case of each of the sixty wgn lines is a very 
unlikely event if it arises casually, tor it would have a 
probability of only or less than i in a trillion. The 
odds, in short, are more than a million million millions 
to unity against such casual coincidence.^ But on the 
other hypothesis, that iron exists in the sun, it is highly 
probable that such coincidences would be observed ; it is 
immensely more probable that sixty coincidences would be 
observed if iron existed in the sun, than that they should 
arise from chance. Hence by our principle it is immensely 
probable that iron does exist in the sun. 

All the other interesting results, given by the comparison 
of spectra, rest upon the same principle of probability. 
The almost complete coincidence between the spectra of 
solar, lunar, and planetary light renders it practically 
certain that the light is all of solar origin, and is reflected 
from the surfaces of the moon and planets, suiBfering only 

^ Kirchlioff^s Researches on the Solar Spectrum, part, trails* 

lated by Ro5<x)e, pp. i8, 19. 
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slight alteration from the atmospheres of some of the 
planets. A fresh confirmation of the truth of the Coper- 
nican theory is thus furnished. 

Herschel proved in this way the connection between the 
direction of the oblique faces of quartz crystals, and 
the direction in which the same crystals rotate the 
plane of polarisation of light. For if it is found in a 
second crystal that the relation is the same as in the first, 
the probability of this happening by chance is ^ ; the 
probability that in another crystal also the direction 
will be. the same is and so on. The probability that 
in 71 + I crystals there would be casual agreement of direc- 
tion is the nth power of Thus, if in examining fourteen 
crystals the same relation of the two phenomena is dis- 
covered in each, the odds that it proceeds from uniform 
conditions are more than 8000 to Since the first 
observations on this subject were made in 1820, no excep- 
tions have been observed, so that the probability of in- 
variable connection is incalculably great. 

It is exceedingly probable that the ancient Egyptians 
bad exactly recorded the eclipses occurring during long 
periods of time, for Diogenes Laertius mentions that 373 
solar and 832 t'unar eclipses had been observed, and the 
ratio between these numbers exactly expresses that which 
would hold true of the eclipses of any long period, of 
say 1200 or 1300 years, as estimated on astronomical 
grounds. It is evident that an agreement between small 
numbers, or customary numbers, such as seven, one 
hundred, a myriad, &c., is much more likely to happen from 
chance, and therefore gives much less presumption of de- 
pendence. If two ancient writers spoke of the sacrifice of 
oxen, they would in all probability describe it as a heca- 
tomb, and there would be nothing remarkable in^the coin- 
cidence. But it is impossible to point out any special 
reason why an old writer should select such numbers as 
373 and 832, unless they had been the results of observa- 
tion. 

On similar grounds, we must inevitably believe in the 


* Edinbt^gh Review, No. 185, vol. xcii. July 1850, p. 32 ; Herschers 
Eesays, p. 421 ; Transactions of the Cambridge PhilosoplUcoLl Society, 
voJ. i. p. 43. 
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human origin of the flint flakes so copiously discovered of 
late years. For though the accidental stroke of one stone 
against another may often produce flakes, such as are 
occasionally found on the sea-shore, yet when several 
flakes are found in close company, and each one bears 
evidence, not of a single blow only, but of several suc- 
cessive blows, all conducing to form a symmetrical Icnife- 
like form, the probability of a natural and accidental 
origin becomes incredibly small, and the contrary suppo- 
sition, that they are the work of intelligent beings, 
approximately certain.^ 

The Theory of Probability in Astronomy, 

The science of astronomy, occupied with the simple 
relations of distance, magnitude, and motion of the 
heavenly bodies, admits more easily than almost any 
other science of interesting conclusions founded on the 
theory of probability. More than a century ago, in 
1767, Michell showed the extreme probability of bonds 
connecting together systems of stars. He was struck 
by the unexpected number of fixed stars which have 
companions close to them. Such a conjunction might 
happen casually by one star, although possibly at a 
great distance from the other, happening to lie on a 
straight line passing near the earth. But the probabilities 
are so greatly against such an optical union happening 
often in the expanse of the heavens, that Michell asserted 
the existence of some connection between most of the 
double stars. It has since been estimated by Struve, 
that the odds are 9570 to i against any two stars of not 
less than the seventh magnitude falling within the appa- 
rent distance of four seconds of each other by chance, and 
yet ninety-one such cases were known when the estimation 
was made, and many more cases have since been discovered. 
There were also four known triple stars, and yet the odds 
against the appearance of any one such conjunction are 
173,524 to i.^ The conclusions of Michell have been 

^ Evans^ Ancient Stone Implements of Great Britain. London, 
1872 (Longmans). 

Herschel, Outlines of Astronomy, 1849, P- 5^5 > hut Todhunter, 
in liis History of the Theory of Probability, p. 335, states that the 
ciilculations do not agiee with those published by Struve. 
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entirely verified by the discovery tjiat many double stars 
are connected by gravitation. 

Michell also investigated the probability that the six 
brightest stars in the Pleiades should have come by 
accidents into such striking proximity. Estimating the 
number of stars of equal or greater brightness at 1500, he 
found the odds to be nearly 500,000 to i against casual 
conjunction. Extending the same kind of argument to 
other clusters, such as that of Prsesepe, the nebula in the 
hilt of Perseus’ sword, he says : ^ ‘'We may with the 
highest probability conclude, the odds against the contrary 
opinion being many million millions to one, that the stars 
are really collected together in clusters in some places, 
where they form a kind of system, while in others there 
are either few or none of them, to whatever cause this may 
be owing, whether to their mutual gravitation, or to some 
other law or appointment of the Creator.” 

'"The calculations of Michell have been called in question 
by the late James D. rorbes,^ and JMr. Todlumter vaguely 
countenances his objections,® otherwise I should not have 
thought them of much weight. Certainly Laplace accepts 
Michell’s views,^ and if Michell be in error it is in the 
methods of calculation, not in the general validity of his 
reasoning and conclusions. 

Similar calculations might no doubt be applied to the 
peculiar drifting motions which have been detected by 
Mr. E. A. Proctor in some of the constellations.^ The odds 
are very greatly against any numerous group of stars mov- 
ing together in any one direction by chance. On like 
grounds, there can be no doubt that the sun has a con- 
siderable proper motion because on the average the fixed 
stars show a tendency to move apparently from one point 
of the heavens towards that diametrically opposite. The 
sun’s motion in the contrary direction would explain this 
tendency, otherwise we must believe that thousands of 
stars accidentally agree in their direction of motion, or are 

^ Philosophical TransactionSf 1767, voL Ivii. p. 431. 

* Philosophical Magazine, srd Series, vol. xxxvii. p. 401, December 
1850 ; also August 1849. 

• History, &c., p. 334. * Ipssai Philosophique, p. 57. 

Proceedw^gs of the Boyal Society j* 20 January, 1870 ; Philosophical 

Magazine, 4th Series, vol. xxxix. p. 381. 
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urged by some common force from which the sun is 
exempt. It may be said that the rotation of the earth is 
proved in like manner, because it is immensely more pro- 
bable that one body would revolve than that the sun, 
moon, planets, comets, and the whole of the stars of the 
heavens should be whirled round the earth daily, with a 
uniform motion superadded to their own peculiar motions. 
This appears to be mainly the reason which led Gilbert, 
one of the earliest English Copernicans, and in every way 
an admirable physicist, to admit the rotation of the earth, 
while Francis Bacon denied it. 

In contemplating the planetary system, we are struck 
with the similarity in direction of nearly all its movements. 
Newton remarked upon the regularity and uniformity of 
these motions, and contrasted them with the eccentricity 
and irregularity of the com^tary orbits.^ Could we, in 
fact, look down upon the system from the northern side, 
we should see all the planets moving round from west to 
east, the satellites moving round their primaries, and the 
sun, planets, and satellites rotating in the same direction, 
with some exceptions on the verge of the system. In the 
time of Laplace eleven planets were known, and the direc- 
tions of rotation were known for the c six planets, the 
satellites of Jupiter, Saturn's ring, and one of his satellites. 
Thus there were altogether 43 motions all concurring, 
namely : — 

Orbital motions of eleven planets . .11 

Orbital motions of eighteen satellites . .18 

Axial rotations 14 

43 

The probability that 43 motions independent of each 
other would coincide by chance is the 42nd power of so 
that the odds are about 4,400,000,000,000 to i in favour of 
some common cause for the uniformity of direction. This 
probabiUty, as Laplace observes, ^ is higher than that of 
many historical events which we undoubtingly believe. In 
the present day, the probability is much increased by the 
discovery of additional planets, and the rotation of other 

1 Principia^ bk. iu, General scholium, 

* Essai Philoaophii^ue^ P* 55* Laplace appears to couixtth^ rings of 
Saturn as giving two independent movements. 
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satellites, and it is only slightly weakened by the fact that 
some of the outlying satellites are exceptional in direction* 
there being considerable evidence of an accidental dis- 
turbance in the more distant parts of the system. 

Hardly less remarkable than the uniform direction of 
motion is the near approximation of the orbits of the 
planets to a common plane. Daniel Bernoulli roughly 
estimated the probability of such an agreement arising 
from accident as i (12)® the greatest inclination of any 
orbit to the sun's equator being i-i2th part of a quadrant. 
Laplace^ devoted to this subject some of his most ingenious 
investigations. He found the probability that the sum of 
the inclinations of the planetary orbits would not exceed 
by accident the actual amount (‘914187 of a right angle' 
for the ten planets known in 1801) to be (-914187),^® 
or about *00600011235. This probability may be com- 
bined with that derived from the direction of motion, and 
it then becomes immensely probable that the constitution 
of the planetary system arose out of uniform conditions, 
or, as we say, from some common cause.^ 

If the same kind of calculation be applied to the orbits 
of comets, the result is very different.^ Of the orbits 
which have be^n determined 48*9 per cent, only are direct 
or in the same direction as the planetary motions.^ Hence 
it becomes apparent that comets do not properly belong 
to the solar system, and it is probable that they are stray 
portions of nebulous matter which have accidentally become 
attached to the system by the attractive powers of the 
sun or Jupiter. 


The General Inverse Problem, 

In the instances described in the preceding sections, 
we have been occupied in receding from the occurrence 
of certain similar events to the probability that there 

^ Lubbock, on Probability, x>' Be Morgan, Encyc. 

Mebrop. art. Probability, p. 412. Todhunter’s History of the Theory 
of Probability, p. 543. Concerning the objections raised to these 
conclusions by tsoole, see the Philosophical Magazine, 4th Series, 
vol. ii. p. 98. Boole’s Laws of Thought, pp. ^64-375, 

2 Laplac®, Essai Philosophique, pp. 55, 56. 

* Chambers’ Astronomy, 2nd ed. pp. 346-49. 
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must have been a condition or cause for such events. We 
have found that the theory of probability, although never 
yielding a certain result, often enables us to establish an 
hypothesis beyond the reach of reasonable doubt. There 
is, however, another method of applying the theory, 
which possesses for us even greater interest, because it 
illustrates, in the most complete manner, the theory of 
inference adopted in this work, which theory indeed it 
suggested. The problem to be solved is as follows : — 

An event having hajgpened a certain numler of timeSy 
and failed a certain numher of timeSy required f he pro- 
lability that it will happen any given number of times 
in the future under the same circumstances. 

All the larger planets hitherto discovered move in one 
direction round the sun ; what is the probability that, if a 
new planet exterior to Neptune be discovered, it will move 
in the same direction ? All known permanent gases, ex- 
cept chlorine, are colourless ; what is the probability that, 
if some new permanent gas should be discovered, it will 
be colourless ? In the general solution of this problem, we 
wish to infer the future happening of any event from the 
number of times that it has already been observed to 
happen. Now, it is very instructive to ^pd that there is 
no known process by which we can pass directly from the 
data to the conclusion. It is always requisite to recede 
from the data to the probability of some hypothesis, and 
to make that hypothesis the ground of our inference 
concerning future events. Mathematicians, in fact, make 
every hypothesis which is applicable to the question in 
hand ; they then calculate, by the inverse method, the 
probability of every such hypothesis according to the 
data, and the probability that if each hypothesis be true, 
the required future event will happen. The total pro- 
bability that the event will happen is the sum of the 
separate probabilities contributed by each distinct hypo- 
thesis. 

To illustrate more precisely the method of solving the 
problem, it is desirable to adopt some concrete mode of 
representation, and the ballot-box, so often employed by 
mathematicians, will best serve our purpose. Let the 
happening of any ‘event be represented by tho' drawing of 
a white ^all from a ballot-box, while the failure of an 
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event is represented by the drawing,of a black ball. Now, 
in the inductive problem we are supposed to be ignorant 
of the contents of the ballot-box, and are required to 
ground all our inferences on our experience of those con- 
tents as shown in successive drawings. Rude common 
sense would guide us nearly to a true conclusion. Thus, 
if we had drawn twenty balls one after another, replacing 
the ball after each drawing, and the ball had in each case 
proved to be white, we should believe that there was a 
considerable preponderance of white balls in the urn, and 
a probability in favour of drawing a white ball on the next 
occasion. Though we had drawn white balls for 
thousands of times without fail, it would still be possible 
that some black balls lurked in the urn and would at last 
appear, so that our inferences could never be certain. On 
the other hand, if black balls came at intervals, we should 
expect that after a certain number of trials the black balls 
would appear again from time to time with somewhat the 
same frequency. 

The mathematical solution of the question consists in 
little more than a close analysis of the mode in which our 
common sense proceeds. If twenty white balls have been 
drawn and no Ijlack ball, my common sense tells me that 
any hypothesis which makes the black balls in the urn 
considerable compared with the white ones is improbable ; 
a preponderance of white balls is a more probable hypo- 
thesis, and as a deduction from this more probable hypo- 
thesis, I expect a recurrence of white balls. The mathe- 
matician merely reduces this process of thought to exact 
numbers. Taking, for instance, the hypothesis that there 
are 99 white and one black ball in the urn, he can calcu- 
late the probability that 20 white balls would be drawn 
in succession in those circumstances ; he thus forms a 
definite estimate of the probability of this hypothesis, and 
knowing at the same time the probability of a white ball 
reappearing if such be the contents of the urn, he com- 
bines these probabilities, and obtains an exact estimate 
that a white ball will recur in consequence of this hypo- 
thesis. But as this hypothesis is oijly one out of many 
possible ones, since the ratio of white and black balls may 
be 98 2, or 97 to 3, or 96 to 4, and so on, he has to 

repeat the estimate for every such possible hypothesis. 
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To make the method of solving the problem perfectly 
evident, I will describe*in the next section a very simple 
case of the problem, originally devised for the purpose by 
Condorcet, which was also adopted by Lacroix,^ and has 
passed into the works of De Morgan, Lubbock, and others. 

Simple Illustration of the Inverse Prohlem, 

Suppose it to be known that a ballot-box contains only 
four black or white balls, the ratio of black and white balls 
being unknown. Four drawings having been made with 
replacement, and a white ball having appeared on each 
occasion but one, it is required to determine the proba- 
bility that a white ball will appear next time. Now the 
hypotheses which can be made as to the contents of the 
urn are very limited in number, and are at most the 
following five : — 

4 white and o black balls 

3 » I » 99 

2 » 2 „ ,, 

^ 99 99 3 99 99 

O » 4 - 99 99 

The actual occurrence of black and white balls in the 
drawings puts the first and last hy phthisis out of the 
question, so that we have only three left to consider. 

If the box contains three white and one black, the 
probability of drawing a white each time is f, and a black 
^ ; so that the compound event observed, namely, three 
white and one black, has the probability | X f X f X J, by 
the rule already given (p. 204). But as it is indifferent 
in what order the balls are drawn, and the black ball 
might come first, second, third, or fourth, we must multi- 
ply by four, to obtain the probability of three white and 
one black in any order, thus getting fj. 

Taking the next hypothesis of two white and two 
black balls in the urn, we obtain for the same proba- 
bility the quantity J x x | x J x 4, or and from the 
third hypothesis of one white and three black we deduce 
likewise i x i x J x f x 4, or According, then, as we 

^ Traite Uimentaire. du Galcul de$ FrohahilitSs, 3r(l ed. (1833), 

p. 148. 
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adopt the first, second, or third hypothesis, the proha- 
bility that the result actually noticed would follow is 
and Now it is certain that one or other of these 

hypotheses must be the true one, and their absolute 
probabilities are proportional to the probabilities that the 
observed events would follow from them (pp. 242, 243). All 
we have to do, then, in order to obtain the absolute pro- 
bability of each hypothesis, is to alter these fractions in 
a uniform ratio, so that their sum shall be unity, the 
expression of certainty. Now, since 27 + 16 4- 3 = 46, 
this will be effected by dividing each fraction by 46, and 
multiplying by 64. Thus the probabilities of the first, 
second, and third hypotheses are respectively — 

27 16 3 

45 "’ 46* 46* 


The inductive part of the problem is completed, since we 
h^ve found that the urn most likely contains three white 
and one black ball, and have assigned the exact probability 
of each possible supposition. But we are now in a position 
to resume deductive reasoning, and infer the probability 
that the next drawing will yield, say a white ball. For if 
the box contains three white and one black ball, the pro- 
bability of drawing a white one is certainly f ; and as the 
probability of the box being so constituted is the com- 
pound probability that the l 30 x will be so filled and will 
give a white ball at the next trial, is 

^ X - O' ^ 

46 4 184 


Again, the probability is ^ that the box contains two 
white and two black, and under those conditions the 
probability is | that a white ball will appear ; hence the 
probability that a white ball will appear in consequence 
of that condition, is 


16 

46 


X 


1 

2 


or 


il. 

184’ 


From the third supposition we get in like manner tlie 
probability 


A ^ li- 


Since one tind not more than one hypothesis can be true. 
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we may add together these separate probabilities, and we 
find that • 

8i , ^ j 3_ 

184 184 184 

is the complete probability that a white ball will be next 
drawn under the conditions and data supposed. 

General Solution of the Inverse Problem. 

In the instance of the inverse method described in the 
last section, the balls supposed to be in the ballot-box 
were few, for the purpose of simplifying the calqulation. 
In order that our solution may apply to natural phe- 
nomena, we must render our hypotheses as little arbitrary 
as possible. Having no a priori knowledge of the con- 
ditions of the phenomena in question, there is no limit 
to the variety of hypotheses which might be suggested. 
Mathematicians have therefore had recourse to the most 
extensive suppositions which can be made, namely, that 
the ballot-box contains an infinite number of balls ; they 
have then varied the proportion of white to black balls 
continuously, from the smallest to the greatest possible 
proportion, and estimated the aggregate probability which 
results from this comprehensive supposil on. 

To explain their procedure, let us imagine that, instead 
of an infinite number, the ballot-box contains a large 
finite number of balls, say 1000. Then the number of 
white balls might be i or 2 or 3 or 4, and so on, up to 
999. Supposing that three white and one black ball 
have been drawn from the urn as before, there is a certain 
very small probability that this would have occurred in 
the case of a box containing one white and 999 black 
balls ; there is also a small probability that from such a 
box the next bail would be white. Compound these 
probabilities, and we have the probability that the next 
baU really will be white, in consequence of the existence 
of that proportion of balls. If there be two white and 998 
black balls in the box, the probability is greater and will 
increase until the balls are supposed to be in the propor- 
tion of those drawn. Ifow 999 diflerent hypotheses are 
possible, and the calculation is to be made for each of 
these, and their aggregate taken as the final resvit. It is 
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apparent that as the number of balls in the box is increased, 
the absolute probability of any one- hypothesis concerning 
the exact proportion of balls is decreased, but the aggregate 
results of aU the hypotheses will assume the character of 
a wider average. 

When we take the step of supposing the balls within 
the urn to be infinite in number, the possible proportions 
of white and black balls also become infinite, and the 
probability of any one proportion actually existing is 
infinitely small. Hence the final result that the next ball 
drawn will be white is really the sum of an infinite 
number lof infinitely small quantities. It might seem 
impossible to calculate out a problem having an infinite 
number of hypotheses, but the wonderful resources of the 
integral calculus enable this to be done with far greater 
facility than if we supposed any large finite number of 
balls, and then actually computed the results. I will not 
attempt to describe the processes by which Laplace finally 
accomplished the complete solution of the problem. They 
are to be found described in several English works, espe- 
cially De Morgan's Treatise on Probabilities, in the Ency- 
clopcedia Metropolitana, and Mr. Todhunter's History of 
the Theory of Probability, The abbreviating power of 
mathematical analysis was never more strikingly shown. 
But I may add that though the integral calculus is 
employed as a. means of summing infinitely numerous 
results, we in no way abandon the principles of com- 
binations already treated. We calculate the values of 
infinitely numerous factorials, not, however, obtaining 
their actual products, which would lead to an infinite 
number of figures, but obtaining the final answer to the 
problem by devices which can only be comprehended 
after study of the integi-al calculus. 

It must be allowed that the hypothesis adopted by 
Laplace is in some degree arbitrary, so that there was some 
opening for the doubt which Boole has cast upon it.^ 
But it may be replied, (i) that the supposition of an 
infinite number of balls treated in the manner of Laplace 
is less arbitrary and more comprehensive than any other 
that can be suggested. (2) The result does not differ 


^ Lems of Thought, pp. 368-375. 
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much from that which would be obtained on the hypothesis 
of any large finite nufiiber of balls. (3) The supposition 
leads to a series of simple formulas which can be applied 
with ease in many cases, and which bear all the appearance 
of truth so far as it can be independently judged by a 
sound and practiced understanding. 

R^des of the Inverse Method, 

By the solution of the problem, as described in the last 
section, we obtain the following series of simple rules. 

1. To find the pi'obability that an event which has not 
hitherto been observed to fail will happen once more^ 
divide the number of times the event has been observed 
increased by one^ bi the same number increased by two. 

If there have been m occasions on which a certain event 
might have been observed to happen, and it has happened 
on all those occasions, then the probability that it will 

happen on the next occasion of the same kind is ■ 

m + 2 

For instance, we may say that there are nine places in 
the planetary system wliere planets might exist obeying 
Bode’s law of distance, and in every place there is a 
planet obeying the law more or less exactly, although 
no reason is known for the coincidence. Hence the 
probability tliat the next planet beyond Neptune will 
conform to the law is yf. 

2. To find the probability that an event which has not 
hitherto failed will not fail for a certain number of new 
occasions, divide the number of times the event has hap- 
opened increased by one, by the same number increased by 
one and the number of times it is to happen. 

An event having happened m times without fail, the 

probability that it will happen n more times is — — . 
^ ^ ^ m + u + I 

Thus the probability that three new planets would obey 
Bode’s law is ; but it must be allowed that this, as well 
as the previous result, would be much weakened by the 
fact that Neptune can barely be said to obey the law. 

3. An event having happened and failed a certain 
number of times, to find the probability that it will happen 
the next time, divide the mimher of times the event has 
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happened increased hy one, % the whole numher of times 
the event has happened or failed incr'eased by two. 

If an event has happened m times and failed n times, 
the probability that it will happen on the next occasion is 

— ^ — - I — . Thus, if we assume that of the elements dis- 
m + n + 2 

covered up to the year 1873, 50 are metallic and 14 non- 
metallic, then the probability that the next element dis- 
covered will be metallic is Again, since of 37 metals 
which have been sufficiently examined only four, namely, 
sodium, potassium, lanthanum, and lithium, are of less 
density^ than water, the probability that the next metal 
examined or discovered will be less dense than water is 


44-1 5 

■ or — 

37 + 2 39 


We may state the results of the method in a more 
general manlier thus,^ — If under given circumstances cer- 
%in events A, B, C, &c., have happened respectively m, n, 
p, &c., times, and one or other of these events must 
happen, then the probabilities of these events are propor- 
tional to m + i, n -{■ i, p + i, &c.,so that the probability 


of A will be 


m - 4- 1 


But if new 


w + I + ^^ + I + P + I + 
events may happen in addition to those which have been 
observed, we niiist assign unity for the probability of such 
new event. The odds then become i for a new event, 
m -f I for A, 71 -f I for B, and so on, and tlie absolute 

probability of A is — ; j — - ~y~~ 

It is interesting to trace out the variations of probability 
according to these rules. The first time a casual event 
happens it is 2 to i that it will happen again ; if it does 
happen it is 3 to i that it will happen a third time ; and 
on successive occasions of the like kind the odds become 
4, 5 , 6, &c., to I. The odds of course will be discriminated 
from the probabilities which are successively J, &c. 
Thus on the first occasion on which a person sees a shark, 
and notices that it is accompanied by a little pilot fish, 
the odds are 2 to i, or the probability f, that "the next 
shark will be so accompanied. 


* De Morgan’s Essa/y on Probabilities, Cabinet Cyclopoedia, p. 67. 
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When an event has happened a very great number of 
times, its happening once again approaches nearly to cer- 
tainty. If we suppose the sun to have risen one thousand 
million times, the probability that it will rise again, on 

the ground of this knowledge merely, is J — 

But then the probability that it will continue to rise for as 
long a period in the future is only - or almost 

exactly The probability that it will continue so rising a 
thousand times as long is only about The lesson which 
we may draw from these figures is quite that which we 
should adopt on other grounds, namely, that experience 
never affords certain knowledge, and that it is exceedingly 
improbable that events will always happen as we observe 
them. Inferences pushed far beyond their data soon lose 
any considerable probability. De Morgan has said,' No 
finite experience whatsoever can justify us in saying that 
the future shall coincide with the past in all time to come, 
or that there is any probability for such a conclusion.’^ On 
the other hand, we gain the assurance that experience 
sufficiently extended and prolonged will give us the 
knowledge of future events with an unlimited degree of 
probability, provided indeed that thos: events are not 
subject to arbitrary interference. * 

It must be clearly understood that these probabilities are 
only such as arise from the mere happening of the events, 
irrespective of any knowledge derived from other sources 
concerning those events or the general laws of nature. 
All our knowledge of nature is indeed founded in like 
manner upon observation, and is therefore only probable. 
The law of gravitation itself is only probably true. But 
when a number of different facts, observed under the most 
diverse circumstances, are found to be harmonized under a 
supposed law of nature, the probability of the law approxi- 
mates closely to certainty. Each science rests upon so 
tnany observed facts, and derives so much support from 
analogies or connections with other sciences, that there 
are comparatively few cases where our judgment of the 
probability of an event depends entirely upon a few ante- 


s 2 


' Essay on Probabilities, p. 1 28. 
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cedent events, disconnected from the general body of 
physical science. 

Events, again, may often exhibit a regularity of suc- 
cession or preponderance of character, which the simple 
formula will not take into account. For instance, the 
majority of the elements recently discovered are metals, 
so that the probability of the next discovery being that of 
a metal, is doubtless greater than we calculated (p. 258). 
At the more distant parts of the planetary system, there 
are symptoms of disturbance which would prevent our 
placing much reliance on any inference from the prevailing 
order of the known planets to those undiscovered ones 
which may possibly exist at great distances. These and 
all like complications in no way invalidate the theoretic 
truth of the formulas, but render their sound application 
much more difficult. 

Erroneous objections have been raised to the theory of 
'probability, on the ground that we ought not to trust to 
our d priori conceptions of what is likely to happen, but 
should always endeavour to obtain precise experimental 
data to guide us.^ This course, however, is perfectly in 
accordance with the theory, wjiich is our best and only 
guide, whatever data we possess. We ought to be always 
applying the ij^verse method of probabilities so as to take 
into account all additional information. When we throw 
up a coin for the first time, we are probably quite ignorant 
whether it tends more to fall head or tail upwards, and 
we must therefore assume the probability of each event 
as But if it shows head in the first throw, we now 
have, very slight experimental evidence in favour of a 
tendency to show head. The chanee of two heads is 
now slightly greater than J, which it appeared to be at 
first,*^ and as we go on throwing the coin time after time, 
the probability of head appearing next time constantly 
varies in a slight degree according to the character of our 
previous experience. As Laplace remarks, we ought 
always to have regard to such considerations in common 
life. Events when closely scrutinized will hardly ever 
prove to be quite independent, and the slightest pre- 

^ J. S. Mill, System of Logic, 5th edition, bk. iii. chap, iviii, § 3. 

^ Todhifiiter^s History, pp. 472, 598. 
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ponderance one way or the other is some evidence of 
connection, and in the absence of better evidence should 
be taken into account. 

The grand object of seeking to estimate the probability 
of future events from past experience, seems to have been 
entertained by James Bernoulli and De Moivre, at least 
such was the opinion of Gondorcet ; and Bernoulli may be 
said to have solved one case of the problem.^ The English 
writers Bayes and Price are, however, undoubtedly the 
first who put forward any distinct rules on the subject.^ 
Gondorcet and several other eminent mathematicia^ns ad- 
vanced the mathematical tlieory of tlie subject ; but it was 
reserved to tlie immortal Laplace to bring to the subject 
the full power of his genius, and carry the solution of the 
problem almost to perfection. It is instructive to observe 
that a theory which arose from petty games of chance, the 
rules and the very names of which are forgotten, gradually 
advanced, until it embraced the most sublime problems of 
science, and finally undertook to measure the value and 
certainty of all our inductions. 

Fortuitous Coincidences. 

We should have studied the theory of ^‘probability to 
very little purpose, if we thought that it would furnish 
us with an infallible guide. The theory itself points 
out the approximate certainty, that we shall sometimes 
be deceived by extraordinary fortuitous coincidences. 
There is no run of luck so extreme that it may not 
happen, and it may happen to us, or in our time, as 
well as to other persons or in other times. We may be 
forced by correct calculation to refer such coincidences 
to a necessary cause, and yet we may be deceived. All 
that the calculus of probability pretends to give, is the 
result in the long run^ as it is called, and this really means 
in an infinity of cases. During any finite experience, 
however long, chances may be against us. Nevertheless 
the theory is the best guide we can have. If we always 
think and act according to its well-interpreted indications, 

^ Todhiinter’s History, pp. 37^ 379. 

2 Philosophical Transactions, [1763], vol, dii. p. 370, acd [17^4! 
vol. liv. p. 296. . Todhunter, pp. 294-300 
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we shall have the best chance of escaping error ; and if all 
persons, throughout all time to come, obey tlie theory in 
like manner, they will undoubtedly thereby reap the 
greatest advantage. 

No rule can be given for discriminating between 
coincidences which are casual and those which are the 
effects of law. By a fortuitous or casual coincidence, we 
mean an agi-eement between events, which nevertheless 
arise from wholly independent and different causes or con- 
ditions, and which will not always so agree. It is a 
fortuitous coincidence, if a penny thrown up repeatedly 
in various ways always falls on the same side ; but it 
would not be fortuitous if there were any similarity 
in the motions of the hand, and the height of the throw, 
so as to cause or tend to cause a uniform result. Now 
among the ififinitely numerous events, objects, or relations 
^ jn the universe, it is quite likely that we shall occasionally 
notice casual coincidences. There are seven intervals in 
the octave, and there is nothing very improbable in the 
colours of the spectrum happening to be apparently 
divisible into the same or similar series of seven intervals. 
It is hardly yet decided whether this apparent coincidence, 
with which Nfwtou was much struck, is well founded or 
not,^ but the question will probably be decided in the 
negative. 

It is certainly a casual coincidence which the ancients 
noticed between the seven vowels, the seven strings of the 
lyre, the seven Pleiades, and the seven chiefs at Thebes.^ 
The accidents connected with the number seven have mis- 
led the human intellect throughout the historical period. 
Pythagoras imagined a connection between the seven 
planets and the seven intervals of the monochord. The 
alchemists were never tired of drawing inferences from 
the coincidence in numbers of the seven planets and the 
seven metals, not to speak of the seven days of the 
week. 

A singular circumstance was pointed out concerning 
the dimensions of the earth, sun, and moon ; the sun's 
diameter was almost exactly iio times as great as the 

1 NewlJbii^s Optich, Bk. L, Part ii. Ihop. 3 ; Nature^ vol. i. p 286 
Aristotle’s Mdaphysiesj xiii. 6. 3. 
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earth's diameter, while, in almost exactly the same ratio 
the mean distance of the earth was greater than the sun's 
diameter, and the mean distance of the moon from the 
earth was greater than the moon's diameter. The agree- 
ment was so close that it might have proved more than 
casual, but its fortuitous character is now sufficiently shown 
by the fact, that the coincidence ceases to be remarkable when 
we adopt the amended dimensions of the planetary system. 

A considerable number of the elements have atomic 
weights, which are apparently exact multiples of that 
of hydrogen. If this be not a law to be ultimately ex- 
tended to all the elements, as supposed by Prouf, it is a 
most remarkable coincidence. But, as I have observed, 
we have no means of absolutely discriminating accidental 
coincidences from those which imply a deep producing 
cause. A coincidence must either be very strong in 
itself, or it must be corroborated by some explanation or 
connection with otlier laws of nature. Little attention 
was ever given to the coincidence concerning the dimen- 
sions of the sun, earth, and moon, because it was not very 
strong in itself, and bad no apparent connection with the 
principles of physical astronomy. Prout s Law bears more 
profjability because it would bring the onstitution of the 
elements themselves in close connection Tdth the atomic 
theory, representing them as built up out of a simpler 
substance. 

In historical and social matters, coincidences are fre- 
quently pointed out which are due to chance, although 
there is always a strong popular tendency to regard them 
as the work of design, or as having some hidden meaning. 
If to 1794, the number of the year in which Robespierre 
fell, we add the sum of its digits, the result is 1815, the 
year in which Napoleon fell; the repetition of the process 
gives 1830 the year in which Charles the Tenth abdicated. 
Again, the French Chamber of Deputies, in 1830, consisted 
of 402 members, of whom 221 formed the party called 
La queue de Robespierre," while the remainder, 1 8 1 in 
number, were named ‘‘ Les honnStes gens." If we give to 
each letter a numerical value corresponding to its place in 
the alphabet, it will be found that the sum of the values 
of the letters in each name exactly indicates the number 
of the party. 
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A mimber of such coincidences, often of a very curious 
chai*acter, might be adduced, and the probability against 
the occurrence of each is enormously great. They must 
be attributed to chance, because they caimot be shown 
to have the slightest connection with the general laws 
of nature ; but persons are often found to be greatly in- 
fluenced by such coincidences, regarding them as evidence 
of fatality, that is of a system of causation governing 
human affairs independently of the ordinary laws of nature. 
Let it be remembered that there are an infinite number of 
opportunities in life for some strange coincidence to pre- 
sent itsdlf, so that it is quite to be expected that remark- 
able conjunctions will sometimes happen. 

In all matters of judicial evidence, we must bear in 
mind the probable occurrence from time to time of un- 
accountable coincidences. The Roman jurists refused for 
this reason to invalidate a testamentary deed, the wit- 
ncfesses of which had sealed it with the same seal. For 
witnesses independently using their own seals might be 
found to possess identical ones by accident.^ It is well 
known that circumstantial evidence of apparently over- 
whelming completeness will sometimes lead to a mistaken 
judgment, and as absolute certainty is never really attain- 
able, every coUrt must act upon probabilities of a high 
amount, and in a certain small proportion of cases they 
must almost of necessity condemn the innocent victims 
of a remarkable conjuncture of circumstances.^ Popular 
judgments usually turn upon probabilities of far less 
amount, as when the palace of Nicomedia, and even 
the bedchamber of Diocletian, having been on fire twice 
within fifteen days, the people entirely refused to believe 
that it could be the result of accident. The Romans 
believed that there was fatality connected with the name 
of Sextus. 

Semper sub Sextis perdita Roma fiiit.” 

The utmost precautions will not provide against all 
contingencies. To avoid en’ors in important calculations, 


1 Possunt auteni omnes testes et uno annulo signare testamentum 
Quid enim si septem annuli una sculptura fuerint, secundum quod 
P^omponio visum est? — Justinian, ii. tit. x. 5. , , 

2 See Wills on Circumstantial Evidence n. ia8. 
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it is usual to have thegai repeated by different computers ; 
but a case is on record in which three computers made 
exactly the same calculations of the place of a star, and 
yet all did it wrong in precisely the same manner, for no 
apparent reason.^ 

Summary of the Theory of Inductive Inference, 

The theory of inductive inference stated in this and the 
previous chapters, was suggested by the study of the 
Inverse Method of Probability, but it also bears much 
resemblance to the so-called Deductive Method described 
by Mill, in his celebrated System of Logic. Mill’s views 
concerning the Deductive Method, probal3ly form the most 
original and valuable j)art of his treatise, and I should 
have ascribed the doctrine entirely to him, had I not 
found that the opinions put forward in other parts of his 
work are entirely inconsistent with the theory here upheiu. 
As this subject is the most important and difficult one 
with which we have to deal, 1 will try to remedy the 
imperfect manner in which I have treated it, by giving a 
recapitulation of the views adopted. 

All inductive reasoning is but the *nverse application 
of deductive reasoning. Being in possession of certain 
particular facts or events expressed in propositions, we 
imagine some more general proposition expressing the 
existence of a law or cause ; and, deducing the particular 
results of that supposed general proposition, we observe 
whether they agree with the facts in question. Hypor 
thesis is thus always employed, consciously or unconsci- 
ously. The sole conditions to which we need conform in 
framing any hypothesis is, that we both have and exercise 
the power of inferring deductively from the hypothesis to 
the particular results, which are to be compared with the 
known facts. Thus there are but three steps in the process 
of induction : — 

(1) Framing some hypothesis as to the character of the 
general law. 

( 2 ) . Deducing consequences from that law. 

' Memoirs of the Royal Astronomical Society j vol. iv. p. 290, quoted 
by Lardiier, Edinburgh Review, July 1834, p. 278. ^ 
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(3) Observing whether the consequences agree with the 
particular facts under consideration. 

In very simple cases of inverse reasoning, hypothesis 
may seem altogether needless. To take numbers again as 
a convenient illustration, I have only to look at the series, 
I, 2 , 4, 8, 16, 32, &c., 

to know at once that the general law is that of geo- 
metrical progression ; I need no successive trial of various 
hypotheses, because I am familiar with the series, and have 
long since learnt from what general formula it proceeds. 
In the same way a mathematician becomes acquainted 
with the integrals of a number of common formulas, so 
that he need not go through any process of discovery. 
But it is none the less true that whenever previous reason- 
ing does not furnish the knowledge, hypotheses must be 
framed and tiled (p. 124). 

There naturally arise two cases, according as the nature 
'SI the subject admits of certain or only probable deductive 
reasoning. Certainty, indeed, is but a singular case of 
probability, and the general principles of procedure are 
always the same. Nevertheless, when certainty of infer- 
ence is possible, the process is simplified. Of several 
mutually inconsistent hypotheses, the results of which 
can be certainly compared with fact, but one hypothesis 
can ultimately be entertained. Thus in the inverse logical 
problem, two logically distinct conditions could not yield 
the same series of possible combinations. .Accordingly, 
in the case of two terms we had to choose one of six 
different kinds of propositions (p. 136), and in the case of 
three terms, our choice lay among 192 possible distinct 
hypotheses (p. 140). Natural laws, however, are often 
quantitative in character, and the possible hypotheses are 
then infinite in variety. 

When deduction is certain, comparison with fact is 
needed only to assure ourselves that we have rightly 
selected the hypothetical conditions. The law establishes 
itself, and no number of particular verifications can add 
to its probability. Having once deduced from the prin- 
ciples of algebra that the difference of the squares of two 
numbers is equal to the product of their sum and dif- 
ference, np number of particular trials of its truth will 
render it more certain. On the other hand, no finite 
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number of particular verifications of a supposed law will 
render that law certain. In short, certainty belongs only 
to the deductive process, and to the teachings of direct 
intuition ; and as the conditions of nature are not given 
by intuition, we can only be certain that we liave got a 
correct hypothesis when, out of a limited number con- 
ceivably possible, we select that one which alone agrees 
with the facts to be explained. 

In geometry and kindred brandies of mathematics, 
deductive reasoning is conspicuously certain, and it would 
often seem as if the consideration of a singly diagram 
yields us certain knowledge of a general proposition. 
But in reality all this certainty is of a purely hypothetical 
character. Doubtless if we could ascertain that a sup- 
posed circle was a true and perfect circle, we could be 
certain concerning a multitude of its geometrical pro- 
perties. But geometrical figures are physical objects, luul 
the senses can never assure us as to their exact forms. 
The figures really treated in Euclid’s Elements are 
imaginary, and we never can verify in practice the 
conclusions which we draw with certainty in inference ; 
questions of degree and probability enter. 

Passing now to subjects in which deduction is only 
probable, it ceases to be possible to adopt one hypothesis 
to the exclusion of the others. We must entertain at the 
same time all conceivable hypotheses, and rega'^’d each 
with the degree of esteem pro]Jortionate to its probabilit}^ 
We go through the same steps as before. 

(1) We frame an hypothesis. 

(2) We deduce the probability of various series of pos- 
sible consequences. 

(3) We compare the consequences with the particular 
facts, and observe the probability that such facts would 
happen under the hypothesis. 

The above processes must be performed for every con- 
ceivable hypothesis, and then the absolute probability of 
each will be yielded by the principle of the inverse 
method (p. 242). As in the case of certainty we accept 
that hypothesis which certainly gives the required results, 
so now we accept as most probable that hypothesis which 
most probably gives the results; but we are obliged to 
entertain at the same time ail other hypotheses with 
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degrees of probability proportionate, to the probabilities 
that they would give the same results. 

So far we have treated only of the process by which 
we pass from special facts to general laws, that inverse 
application of deduction which constitutes induction. 
But the direct employment of deduction is often com- 
bined with the inverse. No sooner have we established 
a general law, than the mind rapidly draws particular 
consequences from it. In geometry we may almost seem 
to infer that because one equilateral triangle is equiangular, 
therefore another is so. In reality it is not because one is 
that another is, but because all are. The geometrical con- 
ditions are perfectly general, and by what is sometimes 
called parity of reasoning whatever is true of one equilateral 
triangle, so far as it is equilateral, is true of all equilateral 
triangles. 

Similarly, in all other cases of inductive inference, 
where we seem to pass from some particular instances to 
a new instance, we go through the same process. We 
form an hypothesis as to the logical conditions under 
which the given instances might occur ; we calculate 
inversely the probability of that hypothesis, and com- 
pounding this with the probability that a new instance 
would proceed iroin the same conditions, we gain the 
absolute probability of occurrence of the new instance in 
virtue of this hypothesis. But as several, or many, or 
even an, infinite number of mutually inconsistent hypo- 
theses may be possible, we must repeat the calculation for 
each sucli conceivable hypothesis, and then the complete 
probability of the future instance' will be the sum of the 
separate probabilities. The complication of this process 
is often very much reduced in practice, owing to the fact 
that one hypothesis may be almost certainly true, and 
other hypotheses, though conceivable, may be so im- 
probable as to be neglected without appreciable error. 

When we possess no knowledge whatever of the con- 
ditions from which the events proceed, we may be unable 
to form any probable hypotheses as to their mode of 
origin. We have now to fall back upon the general 
solution of the problem effected by Laplace, which consists 
in admitting on an equal footing every conceivable ratio 
,of favourable and unfavourable chances for the production 
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of the event, and then accepting the aggregate result as 
the best which can b6 obtained. This solution is only to 
be accepted in the absence of all better means, but like 
other results of the calculus of probability, it comes to our 
aid where knowledge is at an end and ignorance begins, 
and it prevents us from over-estimating the knowledge we 
possess. The general results of the solution are in accord- 
ance with common sense, namely, that the more often an 
event has happened the more probable, as a general rule, 
is its subsequent recurrence. With the extension of 
experience this probability increases, but at the same time 
the probability is slight that events will long continue to 
happen as they have previously happened. 

We have now pursued the theory of inductive inference, 
as far as can be done with regard to simple logical or 
numerical relations. The laws of nature deal with time 
and space, which are infinitely divisible. As we passed 
from pure logic to numerical logic, so we must now pi?':: 
from questions of discontinuous, to questions of continuous 
quantity, encountering fresh considerations of much dif- 
ficulty. Before, therefore, we consider how the great in- 
ductions and generalisations of physical science illustrate 
the views of inductive reasoning just explained, we must 
break off for a time, and review the i^^reans which we 
possess of measuring and comparing magnitudes of time, 
space, mass, force, momentum, energy, and the various 
manifestations of energy in motion, heat, electricity, 
chemical change, and the other phenomena of nature; 
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CHAPTER XIII. 

THE EXACT MEASUREMENT OF PHENOMENA 

As physical science advances, it becomes more and 
more accurately quantitative. Questions of simple logical 
fact after a time resolve themselves into questions of 
degree, time, distance, or weight. Forces hardly suspected 
to exist by one generation, are clearly recognised by the 
next, and precisely measured by the third generation. 
But one condition of this rapid advance is the invention 
of suitable instruments of measurement. We need what 
Francis Bacon called Instantice citantes, or evocantes, 
methods of rendering minute phenomena perceptible to 
the senses ; and we also require Instantice radii or curru 
culi, that is measuring instruments. Accordingly, the 
introduction of a new instrument often forms an epoch in 
the history of science. As Davy said, “ Nothing tends so 
much to the advancement of knowledge as the application 
of a new instrument. The native intellectual powers of 
men in different times are not so much the causes of the 
different success of their labours, as the peculiar nature 
of the means and artificial resources in their possession.” 

In the aljsence indeed of advanced theory and analyti ' 
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cal power, a very precise iDstrument wo aid be useless. 
Measuring apparatus a^d mathematical theory should Sii- 
vmce pari passu, and with just such precision as the theorist 
can anticipate results, the experimentalist should be able 
to compare them with experience. The scrupulously 
accurate observations of Flamsteed were the proper 
complement to the intense mathematical powers of 
Newton. 

Every branch of knowledge commences with quantita- 
tive notions of a very rude character. After we have far 
progressed, it is often amusing to look back into the 
infancy of the science, and contrast present with past 
methods. At Greenwich Observatory in the present day, 
the hundredth part of a second is not thought an in- 
considerable portion of time. The ancient Chaldaeans 
recorded an eclipse to the nearest hour, and the early 
Alexandrian astronomers thought it supertiuous to dis- 
tinguish between the edge and centre of the sun. B?;’"* 
the introduction of the astrolabe, Ptolemy and the latei 
Alexandrian astronomers could determine the places of 
the lieavenly bodies within about ten minutes of arc. 
Little progress then ensued for thirteen centuries, until 
Tycho Brahe made the first great step towards accuracy, 
not only by employing better instruments, but even 
more by ceasing to regard an instrument as correct. 
Tycho, in fact, determined the errors of his instruments, 
and corrected his observations. He also took notice 
of the effects of atmospheric refraction, and succeeded 
in attaining an accuracy often sixty times as great as 
that of Ptolemy. Yet Tycho and Hevelius often erred 
several minutes in the determination of a star’s place, and 
it was a great achievement of Eoemer and Flamsteed to 
reduce this error to seconds. Bradley, the modern Hip- 
parchus, carried on the improvement, his errors in right 
ascension, according to Bessel, being ’ under one second of 
time, and those of declination under four seconds of arc. 
In the present day the average error of a single observa- 
tion is probably reduced to the half or quarter of what it 
was in Bradley's time ; and further extreme accuracy is 
attained by the multiplication of observations, and their 
skilful combination according to the theory of error. 
Some of the more* important constants, for in^itance that 
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of nutation, have been determined within the tenth part 
of a second of space.^ 

It would be a matter of great interest to trace out the 
dependence of this progress upon the introduction of 
new instruments. The astrolabe of Ptolemy, the tele- 
scope of Galileo, the pendulum of Galileo and Huyghens, 
the micrometer of Horrocks, and the telescopic sights and 
micrometer of Gascoygne and Picard, Eoemer’s transit in- 
strument, Newton’s and Hadley’s quadrant, Dollond’s 
achromatic lenses, Harrison’s chronometer, and Ramsden’s 
dividing engine — such were some of the principal addi- 
tions to astronomical apparatus. The result is, that we 
now take note of quantities, 300,000 or 400,000 times as 
small as in the titne of the Chaldseans. 

It would be interesting again to compare the scrupulous 
accuracy of a .modern trigonometrical survey with Erato- 
sthenes’ rude but ingenious guess at the difference of lati- 
■^ade between Alexandria and Syene — or with Norwood’s 
measurement of a degree of latitude in 1635. “ Sometimes 
I measured, sometimes I paced,” said Norwood ; ‘‘ and I 
believe I am within a scantling of the truth.” Sucli was 
the germ of those elaborate geodesical measurements 
which have made the dimensions of the globe known to 
us within a few^ hundred yards. 

In other branches of science, the invention of an instru- 
ment has usually marked, if it has not made, an epoch. 
The science of heat might be said to commence with the 
construction of the thermometer, and it has recently been 
advanced by the introduction of the thermo-electric pile. 
Chemistry has been created chiefly by the careful use of 
the balance, which forms a unique instance of an instru- 
ment remaining substantially in the form in which it was 
first applied to scientific purposes by Archimedes. The 
balance never has been and probably never can be im- 
proved, except in details of construction. The torsion 
balance, introduced by Coulomb towards tlic end of last 
century, has rapidly become essential in many branches 
of investigation. In the hands of Cavendish and Baily, it 
gave a determination of the earth’s density ; applied in the 
galvanometer, it gave a delicate measure of electrical 


Baily, British AssoH^Hon Catalogue of J^tars, pp. 7, 23 .. 
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forces, and is indispensable in the thermo-electric pile. 
This balance is made by simply suspending any light rod 
by a thin wire or thread attached to the middle point. 
And we owe to it almost all the more delicate investiga- 
tions in the theories of heat, electricity, and magnetism. 

Though we can now take note of the millionth of an 
inch in space, and the millionth of a second in time, we 
must not overlook the fact that in other operations of 
science we are yet in the position of the Ghakkeans. N’ot 
many years have elapsed since the magnitudes of the 
stars, meaning the amounts of light they send, to the 
observer's eye, were guessed at in the rudest manner, and 
the astronomer adjudged a star to this or that order of 
magnitude by a rough comparison witli other stars of the 
same order. To Sir John Herschel we owe an attempt 
to introduce a uniform method of measarement and 
expression, bearing some relation to the real photometric . 
magnitudes of the stars.^ Previous to the researches 
of Bunsen and Eoscoe on the chemical action of light, 
we were devoid of any mode of measuring the energy of 
light ; even now the methods are tedious, and it is not 
clear that they give the energy of light so much as one of 
its special effects. Maviy natural phenome;^a have hardly 
yet been made the subject of measurement at all, such 
as the intensity of sound, the phenomena of taste and 
smell, the magnitude of atoms, the temperature of the 
electric spark or of the sun's photosphere. 

To suppose, then, that quantitative science treats only of 
exactly measurable quantities, is a gross if it be a common 
mistake. Whenever we are treating of an event which 
either happens altogether or does not happen at all, we are 
engaged with a non-c^uantitative phenomenon, a matter of 
fact, not of degree ; but whenever a thing may be greater or 
less, or twice or thrice as great as another, whenever, in 
short, ratio enters even in the rudest manner, there 
science will have a quantitative character. There can 
be little doubt, indeed, tliat every science as it pro- 
gresses will become gradually more and more quantita- 
tive. Numerical precision is the soul of science, as 

^ Outlines of Astrondmy, 4th ed. sect. 781, p. 522. } Results of 
Observations at the Cape of Qood Hope, &c., p. 37: ^ 
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Herschel said, and as all natural objects exist in -space, and 
involve molecular movements, measurable in velocity and 
extent, there is no apparent limit to the ultimate extension 
of quantitative science. But the reader must not for a 
moment suppose that, because we depend more and more 
upon mathematical methods, we leave logical methods 
behind us. Number, as I have endeavoured to show, is 
logical in its origin, and quantity is but a development of 
number, or analogous thereto. 

, Division of the Subject, 

The general subject of quantitative investigation will 
have to be divided into several parts. We shall firstly 
consider the means at our disposal for measuring phe- 
nomena, and vthus rendering them more or less amenable 
to mathematical treatment. This task will involve an 
analysis of the principles on which accurate methods of 
measurement are founded, forming the subject of the 
remainder of the present chapter. As measurement, how- 
ever, only yields ratios, we have in the next chapter to 
consider the establishment of unit magnitudes, in terms of 
which our results may be expressed. As every pheno- 
menon is usually the sum of several distinct quantities 
depending upon different causes, we have next to investi- 
gate in Chapter XV. the methods by which we may disen- 
tangle complicated effects, and refer each part of the joint 
effect to its separate cause. 

It yet remains for us in subsequent chapters to treat of 
quantitative induction, properly so called. We must 
follow out the inverse logical method, as it presents itself 
in problems of a far higher degree of difficulty than those 
which treat of objects related in a simple logical manner, 
and incapable of merging into each other by addition and 
subtraction. 


Continuous Quantity, 

The phenomena of nature are for the most part mani- 
fested in quantities which increase or decrease continu- 
ously. When we inquire into the precise meaning of 
continuous quantity, we find that it can only be described 
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as that which is divisij)le without limit. We can divide 
a millimetre into ten, or a hundred, or a thousand, or ten 
thousand parts, and mentally at any rate we can carry 
on the division ad infinitum. Any finite space, tlien, 
must he conceived as made up of an infinite number of 
parts each infinitely small. We cannot entertain the 
simplest geometrical notions without allowing this. The 
conception of a square involves the conception of a side 
and diagonal, which, as Euclid beautifully proves in the 
117th proposition of his tenth book, have no common 
measure,^ meaning no finite common measure. Incom- 
mensurable quantities are, in fact, those which have lor their 
only common measure an infinitely small quantity. It is 
somewhat startling to find, too, that in theory incommen- 
surable quantities will be infinitely more frequent than 
commensurable. Let any two lines be drawn haphazard ; 
it is infinitely unlikely that they will be commensural »le, 
so that the commensurable quantities, which we are sup- 
posed to deal with in practice, are but singular cases 
among an infinitely greater number of incommensurable 
cases. 

Practically, however, we treat all quantities as made up 
of the least quantities which our senscL, assisted by the 
best measuring instruments, can perceive! So long as 
microscopes were uninvented, it was sufficient to regard 
an inch as made up of a thousand thousandths of an 
inch ; now we must treat it as composed of a million 
millionths. We might apparently avoid all mention of 
infinitely small quantities, by never carrying our approxi- 
mations beyond quantities which the senses can appreciate. 
In geometry, as thus treated, we should never assert two 
quantities to be equal, but only to be apparently equal. 
Legendre really adopts this mode of treatment in the 
twentieth proposition of the first book of his Geometry; 
and it is practically adopted throughout the physical 
sciences, as we shall afterwards see. But though our 
fingers, and senses, and instruments must stop somewhere, 
there is no reason why the mind should not go on. We 
can see that a proof which is only carried through a few 
steps in fact, might be carried on without limit, and it is 

‘ See De Morgan, of Mathematics^ in U.K.S. Library, p. 8l . 
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this consciousness of no stopping-place, which renders 
Euclid’s proof of his 117th proposition so impressive. Try 
how we will to circumvent the matter, we cannot really 
avoid the consideration of the infinitely small and the 
infinitely great. The same methods of approximation 
which seem confined to the finite, mentally extend them- 
selves to the infinite. 

One result of these considerations is, that we cannot 
possibly adjust two quantities in absolute equality. The 
suspension of Mahomet’s coffin between two precisely 
equal magnets is theoretically conceivable but practically 
impossible. The story of the Merchant of Venice turns 
upon the infinite improbability that an exact quantity of 
flesh could be cut. Unstable equilibrium cannot exist in 
nature, for it is that which is destroyed by an infinitely 
small displacemen:. It might be possible to balance an 
egg on its end practically, because no egg has a surface of 
perfect curvature. Suppose the egg shell to be perfectly 
smooth, and the feat would become impossible. 

The Fallaciom Indications of the Senses. 

I may briefly remind the reader how little we can trust 
to our unassisted senses in estimating the degree or 
magnitude of any phenomenon. The eye cannot correctly 
estimate the comparative brightness of two luminous 
bodies which differ much in brilliancy ; for we know 
that the iris is constantly adjusting itself to the intensity 
of the light received, and thus admits more or less light 
according to circumstances. The moon which shines with 
almost dazzling brightness by night, is pale and nearly 
imperceptible while the eye is yet affected by the vastly 
more powerful light of day. Much has been recorded 
concerning the comparative brightness of the zodiacal 
light at different times, but it would be difficult to prove 
that these changes are not due to the varying darkness 
at the time, or the different acuteness of the observer’s 
.eye. For a like reason it is exceedingly difficult to esta- 
blish the existence of any change in the form or compara- 
tive brightness of nebulae; the appearance of a nebula 
greatly depends upon the keenness of sight of the 
observer/ or the accidental condition of freshness or 
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fatigue of his eye. The same is true of lunar obser- 
vations; and even the use of the best telescope fails 
to remove this difficulty. In judging of colours, again, 
we must remember that light of any given colour tends 
to dull the sensibility of the eye for light of the same 
colour. 

Nor is the eye when unassisted by instruments a much 
better judge of magnitude. Our estimates of the size of 
minute briglit points, such as the fixed stars, are com- 
pletely I'alsified by the effects of irradiation. Tycho 
calculated from the apparent size of the star-discs, that 
no one of the principal fixed stars could be contained 
within the area of the earth^s orbit. Apart, however, from 
irradiation or other distinct causes of error our visual 
estimates of sizes and shapes are often astonishingly 
incorrect. Artists almost invariably draw distant moun- 
tains in ludicrous disproportion to nearer objects, as a 
comparison of a sketch with a photograph at once shows. 
The extraordinary apparent difference of size of the sun 
or moon, according as it is high in the heavens or near 
the horizon, should be sufficient to make us cautious in 
accepting the plainest indications of our senses, unassisted 
by instrumental measurement. As to staUmients concern- 
ing the height of the aurora and the distance of meteors, 
they arc to be utterly distrusted. When Captain I'arry 
says that a ray of the aurora shot suddenly downwards 
between him and the ^land which was only' 3,000 yards 
distant, we must consider him subject to an illusion of 
sense.^ 

It is true that errors of observation are more often 
errors of judgment than of sense. That which is actually 
seen must be so far truly seen ; and if we correctly interpret 
the meaning of the phenomenon, there would be no error 
at all. But the weakness of the bare senses as measuring 
instruments, arises from the fact that they import varying 
conditions of unknown amount, and we cannot make the 
requisite corrections and allowances as in the case of a 
solid and invariable instrument. 

Bacon has excellently stated the insufficiency of the 

1 Loomis, On the Aurora Borealis. Smithsonian Tr'insactions, 
quoting Parry Third Voyage, p. 61 . 
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senses for estimating the magnitudes of objects, or de- 
tecting the degrees in which phenomena present them- 
selves. “ Things escape the senses/’ he says, “ because the 
object is not sufficient in quantity to strike the sense : as 
all minute bodies ; because the percussion of the object is 
too great to be endured by the senses : as the form of the 
sun when looking directly at it in mid-day ; because the 
time is not proportionate to actuate the sense: as the 
motion of a bullet in the air, or the quick circular motion 
of a firebrand, which are too fast, or the hour-hand of 
a common clock, which is too slow ; from the distance 
of the ‘object as to place: as the size of the celestial 
bodies, and the size and nature of all distant bodies ; 
from prepossession by another object : as one powerful 
smell renders other smells in the same room im])er- 
ceptible ; from the interruption of interposing bodies : 
as the internal parts of animals ; and because the object 
is unfit to make an impression upon the sense : as the 
air or the invisible and untangible spirit which is in- 
cluded in every living body.” 

Comiolcxity of Quantitative Questions. 

One remarlv which we may well make in entering 
upon quantitative questions, has regard to the great variety 
and extent of phenomena presented to our notice. So 
long as we deal only with a simply logical question, that 
question is merely, Does a certain event happen ? or, Does 
a certain object exist ? No sooner do we regard the event 
or object as capable of more and less, than the question 
branches out into many. We must now ask, How much 
is it compared with its cause ? Does it change when the 
amount of the cause changes ? If so, does it change in 
the same or opposite direction ? Is the change in simjDle 
proportion to that of the cause ? If not, what more com- 
plex law of connection holds true ? This law determined 
satisfactoi ily in one series of circumstances may be varied 
under new conditions, and the most complex relations of 
several quantities may ultimately be established. 

In every question of physical science there is thus a 
series of steps the first one or two ot which are usually 
made with ease while the succeeding ones demand more 
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and more careful measurement. We cannot lay down 
any invariable series of questions which must be asked 
from nature. The exact character of the questions will 
vary according to the nature of the case, but they will 
usually be of an evident kind, and we may readily illus- 
trate them by examples. Suppose that we are investigat- 
ing the solution of some salt in water. The first is a 
purely logical question : Is there solution, or is there not ? 
Assuming the answer to be in the affirmative, we next 
inquire, Does the solubility vary with the temperature, or 
not ? In all probability some variation will exist, and we 
must have an answer to the further question, Does 
the quantity dissolved increase, or does it diminish with 
the temperature ? In by far the greatest number of 
cases salts and substances of all kinds dissolve more freely 
the liigher the temperature of the water ; but there are a 
few salts, such as calcium sulphate, which follow the 
opposite rule. A considerable number of salts resemble 
sodium sulphate in becoming more soluble up to a certain 
temperature, and then varying in the opposite direction. 
We next require to assign the amount of variation as 
compared with that of the temperature, assuming at first 
thoi the increase of solubility is proportional to the in- 
crease of temperature. Common salt i^ an instance of 
very slight variation, and potassium nitrate of very con- 
siderable increase with temperature. Accurate observa- 
tions will probably show, however, that the simple law 
of proportionate variation is only approximately true, 
and some more complicated law involving the second, 
third, or higher powers of the temperature may ultimately 
be established. All these investigations have to be 
carried out for each salt separately, since no distinct prin- 
ciples by which we may infer from one substance to 
another have yet been detected. There is still an in- 
definite field for further research open ; for the solubility 
of salts will probably vary with the pressure under 
which the medium is placed ; the presence of other salts 
already dissolved may have effects yet unknown. The 
researches already effected as regards the solvent power of 
water must be repeated with alcohol, ether, carbon 
bisulphide, and o^her media, so that unless general laws 
can be detected, this one phenomenon of solution can 
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never be exhaustively treated. The same kind of ‘questions 
recur as regards the solution or absorption of gases in 
liquids, the pressure as well as the temperature having 
then a most decided effect, and Professor Roscoe’s re- 
searches on the subject present an excellent example of 
the successive determination of various complicated laws.^ 
There is hardly a branch of physical science in which 
similar complications are not ultimately encountered. 
In the case of gravity, indeed, we arrive at the final 
law, that the force is the same for all kinds of matter, 
and varies only with the distance of action. But in 
other subjects the laws, if simple in their ultimate nature, 
are disguised and complicated in their apparent results. 
Thus the effect of heat in expanding solids, and the reverse 
effect of forcible extension or compression upon the tem- 
perature of Q. body, will vary from one substance to 
another, will vary as the temperature is already higher or 
lower, and^ will probably follow a highly complex law, 
which in some cases gives negative or exceptional results. 
In crystalline substances the same researches have to be 
repeated in each distinct axial direction. 

In the sciences of pure observation, such as those of 
astronomy, meteorology, and terrestrial magnetism, we 
meet with man;/ interesting series of quantitative deter- 
minations. Th6 so-called fixed stars, as Giordano Bruno 
divined, are not really fixed, and may be more truly 
described as vast wandering orbs, each pursuing its own 
path through space. We must then determine separately 
for each star the following questions : — 

1. Does it move ? 

2. In what direction ? 

3. At what velocity ? 

4. Is this velocity variable or uniform ? 

5. If variable, according to what law ? 

6. Is the direction uniform ? 

7. If not, what is the form of the apparent path ? 

8. Does it approach or recede ? 

9. What is the form of the real path ? 

The successive answers to such questions in the case of 
certain binary stars, have afforded a proof that the 


' Watte’ Dictionary of ChemisiTy^ voL ii. p. 790. 
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motions are due to a central force coinciding in law with 
gravity, and doubtless identical with it. In other cases 
the motions are usually so small that it is exceedingly 
difficult to distinguish them with certainty. And the time 
is yet far off when any general results as regards stellar 
motions can be established. 

The variation in the brightness of stars opens an un- 
limited field for curious observation. There is not a star 
in the heavens concerning which we might not have to 
determine : — 

1. Does it vary in brightness ? 

2. Is the brightness increasing or decreasing ? 

3. Is the variation unifonn ? 

4. If not, acording to what law does it vary ? 

. In a majority of cases the change will probably be 
found to have a periodic character, in wliich case several 
other questions will arise, such as — 

5. What is the length of the period ? 

6. Are there minor periods ? 

7. What is the law of variation within the period ? 

8 . Is there any change in the amount of variation ? 

9. If so, is it a secular, i.e. a continually growing 
change, or does it give evidence of a gj^itcr period ? 

Already the periodic changes of a ceHain number of 
stars have been determined with accuracy, and the lengtlis 
of the periods vary from less than thiee days up to 
intervals of time at least 250 times as great. Periods 
within periods have also been detected. 

There is, perhaps, no subject in which more complicated 
quantitative conditions have to be determined than ter- 
restrial magnetism. Since the time when the declination 
of the compass was first noticed, as some suppose by 
Columbus, we have had successive discoveries from time 
to time of the progressive change of declination from 
century to century; of the periodic character of this 
change ; of the difference of the declination in various 
parts of the earth's surface ; of the varying laws of 
the change of declination ; of the dip or inclination of 
the needle, and the corresponding laws of its periodic 
changes ; the horizontal and perpendicular intensities have 
also been the subject of exact measurement, and have been 
found to vary with place and time, like the directions of 
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the needle ; daily and yearly periodic changes have also 
been detected, and all the elements are found to be subject 
to occasional storms or abnormal perturbations, in wliich 
the eleven year period, now known to be common to many 
planetary relations, is apparent. The complete solution 
of these motions of the compass needle involves nothing 
less than a determination of its position and oscillations in 
every part of the world at any epoch, the like determina- 
tion for another epoch, and so on, time after time, until 
the periods of all changes are ascertained. This one sub- 
ject offers to men of science an almost inexhaustible field 
for intei’esting quantitative research, in which we shall 
doubtless at some future time discover the operation of 
causes now most mysterious and unaccountable. 

Methods of Accurate M easier emcrit. 

In studying the modes by which physicists have ac- 
complished very exact measurements, we find that they 
are very various, but that they may perhaps be reduced 
under the following three classes : — 

1. The increase or decrease, in some determinate ratio, 
of the quantity to be measured, so as to bring it within 
the scope of ouf senses, and to equate it with the standard 
unit, or some determinate multiple or sub-multi])le of this 
unit. 

2. The discovery of some natural conjunction of events 
which will enable us to compare directly the multiples of 
the quantity with those of the unit, or a quantity related 
in a definite ratio to that unit. 

3. Indirect measurement, which gives us not the quan- 
tity itself, but some other quantity connected with it by 
known mathematical relations. 

Conditions of Accurate Measurement. 

Several conditions are requisite in order that a mea- 
surement may be made with great accuracy, and that 
the results may be closely accordant when several inde- 
pendent measurements are made. 

In the first place the magnitude must be exactly defined 
by sharp ferminations, or precise marks of inconsiderable 
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thickness. When a •boundary is vague and graduated, 
like the penumbra in a lunar eclipse, it is impossible to 
say where the end really is, and different people will come 
to different results. We may sometimes overcome this 
difficulty to a certain extent, by observations repeated in 
a special maimer, as we shall afterwards see ; but when 
possible, we should choose opportunities for measure- 
ment when ])recise definition is easy. The moment of 
occultation of a star by tlie moon can be observed with 
great accuracy, because the star disappeais with perfect 
suddenness ; but there are other astronomical conjunctions, 
eclipses, transits, &c., which occupy a certain length of 
time in happening, and thus open the way to differences 
of opinion. It would be impossible to observe with pre- 
cision the movements of a body possessing no definite 
jioints of reference. The colours of the contplete spectrum 
shade into each other so continuously that exact deter- 
minations of refractive indices would have been impossible, 
liad we not the dark lines of the solar spectrum as precise 
points for measurement, or various kinds of homogeneous 
light, such as that of sodium, possessing a nearly uniform 
length of vibration. 

In the second place, we cannot nicasuK^. accurately 
unless we have the means of multiplying or dividing 
a quantity without considerable error, so that we may 
correctly equate one magnitude with the multiple or sub- 
multiple of the other. In some cases we operate upon the 
quantity to be measured, and bring it into accurate coin- 
cidence with the actual standard, as when in photometry 
we vary the distance of our luminous body, until its 
illuminating pqwer at a certain point is equal to that of a 
standard lamp. In other cases we repeat the unit until it 
equals the object, as in surveying land, or determining a 
weight by the balance. The requisites of accuracy now 
are: — (i) That we can repeat unit after unit of exactly 
equal magnitude (2) That these can be joined together 
so that the aggregate »shall really be the sum of the 
parts. The same conditions apply to subdivision, which 
may be regarded as a multi])lication of subordinate units. 
In order to measure to the thousandth of an inch, we must 
be able to add thousandth after thousandth wjtlicut error 
in the magnitude of these spaces, or in their conjunction. 
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Measuring histrunients. 

To consider the mechanical construction of scientific 
instruments, is no part of my purpose in this book. I 
wish to point out merely the general purpose of such 
instruments, and the methods adopted to carry out that 
purpose with great precision. In the first place we must 
distinguish between the instrument which effects a com- 
parison between two quantities, and the standard mag- 
nitude which often forms one of the quantities compared. 
The astronomer’s clock, for instance, is no standard of the 
efflux of time; it serves but to subdivide, with approxi- 
mate accuracy, the interval of successive passages of a 
star across the meridian, which it may effect perhaps to 
the tenth part of a second, or of the whole. 

The moving g\obe itself is the real standard clock, and the 
transit instrument the finger of the clock, while the stars 
are the hour, minute, and second marks, none the less 
accurate because they are disposed at unequal intervals. 
The photometer is a simple instrument, by which we com- 
pare the relative intensity of rays of light falling upon a 
given spot. The galvanometer shows the comparative 
intensity of electric currents passing through a wire. 
The calorimeter gauges the quantity of heat passing from 
a given object. But no such instruments furnish the 
standard unit in terms of which our results are to be ex- 
pressed. In one peculiar case alone does tlie same instru- 
ment combine the unit of measurement and the means of 
comparison. A theodolite, mural circle, sextant, or other 
instrument .for the measurement of angular magnitudes 
has no need of an additional physical unit ; for the circle 
itself, or complete revolution, is the natural unit to which 
all greater or lesser amounts of angular magnitude are 
referred. 

The result of every measurement is to make known the 
purely numerical ratio existing between the magnitude 
to be measured, and a certain other magnitude, which 
should, when possible, be a fixed unit or standard magni- 
tude, or at least an intermediate unit of which the value 
can be ascertained in terms of the ultimate standard. But 
though a r^atio is the required result, an equation is the 
mode in which the ratio is determined and expressed. In 
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every measurement vje equate some multiple or submul- 
tiple of one quantity, with some multiple or submultiple 
of another, and equality is always the fact which we 
ascertain by the senses. By the eye, the ear, or the touch, 
we judge whether there is a discrepancy or not between 
two lights, two sounds, two intervals of time, two bars of 
metal. Often indeed we substitute one sense for the other, 
as when the efflux of time is judged by the marks upon 
a moving slip of paper, so that equal intervals of time are 
represented by equal lengths. There is a tendency to 
reduce all comparisons to the comparison of space magni- 
tudes, but in every case one of the senses must be the 
ultimate judge of coincidence or non-coincidence. 

Since the equation to be established may exist between 
any multiples or submultiples of the. quantities compared, 
there naturally arise several different mode^^of comparison 
adapted to different cases. Let <p be the magnitude to 
be measured, and that in terms of which it is to be 
expressed. Then we wish to find such numbers x and ?/, 

that the equation j:? = ^2 ^^7 true. This equation 
may be presented in four forms, namely : — 

First Form. Second Form. Third Foi m. ^ Fourt ‘i Form, 

= - 5 2 ? - = 2 = qx 2 — %. 

y X X y 

Each of these modes of expressing the same equation cor- 
responds to one mode of eifectirig a measurement. 

When the standard quantity is greater than that to be 
measured, we often adopt the first mode, and subdivide 
the unit until we get a magnitude equal to that measured. 
The angles observed in surveying, in astronomy, or in 
goniometry are usually smaller than a whole revolution, 
and the measuring circle is divided by the use of the 
screw and microscope, until we obtain an angle undistin- 
guishable from that observed. The dimensions of minute 
objects are determined by subdividing the inch or centi- 
metre, the screw micrometer being the most accurate 
means of subdivision. Ordinary temperatures are esti- 
mated by division of • the standard interval between the 
freezing and boiling points of water, as marked on a 
thermometer tube! , • 
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In still greater number of cases, perhaps, we multiply 
the standard unit until we get a magnitude equal to that 
to be measured. Ordinary measurement by a foot rule, 
a surveyor’s chain, or the excessively careful measurements 
of the base line of a trigonometrical survey by standard 
bars, are sufficient instances of this procedure. 

In the second case, where p | we multiply or divide 

a magnitude until we get what is equal to the unit, or to 
some magnitude easily comparable with it. As a general 
rule the quantities which we desire to measure in 
physical* science are too small rather than too great for 
easy determination, and the problem consists in multiply- 
ing them without introducing error. Thus the expansion 
of a metallic bar when lieated from o° C to loo’ may be 
multiplied by a train of levers or cog wheels. In the 
common thermometer the expansion of the mercury, 
though slight, is rendered very apparent, and easily 
measurable by the fineness of the tube, and many other 
cases might be quoted. There are some phenomena, on 
the contrary, which are too great or rapid to come within 
the easy range of our senses, and our task is then the oppo- 
site one of diminution. Galileo found it difficult to measure 
the velocity of i falling body, owing to the considerable 
velocity acquired in a single second. He adopted the 
elegant device, therefore, of lessening the rapidity by 
letting the body roll down an inclined plane, which 
enables us to reduce the accelerating force in any required 
ratio. The same purpose is effected in the well-known 
experiments performed on Attwood’s machine, and the 
measurement of gravity by the pendulum really depends 
on the same principle applied in a far more advantageous 
manner. Wheatstone invented a beautiful method of gal- 
vanometry for strong currents, which consists in drawing 
off from the main current a certain determinate portion, 
which is equated hy the galvanometer to a standard 
current. In short, he measures not the current itself but 
a known fraction of it. 

In many electrical and other experiments, we wish to 
measure the movements of a needle or other body, which 
are not only very shght in themselves, but the manifes- 
tations of • exceedingly small forces. "We cannot even 
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approach a delicately balanced needle without disturbing 
it. Under these circumstances the only mode of proceed- 
ing with accuracy, is to attach a very small mirror to the 
moving body, and employ a ray of light reflected from 
the mirror as an index of its movements. The ray may 
be considered quite incapable of affecting the body, and 
yet by allowing the ray to pass to a sufficient distance, 
the motions of the mirror may be increased to almost any 
extent. A ray of light is in fact a perfectly weiglitless 
linger or index of indefinite length, with the additional 
advantage that tlie angular deviation is by the law of 
refiection double that of the mirror. This method was 
introduced by Gauss, and is now of great importance ; 
but in Wollastons reflecting goniometer a ray, of light 
had previously been employed as an index. Xavoisier 
and Laplace had also used a telescope in connection with 
the pyrometer. 

It is a great advantage in some instruments that tliey 
can be readily made to manifest a plienomenon in a greater 
or less degree, by a very slight change in the construction. 
Tlius either by enlarging the bulb or contracting the tube 
of the thermometer, we can make it give more conspicuous 
indications of change of temperature. Tlie ordinary baro- 
meter, on the other hand, always gives the variations of 
pressure on one scale. The torsion balance is remark- 
able for the extreme delicacy which may be attained 
by increasing the length and lightness of the rod, and the 
length and thinness of the supporting thread. Forces so 
minute as the attraction of gravitation between two balls, 
or the magnetic and diamagnetic attraction of common 
Jiquids and gases, may thus be made apparent, and even 
measured. The common chemical balance, too, is capable 
theoretically of unlimited sensibility. 

The third mode of measurement, which may be called 
the Method of Repetition, is of such great importance and 
interest that we must consider it in a separate section. It 
consists in multiplying both magnitudes to be compared 
until some multiple of the first is found to coincide very 
nearly with some multiple of the second. If the multipli- 
cation can be effected to an unlimited extent, without the 
introduction of countervailing errors, the accuracy with 
which the required ratio can be determinefvl is^uniimited, 
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and we thus account for the extraordinary precision with 
which intervals of time in astronomy are compared to- 
gether. 

The fourth mode of measurement, in which we equate 
submultiples of two magnitudes, is comparatively seldom 
employed, because it does not conduce to accuracy. In 
the photometer, perhaps, we may be said to use it ; we 
compare the intensity of two sources of light, by placing 
them both at such distances from a given surface, that the 
light falling on the surface is tolerable to the eye, and 
equally intense from each source. Since the intensity of 
light varies inversely as the square of the distance, the 
relative intensities of the luminous bodies are propor- 
tional to the squares of their distances. The equal in- 
tensity of two rays of similarly coloured light may be 
most accurately ascertained in the mode suggested by 
Arago, namely, by causing the rays to pass in opposite 
directions through two nearly flat lenses pressed together. 
There is an exact equation between the intensities of the 
beams when Newton’s rings disappear, the ring created 
by one ray being exactly the complement of that created 
by the other, 


The Method of Repetition, 

The ratio of two quantities can be determined with 
unlimited accuracy, if we can multiply both the object 
of measurement and the standard unit without error, and 
then observe what multiple of the one coincides or nearly 
coincides with some multiple of the other. Although per- 
fect coincidence can never be really attained, the error 
thus arising may be indefinitely reduced. For if the 
equation py ~ qx be uncertain to the amount e, so 

that py = qx ± e, then we have p = q and 

^ ^ y y 


as we are supposed to be able to make y as great as we 
like without increasing the error e, it follows that we 
can make e -7- y as small as we like, and thus approxi- 
mate within an inconsiderable quantity to the required 
ratio a? -r- y. 

This method of repetition is naturally employed when- 
ever quanfities can be repeated, or repeat themselves 
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without error of juxtaposition, which is especiially the 
case with the motions of the earth and heavenly bodies. 
In determining the length of the sidereal day, we deter- 
mine the ratio between the earth’s revolution round the 
sun, and its rotation on its own axis. We might ascertain 
the ratio by observing the successive passages of a, star 
across the zenith, and comparing the interval by a good 
clock with that between two passages of the sun, the 
difference being due to the angular movement of the 
earth round the sun. In such observations we should 
have an error of a considerable part of a second at each 
observation, in addition to the irregularities of the clock. 
Hut the revolutions of the earth repeat themselves day 
after day, and year after year, without the slightest in- 
terval between the end of one i)criod and the beginning 
of another. The operation of multiplication is perfectly 
performed for us by nature. If, then, we can find an obser- 
vation of the passage of a star across the meridian a hun- 
dred years ago, that is of the interval of time between 
the passage of the sun and the star, tlie instrumental 
errors in measuring this interval by a clock and telescope 
may be greater than in the present day, but will be 
di'^’ided by about 36,524 days, and rendered excessively 
small. It is thus that astronomers have been able to 
ascertain the ratio of the mean solar to the sidereal day 
to the 8th place of decimals {i'002y^'/gi go i), or to the 
hundred millionth part, probably the most accurate result 
of measurement in the whole range of science. 

The antiquity of this mode of comparison is almost as 
great as that of astronomy itself, Hipparchus made the 
first clear application of it, when he compared his own 
observations with those of Aristarchus, made 145 years 
previously, and thus ascertained the length of the year. 
This calculation may in fact be regarded as the earliest 
attempt at an exact determination of the constants of 
nature. The method is the main resource of astrono- 
mers; Tycho, for instance, detected the slow diminution 
of the obliquity of the earth’s axis, by the comparison 
of observations at long intervals. Living astronomers 
use the method as much as earlier ones ; but so superior 
in accuracy are all observations taken during; the last 
hundred years to all previous ones^ that it is often 

V 
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found preferable to take a shorter interval, rather than 
incur the risk of greater instrumental errors in the earlier 
observations. 

It is obvious that many of the slower changes of the 
heavenly bodies must require the lapse of large intervals 
of time to render llieir amount perceptible. Hipparchus 
could not possibly have discovered the smaller inequalities 
of the heavenly motions, because there were no previous 
observations of sufficient age or exactness to exhibit them. 
And just as the observations of Hipparchus formed the 
startin^point for subsequent comparisons, so a large part 
of the labour of present astronomers is directed to record- 
ing the present state of the heavens so exactly, that future 
generations of astronomers may detect changes, which 
cannot possibly become known in the present age. 

The principle of repetition was very ingeniously em- 
ployed in an instrument first proposed by Mayer in 1767, 
and carried into practice in the Repeating Circle of Borda. 
The exact measurement of angles is indispensable, not 
only in astronomy but also in trigonometrical surveys, and 
the highest skill in the mechanical execution of the gradu- 
ated circle and telescope will not prevent terminal errors 
of considerablej^amount. If instead of one telescope, the 
circle be provided with two similar telescopes, these may 
be alternately directed to two distant points, say the 
marks in a trigonometrical survey, so that the circle shall 
be turned through any multqile of the angle subtended 
by those marks, before the amount of the angular revolu- 
tion is read off upon the graduated circle. Theoretically 
speaking, all error arising from imperfect graduation might 
thus be indefinitely reduced, being divided by the number 
of repetitions. In practice, the advantage of the invention 
is not found to be very great, probably because a certain 
error is introduced at each observation in the changing 
and fixing of the telescopes. It is moreover inapplicable 
to moving objects like the heavenly bodies, so that its use 
is confined to important trigonometrical surveys. 

The pendulum is the most perfect of all instruments, 
chiefly because it admits of almost endless repetition. 
Since the force of gravity never ceases, one swing of the 
penduluiB is no sooner ended than the other is begun, 
so that the juxtaposition of successive units is absolutely 
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perfect. Provided tllat the oscillations be equal, one 
thousand oscillations will occupy exactly one thousand 
times as great an interval of time as one oscillation. 
Not only is the subdivision of time entirely dependent 
on this fact, but in the accurate measurement of gravity, 
and many other importaidJ determinations, it is of the 
greatest service. In the deepest mine, we could not 
observe the rapidity of fall of a body for more than a 
quarter of a minute, and the measurement of its velocity 
would be difficult, and subject to uncertain errors from 
resistance of air, &c. In the pendulum, we have, a body 
which can be kept rising and falling for many hours, in 
a medium entirely under our command or if desirable in 
a vacuum. Moreover, the comparative force of gravity at 
different points, at the top and bottom of a mine for 
instance, can be determined with wonderful precision, by 
comparing the oscillations of two exactly similar pendu- 
lums, with the aid of electric clock signals. 

To ascertain the comparative times of vibration of two 
pendulums, it is only requisite to swing them one in 
front of the other, to record by a clock the moment when 
they coincide in swing, so that one bides the other, and 
then count the number of vibrations until Uiey again come 
to coincidence. If one pendulum makes m vibrations and 
the other n, we at once have our equation pn == q 77 i ; 
which gives the length of vibration of either pendulum in 
terms of the other. This method of coincidence, embody- 
ing the principle of repetition in perfection, was employed 
with wonderful skill by Sir George Airy, in his experi- 
ments on the Density of the Earth at the Harton Colliery, 
the pendulums above and below being compared with 
clocks, which again were compared with each other by 
electric signals. So exceedingly accurate was lUis method 
of observation, as carried out by Sir George Airy, that he 
was able to measure a total difference in the vibrations at 
the top and bottom of the shaft, amounting to only 2*24 
seconds in the twenty-four hours, with an error of less 
than one hundredth part of a second, or one part in 
8,640,000 of the whole day.^ 

The principle of repetition has been elegantly applied 

• 

* Philosophical TramactionSf (I856) voL 146, Part i. p. 297. 

TT 0 . 
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in observing the motion of waves in water. If the canal 
in which the experiments are made be short, say twenty 
feet long, the waves will pass through it so rapidly that 
an observation of one length, as practised by Walker, will 
be subject to much terminal error, even when the observer 
is very skilful. But it is a result of the undulatory theory 
that a wave is unaltered, anS loses no time by com- 
plete reflection, so that it may be allowed to travel back- 
wards and forwards in the same canal, and its motion, say 
through sixty lengths, or 1200 feet, may be observed with 
the sam,e accuracy as in a canal 1200 feet long, with the 
advantage of greater uniformity in the condition of the 
canal and water.^ It is always desirable, if possible, to 
bring an experiment into a small compass, so that -it 
may be well under command, and yet we may often 
by repetition enjoy at the same time the advantage of 
extensive trial 

One reason of the great accuracy of weighing with a 
good balance is the fact, that weights placed in the same 
scale are naturally added together without the slightest 
error. There is no difficulty in the precise juxtaposition 
of two grams, but the juxtaposition of two metre mea- 
sures can only^be effected with tolerable accuracy, by the 
use of microscopes and many precautions. Hence, the 
extreme trouble and cost attaching to the exact measure- 
ment of a base line for a survey, the risk of error entering 
at every juxtaposition of the measuring bars, and inde- 
fatigable attention to all the requisite precautions being 
necessary throughout the operation. 

Measurements hy Natural Coincidence. 

In certain cases a peculiar conjunction of circumstances 
enables us to dispense more or less with instrumental 
aids, and to obtain very exact numerical results in the 
simplest manner. The mere fact, for instance, that no 
human being has ever seen a different face of the moon 
from that familiar to us, conclusively proves that the 
period of rotation of the moon on its own axis is equal 

* Aiiy, Tides md Waves, Encyclopsediaf Metropolitana, p. 345. 
Scott Mneaellf BriHsh Association 1837, p. 432. 
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to that of its revolution round the earth. Not only have 
we the repetition of these movements during looo or 
2000 years at least, but we have observations made for 
us at very remote periods, free from instrumental error, 
no instrument being needed. We learn that the seventh 
satellite of Saturn is subject to a similar law, because its 
liglit undergoes a variation in each revolution, owing to 
the existence of some dark tract of land ; now this failure 
of light always occurs while it is in the same position 
relative to Saturn, clearly proving the equality of the 
axial and revolutional periods, as Huygens |)erceived.^ 
A like peculiarity in the motions of Jupiter’s fourth satel- 
lite was similarly detected by Maraldi in 1713. 

Remarkable conjunctions of the planets may sometimes 
allow us to compare their periods of revoletion, through 
great intervals of time, with much accuracy. LajJace in 
explaining the long inequality in the motions of Jupiter 
and Saturn, was assisted by a conjunction of these 
planets, observed at Cairo, towards the close of the 
eleventli century. Laplace calculated that such a con- 
jhnetion must have liappeiied on the 31st of October, a.d. 
loSy ; and the discordance between one distances of the 
planets as recorded, and as assigned by tlieory, was less 
than one-fifth part of the apparent diameter of the sun. 
This difference being less than the probable error of the 
early record, the theory was confirmed as far as facts 
were available.^ 

Ancient astronomers often showed the highest inge- 
nuity in turning any opportunities of measurement which 
occurred to good account. Eratosthenes, as early as 
250 B.C., happening to hear that the sun at Syene, in 
Upper Egypt, was visible at the summer solstice at the 
bottom of a well, proving that it was in the zenith, pro- 
posed to determine the dimensions of the earth, by mea- 
suring the length of the shadow of a rod at Alexandria on 
the same day of the year. He thus learnt in a rude 
manner the difference of latitude between Alexandria and 
Syene and finding it to be about one fiftieth part of the 
whole circumference, he ascertained the dimensions of the 

1 Eugmii Cosmoth(fbros, pp. 117, 118. Laplace’s ISyUleme, traus- 
lated, vol. i. p. 67. 

* Grant's History of Physical p. 129. 
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earth within about one sixth part of the truth. The use 
of wells in astronomical observation appears to have been 
occasionally practised in comparatively recent times as 
by Flamsteed in 1679.^ The Alexandrian astronomers 
employed the moon as an instrument of measurement 
in several sagacious inodes. When the moon is exactly 
half full, the moon, sun, and earth, are at the angles of a 
right-angled triangle. Aristarchus measured at such a 
time the moon’s elongation from the sun, which gave him 
the two other angles of the triangle, and enabled him to 
judge of the comparative distances of the moon and sun 
from the earth. His result, though very rude, was fiir 
more accurate than any notions previously entertained, 
and enabled him to form some estimate of the comparative 
magnitudes of the bodies. Eclipses of the moon were 
very useful to Hipparchus in ascertaining the longtitude 
of the stars, which are invisible when the sun is above 
the horizon. For the moon when eclipsed must be 1 80® 
distant from the sun ; hence it is only requisite to measure 
the distance of a fixed star in longitude from the eclipsed 
moon to obtain with ease its angular distance from the 
sun. 

In later timts the eclipses of Jupiter have served to 
measure an angle; for at the middle moment of the 
eclipse the satellite must be in the same straight line with 
the planet and sun, so that we can learn from the known 
laws of movement of the satellite the longitude of Jupiter 
as seen from the sun. If at the same time we measure 
the elongation or apparent angular distance of Jupiter 
from the sun, as seen from the earth, we have all the 
angles of the triangle between Jupiter, the sun, and the 
earth, and can calculate the comparative magnitudes of 
the sides of the triangle by trigonometry. 

The transits of Venus over the sun's face are other 
natural events which give most accurate measurements 
of the sun’s parallax, or apparent difference of position 
as seen from distant points of the earth’s surface. The 
sun forms a kind of background on which the place of 
the planet is marked, and serves as a measuilng instru- 
ment free from all the errors of construction which affect 


Baily’s Account of Flamsteed^ p. lix. 
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human instruments. •I'he rotation of the earth, too, by 
variously affecting the apparent velocity of ingress or 
egress of Venus, as seen from different places, discloses 
the amount of the parallax. It has been sufficiently 
shown that by rightly choosing the moments of obser- 
vation, the planetary bodies may often be made to reveal 
their relative distance, to measure their own position, to 
record their own movements with a high degree of 
accuracy. With the improvement of astronomical instru- 
ments, such conjunctions become less necessary to the 
progress of the science, but it will always remain advan- 
tageous to choose those moments for observation when 
instrumental errors enter with the least effect. 

In other sciences, exact quantitative laws can occasion- 
ally be obtained without instrumental measurement, as 
when we learn the exactly equal velocity of sounds of 
different pitch, by observing that a peal of bells or a 
musical performance is heard harmoniously at any dis- 
tance to which the sound penetrates; this could not be 
the case, as Newton remarked, if one sound overtook 
the other. One of the most important principles of the 
atomic theory, was i)i’oved by implir ation before the use 
of the balance was introduced into clK .jjjstry. Wenzel 
observed, before 1777, that when two neutral substances 
decompose each other, the resulting salts are also neutral 
In mixing sodium sulphate and barium iiitrate, we 
obtain insoluble barium sulphate and neutral sodium 
nitrate. This result could not follow unless the nitric 
acid, requisite to saturate one atom of sodium, were 
exactly equal to that required by one atom of barium, 
so that an exchange could take place without leaving 
either acid or base in excess. 

An important principle of mechanics may also be 
established by a simple acoustical observation. When 
a rod or tongue of metal fixed at one end is set in 
vibration, the pitch of the sound may be observed to 
be exactly the same, whether the vibrations be small or 
great; hence the oscillations are isochronous, or equally 
rapid, independently of their magnitude. On the ground 
of theory, it can be shown that such a result only 
happens when the* flexure is proportional to th(| deflecting 
force. Thus the simple observation that the pitch of 
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the sound of a harmonium, for instance, does not change 
with its loudne*ss establishes an exact law of nature.^ 

A closely similar instance is found in the proof that the 
intensity of light or heat rays varies inversely as the 
square of the distance increases. For the apparent mag- 
nitude certainly varies according to this law ; hence, if the 
intensity of light varied according to any other law, the 
brightness of an object would be different at different 
distances, which is not observed to be the case. Melloni 
applied the same kind of reasoning, in a somewhat 
different form, to the radiation of heat^rays. 

Modes of Indirect Measurement, 

Some of the most conspicuously beautiful ex])eriments 
ill the whole range of science, have been devised for the 
purpose of indirectly measuring (piantities, which in their 
extreme greatness or smallness surpass the jiowers of 
sense. All that we need to do, is to discover some 
other conveniently measurable phenomenon, which is re- 
lated in a known ratio or according to a known law, 
however conqdicated, with that to be measured. Having 
once obtained • experimental data, there is no further 
difficulty beyond that of arithmetic or algebraic calcu- 
lation. 

Gold is reduced by the gold-beater to leaves so thin, 
that the most powerful microscope would not detect any 
measurable thickness. If we laid several hundred leaves 
upon each other to multiply the thickness, we should 
still have no more than ^-^th of an inch at the most to 
measure, and tlie errors arising in the superposition and 
meavsurement would be considerable. But we can readily 
obtain an exact result through the connected amount of 
weight. Faraday weighed 2000 leaves of gold, each 
3| inch square, and found them equal to 384 grains. 
From the known specific gravity of gold it was easy to 
calculate that .the average thickness of the leaves was 

We must ascribe to Newton the honour of leading the 

* * Jamin, ConrB de Flimiqtie, voL i. p. 152. 

2 Faraday. ChmUal HesM/tcheSn p. 393. 
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way in methods of minute measurement. He did not 
call waves of light by their right name, and did not 
understand their nature ; yet he measured their length, 
though it did not exceed the 2,000,000th part of a metre 
or the one fifty-thousandth part of an inch. He pressed 
together two lenses of large but known radii. It was 
easy to calculate the interval between the lenses at any 
point, by measuring the distance from the central point 
of contact. Now, with homogeneous rays the successive 
rings of light and darkness mark tlie points at wliich the 
interval between the lenses is equal to one half, or any 
multiple of half a vibration of the light, so that the 
length of the vibration became known. In a similar 
manner many phenomena of interference of rays of light 
admit of the measurement of tlie wave lengths. Fringes 
of interference aiise from rays of light which cross each 
other at a small angle, and an excessively minute dif- 
ference in the lengths of the waves makes a very perceptible 
difference in the position of the point at which two rays 
will interfere and jnoduce darkness. 

Fizeau has recently employed Newton's rings to measure 
small amounts of motion. By merely lounting the number 
of rings of sodium monochromatic light pissing a certain 
point where two glass plates are in close proximity, he is 
able to ascertain with the greatest accuracy and ease the 
change of distance between these glasses, produced, for 
instance, by the expansion of a metallic bar, connected with 
one of the glass plates.^ 

Nothing excites more admiration than the mode in which 
scientific observers can occasionally measure quantities, 
which seem beyond the bounds of human observation. 
We know the average, depth of the Pacific Ocean to be 
14,190 feet, not by actual sounding, which would be 
impracticable in sufficient detail, but by noticing the 
rate of transmission of earthquake waves from the South 
American to the opposite coasts, the rate of movement 
being connected by theory with the depth of the water.^ 
In the same way the average depth of the Atlantic Ocean 
is inferred to be no less than 22,157 from the velocity 

• ‘ ■ 

^ Proceedings of the Royal Society, 30th November, 1866. 

2 Herschel, Physical Geography, § 40. 
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of the ordinary tidal waves. A tidal wave again gives 
beautiful evidence of an effect of the law of gravity, 
which we could never in any other way detect. Newton 
estimated that the moon’s force in moving the ocean is 
only one part in 2,871,400 of the whole force of gravity, 
so that even the pendulum, used with the utmost skill, 
would fail to render it apparent. Yet, tlie immense extent 
of the ocean allows the accumulation of the effect into a 
very palpable amount ; and from the comparative heights 
of the lunar and solar tides, Newton roughly estimated 
the comparative forces of the moon’s and sun’s gravity at 
the eartn.^ 

A few years ago it might have seemed impossible tlial 
we should ever measure the velocity with which a stai* 
approaches or recedes frorri tlie earth, since the apparent 
position of the star is thereby unaltered. But the spec- 
troscope now enables us to detect and even measure such 
motions with considerable accuracy, by the alteration which 
it causes in the apparent rapidity of vibration, and conse- 
quently in the refrangibility of rays of light of definite 
colour. And while our estimates of the lateral move- 
ments of stars depend upon our very uncertain know- 
ledge of their distances, the spectroscope gives the motions 
of approach ana recess irrespective of other motions except- 
ing that of the earth. It gives in short the motions of 
approach and recess of the stars relatively to the earth. 2 

The rapidity of vibration for each musical tone, having 
been accurately determined by comparison with the Syren 
(p. 10), we can use sounds as indirect indications of rapid 
vibrations. It is now known that the contraction of a 
muscle arises from the periodical contractions of each 
separate fibre, and from a faint sound or susurrus which 
accompanies the action of a muscle, it is inferred that each 
contraction lasts for about one 300th part of a second. 
Minute quantities of radiant heat are now always measured 
indirectly by the electricity which they produce when falling 
upon a thermopile. The extreme delicacy of the method 
seems to be due to the power of multiplication at several 
points in the apparatus. The number of elements or junc- 

^ Princvpiay bk. iii. Prop. 37, Corollaries, 2 and 3. Motte’s 
translation, ^oL ii. p. 310. 

® Eos^e's SpecPrum Analysis, let ed. p. 296. 
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tions of different metalS in the thermopile can be increased 
so that the tension of the electric current derived from the 
same intensity of radiation is multiplied ; the effect of the 
current upon the magnetic needle can be multiplied within 
certain bounds, by passing the current many times round 
it in a coil ; the excursions of the needle can be increased 
by rendering it astatic and increasing the delicacy of its 
suspension ; lastly, the angular divergence can be observed, 
with any required accuracy, by the use of an attached 
mirror and distant scale viewed through a telecope (p. 287). 
Such is tlie delicacy of this method of measuring hf,at, that 
T)r. Joule succeeded in making a thermopile which would 
indicate a difference of o°'OOOi 14 Cent.^ 

A striking case of indirect measurement is furnished by 
the revolving nlirror of Wheatstone and Foucault, whereby 
a minute interval of time is estimated in the form of an 
angular deviation. Wheatstone viewed an electric spark 
in a mirror rotating so rapidly, that if the duration of the 
spark had been more than one 72, cxx)th part of a second, 
the point of light would have appeared elongated to an 
angular extent of one-half degree. In the spark, as drawn 
directly from a Leyden jar, no elonge^ion was apparent, so 
that the duration of the spark was immeasujably small ; but 
when the discharge took place through a bad conductor, 
the elongation of the spark denoted a sensible duration.^ 
In the hands of Foucault the rotating mirror gave a 
measure of the time occupied by light in x>assing through 
a few metres of space. 

CoynparativG Use of Measuring Instruments. 

In almost every case a measuring instrument serves, 
and should serve only as a means of comparison between 
two or more magnitudes. As a general rule, we should 
not attempt to make the divisions of the measuring scale 
exact multiples or submultiples of the unit, but, regarding 
them as arbitrary marks, should determine their values by 
comparison with the standard itself. The perpendicular 
wires in the field of a transit telescope, are fixed at nearly 

* Fhilosophica^ Transactions (1859), vol. cxlix. p.J>94., 

* Watts’ Dictionairy of Chemistry, vol. ii. p, 393. 
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equal but arbitrary distances, and those distances are after- 
guards determined, as first suggested byMalvasia, by watch- 
ing the passage of star after star across them, and noting 
the intervals of time by tlie clock. Owing to tlie perfectly 
regular motion of tlie earth, these time intervals give exact 
determinations of the angular intervals. In the same way, 
the angular value of each turn of the screw micrometer 
attached to a telescope, can be easily and accurately 
ascertained. 

When a thermopile is used to observe radiant heat, it 
would be almost imj^ossible to calculate on a2'^riori grounds 
what is the value of each division of the galvanometer 
circle, and still more difficult to construct a galvanometer, 
so that each division should have a given \alue. But this 
is quite, unnecessary, because by placing the thermojiile 
before a body of known dimensions, at a known distance, 
with a known temperature and radiating ])ower, we measure 
a known amount of radiant heat, and inversely measure 
the value of the indications of the thermopile. In a 
similar way Dr. Joule ascertained the actual temperature 
produced by the coini)re.ssion of bars of metal. For having 
inserted a small thermopile composed of a single junction 
of copper and ft'ou wire, and noted the deflections of the 
galvanometer, he had only to dip the bars into water of 
different temperatures, until he produced a like deflec- 
tion, in order to ascertain the temperature developed by 
pressure.^ 

In some cases we are obliged to accept a very carefully 
constructed instrument as a standard, as in the case of a 
standard barometer or thermometer. But it is then best 
to treat all inferior instruments comparatively only, and 
determine the values of their scales by comparison with 
the assumed standard. 

Systematic Performance of Measurements. 

When a large number of accurate measurements have 
to be effected, it is usually desirable to make a certain 
number of determinations with scrupulous care, and after- 
wards use them as points of reference for the remaining 


^ PHtotophiml Tmiutictions (1859), cxiix. p. 119, 
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determinations. In th^ trigonometrical survey of a coun- 
tiy, the principal triangulation fixes the relative positions 
and distances of a few points with rigid accuracy. A 
minor triangulation refers every prominent hill or village 
to one of the principal points, and then the details are 
filled in by reference to the secondary points. The survey 
of the heavens is effected in a like manner. Tfie ancient 
astronomers compared the right ascensions of a few prin- 
cipal stars with the moon, and thus ascertained their posi- 
tions with regard to the sun; the minor stars were afterwards 
referred to the principal stars. Tycho followed the same 
method, except tliat he used the more slowly 'moving 
planet Venus instead of the moon. Flamsteed was in the 
habit of using aboTit seven stars, fixvourably situated at 
points all round tlic lieavens. In his early observations 
the distances of the other stars from these standard points 
were determined by the use of the quadrant.^ Even since 
the introduction of the transit telesco])e and the mural 
circle, tables of standard stars are formed at Greenwicli, 
the positions being determined with all possible accuracy, 
so that tliey can be employed for purposes of reference by 
astronomers. 

In ascertaining the specific gravity ", of substances, all 
gases are referred to atmospheric air at a'^ivcii tempera- 
ture and pressure ; all liquids and solids are referred to 
water. We require to compare the densities of water and 
air with great care, and the comparative densities of any 
two substances whatever can then be ascertained. 

In comparing a very great with a very small magnitude, 
it is usually desirable to break up the process into several 
steps, using intermediate terms of comparison. We should 
never think of measuring the distance from London to 
Edinburgh by laying down measuring rods, throughout the 
whole length. A base of several miles is selected on level 
ground, and compared on the one hand with the standard 
yard, and on the other with the distance of London and 
Edinburgh, or any other two points, by trigonometrical 
survey. Again, it would be exceedingly dilftcult to com- 
pare the light of a star with that of the sun, whicli would 
be about thirty thousand million times greater ; but Her- 

^ Baily^s Account of Flamsteed, pp. 378 — 380? 
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schel ^ effected the comparison by asing the full moon as 
an intermediate unit. Wollaston ascertained that the sun 
gave 801,072 times as much light as the full moon, and 
Herschel determined that the light of the latter exceeded 
that of a Centauri 27,408 times, so that we find the ratio 
between the light of the sun and star to be that of about 
22,000,000,000 to I. 


Th^ Pendulum, 

By far the most perfect and beautiful of all instruments 
of measurement is the pendulum. Consisting merely of a 
heavy body suspended freely at an invariable distance from 
a fixed point, it is most simple in construction ; yet all the 
highest problems of physical measurement depend upon its 
careful use. Its excessive value arises from two circum- 
stances. 

(1) The method of repetition is eminently applicable 
to it, as already described (p. 290). 

(2) Unlike other instruments, it connects together three 
different quantities, those of space, time, and force. 

In most works on natural philosophy it is shown, that 
when the oscillations of the pendulum are infinitely small, 
the square of tlie time occupied by an oscillation is directly 
proportional to the length of the pendulum, and indirectly 
proportional to the force affecting it, of whatever kind. 
The whole theory of the pendulum is contained in the 
formula, first given by Huygens in his Horologium OsciU 
latorium. 

Time of oscillation = 3*14159 x 

^ force. 

The quantity 3*14159 is the constant ratio of the circum- 
ference and radius of a circle, and is of course known with 
accuracy. Hence, any two of the three quantities con- 
cerned being given, the third may be found ; or any two 
being maintained invariable, the third will be invariable. 
Thus a pendulum of invariable length suspended at the 
same place, where the force of gravity may be considered 
constant, furnishes a measure of time. The same invari- 
able pendulum being made to vibrate at different points of 

i 

1 Heischers AstroTwmyj § 817, 4th. ed, p. 553 
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the earth’s surface, aiici* the times of vibration being astro- 
nomically determined, the force of gravity becomes accu- 
rately known. Finally, with , a known force of gravity, 
and time of vibration ascertained by reference to the stars, 
the length is determinate. 

All astronomical observations depend upon the first 
manner of using the pendulum, namely, in the astrono- 
mical clock. In the second employment it has been almost 
equally indispensable. The primary principle that gravity 
is equal in all matter was proved by Newton’s and Gauss’ 
pendulum experiments. The torsion pendulum of Michell, 
Cavendish, and Baily, depending upon exactly tlie same 
principles as the ordinary pendulum, gave the density of 
the earth, one of the foremost natural constants. Kater 
and Sabine, by pendulum observations in different parts 
of the earth, ascertained the variation of gravity, whence 
comes a determination of the earth’s ellipticity. The laws 
of electric and magnetic attraction have also been deter- 
mined by the method of vibrations, which is in constant 
use in the measurement of the horizontal force of terres- 
trial magnetism. 

We must not confuse witli the ordinary use of the 
pendulum its application by Newton, lo shoAv the absence 
of internal friction against space,^ or to ascertain the laws 
of motion and elasticity.^ In these cases the extent of 
vibration is the quantity measured, and the principles of 
the instrument are different. 

Attainable Accuracy of Measurement, 

It is a matter of some interest to compare the degrees 
of accuracy which can be attained in the measurement of 
different kinds of magnitude. Few measurements of any 
kind are exact to more than six significant figures,^ but it 
is seldom that such accuracy can be hoped for. Time is 
the magnitude which seems to be capable of the most exact 
estimation, owing to the properties of the pendulum, and 
the principle of repetition described in previous sections- 

^ Frincipitty bk. ii. Sect. 6. Prop. 31, Motte^s Translation, vol. iL 
p. 107. 

* Ibid. bk. i. Law iii. Corollary 6. Motto’s Translationf vol. i. p. 33. 

3 Thomson and Tail’s Natur<d Phih$ophyy vol. i. p. 333. 
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As regards short intervals of time, it has already been 
stated that Sir George Airy was able to estimate one part 
in 8,640,000, an exactness, as he truly remarks, “ almost 
beyond conception.” ^ The 'ratio between the mean solar 
and the sidereal day is known to be about one part in 
one hundred millions, or to the eighth place of decimals, 
(p. 289). 

Determinations of weight seem to come next in exact- 
ness, owing to the fact that repetition without error is 
applicable to them. An ordinary good balance should 
show about one part in 500, exx) of the load. The finest 
balance*" employed by M. Stas, turned with one part in 
825,000 of the load.^ But balances have certainly l)een 
constructed to show one part in a million,^ and llamsden is 
said to have constructed a balance for the lioyal Society, 
to indicate one part in seven millions, though this is hardly 
credible. Professor Clerk Maxwell takes it for granted that 
one part in five millions can be detected, but we ought to 
discriminate between what a balance can do when first 
constructed, and when in continuous use. 

Determinations of length, unless perfonned with extra- 
ordinary care, are open to much error in the junction of 
the measuring bars. Even in measuring the base line of 
a trigonometrical survey, the accuracy generally attained 
is only that of about one part in 60,000, or an inch in the 
mile ; but it is said that in four measurements of a 
base line carried out very recently at Cape Comorin, the 
greatest error was 0*077 in i *68 mile, or one part in 
1,382,400, an almost incredible degree of accuracy. Sir J. 
Whitworth has shown that touch is even a more delicate 
mode of measuring lengths than sight, and by means of a 
splendidly executed screw, and a small cube of iron placed 
between two flat-ended iron bars, so as to be suspended 
when touching them, he can detect a change of dimension 
in a bar, amounting to no more than one-millionth of ar 
inch.^ 

^ Philosophical Tremsadions, (1856), vol. cxlvi. pp. 330, 331. 

2 First Annual Report of the Minty p. 106. 

3 Jevons, in Watts’ Dictionary of Chemistry ^ vol. i. p. 483. 

< British Association, Glasgow, 1856. Address of the President of 
the Mechmi^al Section, 



CHAPTER XTV. 

UNITS AND STANDAKDS MEASUKKMENT. 

As we liave seen, instruments of mcasiirenient are 
only means of comparison between one magnitude and 
another, and as a general rule we must assume some 
one arbitrary magnitude, in terms of which all results 
of measurement are to be expressed. Mere ratios be- 
tween any series of objects will never tell us their 
absolute magnitudes ; we must have at least one ratio 
for each, and we must have one absolute magnitude. The 
number of ratios n are expressible in ii equations, which 
will contain at least -f i quantities, so that if we 
employ them to make known n magnitudes, we must 
have one magnitude known. Hence, whether we are 
measuring time, space, density, mass, weight, energy, or 
any other physical quantity, we must refer to some con- 
crete standard, some actual object, which if once lost and 
irrecoverable, all our measures lose their absolute mean- 
ing. This concrete standard is in all cases arbitrary in 
point of theory, and its selection a question of practical 
convenience. 

There are two kinds of magnitude, indeed, which do not 
need to be expressed in terms of arbitrary concrete units, 
since they pre-suppose the existence of natural standard 
units. One case is that of abstract number itself, which 
needs no special unit, because any object which exists or 
is thought of as separate from other objects (p. 157) fur- 
nishes us with a unit, and is the only standard required. 

Angular magnitude is the second case in which 
we have a natural unit of reference, namely the whole 

X 
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revolution or perigon, as it has be^n called by Mr. Sande- 
man.^ It is a necessary result of the uniform properties 
of space, that all complete revolutions are equal to each 
otlier, so that we need not select any one revolution, but 
can always refer anew to space itself. Whetlier we take 
tlie whole perigon, its half, or its quarter, is really imma- 
terial ; Euclid took the right angle, because the Greek geo- 
meters had never generalised their notions of angular 
magnitude sufficiently to treat angles of all magnitudes, or 
of unlimited quantity of revolution. Euclid defines a right 
angle as half that made by a line with its own continuation, 
which i^ of course equal to half a revolution, but whicli 
was not treated as an angle by him. In mathematical 
analysis a different fraction of the perigon is taken, namely, 
such a fraction that the arc or portion of the circumference 
included within it is equal to the radius of the circle. In 
this point of view angular magnitude is an abstract ratio, 
namely, the ratio between the length of arc subtended and 
the length of the radius. The geometrical unit is then 
necessarily tlie angle corresponding to the ratio unity. 
This angle is equal to about 57®, 17', 44"'8, or decimally 
S7°'295779SI3... } It was called by De Morgan the aremd 
unit, but a more convenient name for common use would 
be radian, as STiggested by Professor Everett. Though tliis 
standard angle is naturally employed in mathematical 
analysis, and any other unit would introduce great com- 
plexity, we must not look upon it as a distinct unit, since 
its amount is connected with that of the half perigon, 
by the natural constant . . . usually denoted by 

the letter tt. 

When we pass to other species of quantity, the choice 
of unit is found to be entirely arbitrary. There is abso- 
lutely no mode of defining a length, but by selecting some 
physical object exhibiting that length between certain 
obvious points — as, for instance, the extremities of a bar, 
or marks made upon its surface. 


* Pelicotetics, or the Science of Quantity / an Elementary Treatise on 
A^ebra, and its groundwork Arithmetic* By Archibald Sondeman, 
M.A. Cambridge (Deighton, Bell, and Co.), ifcs, p. 304. 

® De Morgau^s Trigonometry and Double Algebra, p. 5. 



11?.] UNITS AND STANDARDS OF MEASUREMENT. 307 


Standard Unit of Time, 

Time is the great independent variable of all change — 
that which itself flows on uninterruptedly, and brings the 
variety which we call m'otion and life. When we reflect 
upon its intimate nature, Time, like every other element of 
existence, proves to be an inscrutable mystery. We can 
only say with St. Augustin, to one who asks us what is 
time, “ I know when you do not ask me.” The mind of 
man will ask what can never be answered, but one result 
of a true and rigorous logical philosophy must be to 
convince us that scientific explanation can only take place 
between phenomena which have something in coni m on, 
and that when we get down to primary notions, like tliose 
of time and space, the mind must meet a point of mystery 
beyond which it cannot penetrate. A definition of time 
must not be looked for ; if we say with Hobbes,^ that it 
is “ the phantasm of before and after in motion,” or with 
Aristotle tliat it is '' the number of motion according to 
former and latter,” we obviously gain nothing, because 
the notion of time is involved in the expressions before 
and after, former and latter. Time is undoubtedly one 
of those primary notions which can oiiiy Ir^ defined physi- 
cally, or by observation of phenomena wliich proceed in 
time. 

If we have not advanced a step beyond Augustin’s acute 
reflections on this subject,^ it is curious to observe the 
wonderful advances which have been made in the practical 
measurement of its efflux. In earlier centuries the rude 
sun-dial or the rising of a conspicuous star gave points of 
reference, while the flow of water from the clepsydra, the 
burning of a candle, or, in the monastic ages, even the 
continuous chanting of psalms, were the means of roughly 
subdividing periods, and marking the hours of the day and 
night.^ The sun and stars still furnish the standard of 
time, but means of accurate subdivision have become 
requisite, and this has been furnished by the pendulum 

^ English Works of Thos, IJohhes, Edit, by Molesworth, vol. i. p. 95. 

® Confessions, bk. xi. chapters 20 — 28. 

® Sir G. C. Lewis ^ives many curious particulars concerning the 
measurement of time in his Astronomy of the Ancients, p{». 241, (See. 
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and the chronograph. By the penciuliim we can accurately 
divide the day into seconds of time. By the chronograph 
we can subdivide the second into a hundred, .a thousand, 
or even a million parts. Wheatstone measured the dura- 
tion of an electric spark, and found it to be no more than 
one 115,200th part of a second, while more recently 
Captain Noble has been able to appreciate intervals of 
time not exceeding the millionth part of a second. 

When we come to inquire precisely wdiat phenomenon 
it is that we thus so minutely measure, we meet insur- 
mountable difficulties. Newdoii distinguished time accord- 
ing as it was absolute or apparent time, in the following 
words : — “ Absolute, true, and mathematical time, of itself 
and from its own nature, flows equably without regard to 
anything external, and by another name is called duration; 
relative, apparent and common time, is some sensible and 
external measure of duration by the means of motion.”^ 
Though we are perhaps obliged to assume the existence 
of a uniformly increasing quantity which we call time, 
yet we cannot feel or know abstract and absolute time. 
Duration must be made manifest to us by the recurrence 
of some plienomenon. The succession of our own thoughts 
is no doubt tlie first and simplest measure of time, but a 
very rude one,t‘*because in some persons and circumstances 
the thoughts evidently flow with much greater rapidity 
than in other persons and circumstances. In the absence 
of all other phenomena, the interval betv'cen one thought 
and another would necessarily become the unit of time, 
but the most cursory observations show that there are 
changes in the outward world much better fitted by their 
constancy to measure time than the change of thoughts 
within us. 

The (?art]i, as I have already said, is the real clock of the 
astronomer, and is practically assumed as invariable in 
its movements. But on wliat ground is it so assumed ? 
According to the first law of motion, every body perseveres 
in its state of rest or of uniform motion in a right line, 
unless it is compelled to change that state by forces im- 
pressed thereon. Rotatory motion is subject to a like 

^ Frincipiay hk. i. Hclwlium to Definitions. Trauelatcd by Motte, 
voL L p. Q, See also p. u. 
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condition, namely, thatjt perseveres uniformly unless dis- 
turbed by extrinsic forces. Now uniform motion means 
motion through equal spaces in equal times, so that if we 
have a body entirely free from all resistance or perturba- 
tion, and can measure equal spaces of its path, we have a 
perfect measure of time. But let it be remembered that 
this law has never been absolutely proved by experience ; 
for we cannot point to any body, and say that it is wholly 
unresisted or undisturbed ; and even if we had such a body, 
we should need some independent standard of time to 
ascertain whether its motion was really uniform. As it 
is in moving bodies that we find the best standard ^f time, 
we cannot use them to prove the uniformity of their own 
movements, which would amount to a ^letitio prinevpii. 
Our experience comes to tliis, that when we examine and 
compare the movements of bodies which s(*ein to us nearly 
free from disturbance, we find them giving nearly har- 
monious measures of time. If any one body wliich seems 
tons to move uniformly is not doing so, but is subject to 
fits and starts unknown to us, bc'cause we have no absolute 
standard of time, then all other bodies must be subject to 
the same arbitrary fits and starts, otherwise tliere would be 
discrepancy disclosing the irregularities. Just as in com- 
paring together a number of chronometL/s, ^^e should soon 
detect bad ones by their going irregularly, as compared 
with the others, so in nature we detect disturl)cd movement 
by its discrepancy from that of other bodies which we 
believe to be undisturbed, and which agree nearly among 
themselves. But inasmuch as the measure ot motion 
involves time, and the measure of time involves motion, 
there must be ultimately an assumption. We may define 
equal times, as times during wdiich a moving body under 
the influence of no force describes equal spaces ; ^ but all 
we can say in support of this definition is, that it leads us 
into no known difficulties, and that to the best of our ex- 
perience one freely moving body gives the same results as 
any other. 

When we inquire where the freely moving body is, no 
perfectly satisfactory answer can be given. Practically 
the rotating globe is sufficiently accurate, and Thomson 


' Rankine, PhilosopMcal Magazine, Feb. 1867, vol. xxx^ii p. 91. 



310 


THE PRINCIPLES OF SCIENCE. 


[chap. 


and Tait say : Equal times are ..times during which the 
earth turns tlirough equal angles.*’^ No long time has 
passed since astronomers thought it impossible to detect 
any inequality in its movement. Poisson was supposed 
to have proved that a change in the length of the sidereal 
day amounting to one ten-millionth part in 2,500 years was 
incompatible with an ancient eclipse recorded by the 
Chald?eans, and similar calculations were made by Laplace. 
But it is now known that these calculations were some- 
what in error, and that the dissipation of energy arising 
out of the friction of tidal waves, and the radiation of the 
heat iijto space, has slightly decreased the rapidity of the 
earth’s rotatory motion. The sidereal day is now longer by 
one part in 2,700,000, than it was in 720 b.c. Even before 
this discovery, it was known that invariability of rotation 
depended u^on the perfect maintenance of the earth’s 
internal heat, which is requisite in order that the earth’s 
dimensions shall be unaltered. Now the earth being 
superior in temperature to empty space, must cool more or 
l(;ss rapidly, so that it cannot furnish an absolute measure 
of time. Similar objections could be raised to all other 
rotating bodies within our cognisance. 

The moon’s motion round the earth, and the earth’s 
motion round the sun, form the next best measure of 
time. They are subject, indeed, to disturbance from other 
planets, but it is believed that these perturbations must 
in the course of time run through their rhythmical courses, 
leaving the mean distances unaflected, and consequently, 
by the third Law of Kepler, the periodic times unchanged. 
But there is more reason than not to believe that the earth 
encounters a sliglit resistance in passing through space, 
like that which is so apparent in Enck(f s comet. There 
may also be dissipation of energy in the electrical relations 
of the earth to the sun, possibly identical with that which 
is manifested in the retardation of comets.^ It is probably 
an untrue assumption then, that tlie earth’s orbit remains 
quite invariable. It is just possible that some other body 
may be found in the course of time to furnish a better 

* Treatise on Natural Philosophy, vol. i. p. 179. 

® Proceedings of the Manchester Philosophical Society, 28tb Nov. 
1871, voL xi. p. 33. 
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standard of time than the earth in its annual motion. 
The greatly superior mass of Jupiter and its satellites, and 
their greater distance from the sun, may render the 
electrical dissipation of energy less considerable than iu 
the case of the earth. But the choice of tlie best measure 
will always be an open one, and whatever moving body 
we choose may ultimately be shown to be subject to 
disturbing forces. 

The pendulum, although so admirable an instrument for 
subdivision of time, fails as a standard ; for though the 
same pendulum affected by the same force of gravity per- 
forms equal vibrations in equal times, yet the .^lightest 
cliange in the form or weight of the pendulum, the least 
corrosion of any part, or the most minute displacement of 
tlie point of suspension, falsifies the results, and there enter 
many other difficult questions of temperafure, friction, 
resistance, lengtli of vibration, &c. 

Thomson and Tait are of opinion ^ that tlie ultimate 
standard of chronoinetry must be founded on the physical 
properties of some body of more constant character than 
the earth ; for instance, a carefully arranged metallic 
spring, hermetically sealed iu an exhausted glass vessel. 
But it is hard to see how we can be sure that the dimen- 
siojis and elasticity of a piece of vicn'^dit metal will 
remain perfectly unchanged for the few millions of years 
contemplated by them. A nearly perfect gas, like 
hydrogen, is perhaps tlie only kind of substance in the 
unchanged elasticity of which we could have confidence. 
Moreover, it is difficult to perceive how the undulations of 
such a spring could be observed with the requisite 
accuracy. Mere recently Professor Clerk Maxwell has 
made the novel suggestion, discussed in a subsequent 
section, that undulations of light in vacuo would form the 
most universal standard of reference, both as regards time 
and space. According to this system the unit of time 
would be the time occupied by one vibration of the par- 
ticular kind of light whose wave length is taken as the 
unit of length. 


‘ The Elements of Natural Philosoi^hy, part i. p. 119 . 
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The Unit of Space and the Bar Standard. 

Next ill importance after the measurement of time is 
that of space. Time comes first in theory, because pheno- 
mena, our internal thoughts for instance, may change in 
time without regard to space. As to the phenomena 
of outward nature, they tend more and more to resolve 
themselves into motions of molecules, and motion cannot 
be conceived or measured without reference both to time 
and space. 

Turning now to space measurement, we find it almost 
equally ‘difficult to fix and define once and for ever, a unit 
magnitude. There are three different modes in which ' 
it has been proposed to attempt the perpetuation of a 
standard length. 

(1) By con’ptructing an actual specimen of the standard 
yard or metre, in the form of a bar. 

(2) By assuming the globe itself to be the ultimate 
standard of magnitude, the practical unit being a sub- 
multiple of some dimension of the globe. 

(3) By adopting the length of the simple seconds pen- 
dulum, as a standard of reference. 

At first sight it might seem that there was no great 
difficulty in this matter, and that any one of these methods 
might serve well enough; but the more minutely we 
inquire into the details, tlie more hopeless appears to be 
the attempt to establish an invariable standard. We must 
in the first place point out a principle not of an obvious 
character, namely, that the standard length must he defined 
hy one single object} To make two bars of exactly the 
same length, or even two bars bearing a perfectly defined 
ratio to each other, is beyond the power of human art. If 
two copies of the standard metre be made and declared 
equally correct, future investigators will certainly discover 
some discrepancy between them, proving of course that they 
cannot both be the standard, and giving cause for dispute 
as to what magnitude should then be taken as correct. 

If one invariable bar could be constructed and main- 
tained as the absolute standard, no such inconvenience 
could arise. Each successive generation as it acquired 

* See Harris' Euay upon Mon&y and Coins, part. ii. [1758] p. 127. 
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higher powers of mefisurement, would detect errors in 
the copies of the standard, but the standard itself would 
be unimpeached, and would, as it were, become by degrees 
more and more accurately known. Unfortunately to con- 
struct and preserve a m^tre or yard is also a task which 
is eitlier impossible, or what comes nearly to the same 
tiling, cannot be sho\A^n to be possible. Passing over the 
practical difficulty of defining the ends of the standard 
length with complete accuracy, whether by dots or lines 
on the surface, or by the terminal points of the bar, we 
have no means of proving that substances remain of in- 
variable dimensions. Just as we cannot tell wheilher tlie 
rotation of the earth is uniform, except by comparing it 
with other moving bodies, believed to be more uniform 
in motion, so we cannot detect tlie change of length in a 
bar, except by comparing it witli some other bar sup- 
posed to be invariable. But liow are we to know which 
is tlie invariable bar ? It is certain that many rigid 
and apparently invariable substances do change in di- 
mensions. The bulb of a thermometer certainly contracts 
by age, besides undergoing rapid changes of dimensions 
when warmed or cooled through loo'" Cent. Can we 
be sure that even the most solid metallic bars do not 
slightly contract by age, or underg(. vaiiations in their 
structure by change of temperature. Fizeau was induced 
to try whether a quartz crystal, subjected to several 
hundred alternations of temperature, would be modified in 
its physical properties, and lie was unable to detect any 
change in the coefficient of expansion.^ It does not 
follow, however, that, because no apparent change was 
discovered in a quartz crystal, newly-constructed bars of 
metal would undergo no change. 

The best principle, as it seems to me, upon which the 
perpetuation of a standard of length can be rested, is that, 
if a variation of length occurs, it will in all probability be 
of different amount in different substances. If then a 
great number of standard metres were constructed of all 
kinds of different metals and alloys ; hard rocks, such as 
granite, serpentine, slate, quartz, limestone; artificial 
substances, such as porcelain, glass, &c., &c,, careful 

' Fhilosophical Mcegazine, (1868), 4th Series, voJ> xxxvi. p. 32. 
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comparison would show from time to time the comparative 
variations of length of these different substances. The 
most variable substances would be the most divergent, and* 
the standard would be furnished by the mean length 
of those which agreed most closely with each other just 
as uniform motion is that of those bodies which agree 
most closely in indicating the efflux' of time. 

The TerrestHal Standard. 

The second method assumes that the globe itself is a 
body of invariable dimensions and the founders of the me- 
trical system selected the ten-millionth part of the dis- 
tance from the equator to the pole as the definition of the 
metre. The first imperfection in such a method is that the 
earth is certainly not invariable in size; for we know 
that it is superior in temperature to surrounding space, and 
must be slowly cooling and contracting. There is much 
reason to believe that all earthquakes, volcanoes, mountain 
elevations, and changes of sea level are evidences of this 
contraction as asserted by Mr. Mallet.^ But such is the 
vast bulk of the earth and the duration of its past exis- 
tence, that this contraction is perhaps less rapid in propor- 
tion than that %f any bar or other material standard which 
we can construct. 

The second and chief difficulty of this method arises 
from the vast size of the earth, which prevents us from 
making any comparison with the ultimate standard, ex- 
cept by a trigonometrical survey of a most elaborate and 
costly kind. The French physicists, who first proposed 
the method, attempted to obviate this inconvenience by 
carrying out the survey once for all, and then constructing 
a standard metre, which should be exactly the one ten 
millionth part of tlic distance from the pole to the 
equator. But since all measuring operations are merely 
approximate, it was impossible that this operation could be 
perfectly achieved. Accordingly, it was shown in 1838 
that the supposed French metre was erroneous to the con- 
siderable extent of one part in 5527. It then became 
necessary either to alter the length of the assumed metre, 

* Froceedhigs of the Eoyal Society, 2otli Juiaf, 1872, voL xx. p. 438. 
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or to abandon its snpppsed relation to the earth’s dimen- 
sions. The French Government and the International 
Metrical Commission have for obvious reasons decided in 
favour of the latter course, and have thus reverted to the 
first method of defining the metre by a given bar. As 
from time to time the ratio between this assumed standard 
metre and the quadrant of the earth becomes more accu- 
rately known, we have better means of restoring that metre 
by reference to the globe if required. But until lost, des- 
troyed, or for some clear reason discredited, the bar metre 
and not the globe is the standard. Thomson and Tait re- 
mark that any of the more accurate measuremenlis of the 
English trigonometrical survey might in like manner be 
employed to restore our standard yard, in terms of which 
the results are recorded. 


The Pendulum Standard, 

The third method of defining a standard length, by 
reference to the seconds pendulum, was first proposed by 
Huyghens, and was at one time adopted by the English 
Government. From the principle of the pendulum (p. 302) 
it clearly appears that if the time of osculation and the 
force actuating the pendulum be the same, tlie lengtli of 
the pendulum must be the same. We do not get rid of 
theoretical difficulties, for we must assume the attro-ction 
of gravity at some point of the earth’s surface, say 
London, to be unchanged from time to time, and the 
sidereal day to be invariable, neither assumption being 
absolutely correct so far as we can judge. The pendulum, 
in short, is only an indirect means of making one physical 
quantity of space depend upon two other physical quan- 
tities of time and force. 

The practical difficulties are, however, of a far more 
serious character than the tlieoretical ones. The length 
of a pendulum is not the ordinary length of the instru- 
ment, which might be greatly varied without affecting the 
duration of a vibration, but the distance from the centre of 
suspension to the centre of oscillation. There are no 
direct means of determining this latter centre, which 
depends upon the average momentum of all the particles 
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of the pendulum as regards the .centre of suspension. 
Huyghens discovered that the centres of suspension 
and oscillation are interchangeable, and Kater pointed out 
that if a pendulum vibrates Avith exactly the same rapidity 
when suspended from two different points, the distance 
between these points is the true length of the equivalent 
simple pendulum.^ But the practical difficulties in em- 
ploying Kater’s reversible pendulum arc considerable, and 
questions regarding the disturbance of the air, the force 
of gravity, or even the interference of electrical attractions 
have to be entertained. It has been shown that all the 
experiments made under the authority of Government for 
determining the ratio between the standard yard and the 
seconds pendulum, were vitiated by an error in the correc- 
tions for the resisting, adherent, or buoyant power of the 
air in which the pendulums were swung. Even if such 
corrections were rendered unnecessary by operating in a 
vacuum, other difficult questions remain.^ Gauss’ mode of 
comparing the vibrations of a wire pendulum when sus- 
pended at two different lengths is open to equal or greater 
practical difficulties. Thus it is found that the pendulum 
standard cannot compete in accuracy and certainty with 
the simple bar standard, and the method would only be 
useful as an ac(?i3Ssory mode of restoring the bar standard 
if at any time again destroyed. 

Unit of Density. 

Before we can measure the phenomena of nature, we 
require a third independent unit, which shall enable us to 
define the quantity of matter occupying any given space. 
All the changes of nature, as we shall see, are probably so 
many manifestations of energy ; but energy requires some 
substratum or material macliinery of niolecules, in and by 
which it may be manifested. Observation shows that, as 
regards force, there may be two modes of variation of 
matter. As Newton says in the first definition of the 
Principia, ‘‘ the quantity of matter is the measure of the 
same, arising from its density and bulk conjunctlyg’ 


^ Rater’s Treatise on Mechanics, Cabinet Cyclopaedia, p. 154. 
2 Grant*? History of Physical Astronomy ^ p. 156. 
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Thus the force required to set a body in motion varies 
both according to the bulk of the matter, and also accord- 
ing to its quality. Two cubic inches of iron of uniform 
quality, will require twice as much force as one cubic inch 
to produce a certain velocity in a gi ven time ; but one cubic 
inch of gold will require more force than one cubic inch of 
iion. Tliere is then some new measurable quality in 
matter apart from its bulk, which we may call density, and 
which is, strictly speaking, indicated by its capacity to 
resist and absorb the action of force. For the unit of 
density we may assume that of any substance which is uni- 
form in quality, and can readily be referred to Irom time to 
time. Pure water at any definite temperature, for instance 
that of snow melting under inappreciable pressure, fur- 
nishes an invariable standard of density, and by compar- 
ing equal bulks of various substances withn like bulk of 
ice-cold water, as regards the velocity produV(?d in a unit 
of time by the same force, we should ascertain tlie densities 
of those substances as oxj)ressed in tliat of water. Practi- 
cally the force of gravity is used to measure density ; for a 
beautiful experiment with the pendulum, performed by 
Newton and repeated l)v Gauss, shows that all kinds of 
matter gravitate equally. Two portions of matter then 
wliich are in equilibrium in the balan may be assumed 
to possess equal inertia, and their densities will therefore 
be inversely as their cubic dimensions. 

U7iit of Mass. 

Multiplying the number of units of density of a portion 
of matter, by the number of units of space occupied by it, 
we arrive at the quantity of matter, or, as it is usually 
called, the unit of mass, as indicated by the inertia and 
gravity it possesses. To proceed in the most simple 
manner, the unit of mass ought to be that of a cubic unit 
of matter of the standard density ; but the founders of 
the metrical system took as their unit of mass, the cubic 
centimetre of water, at the temperature of maximum 
density (about 4 ° Cent.). They called this unit of mass 
the gramme, and constructed standard specimens of the 
kilogram, which might be readily referred to by all who 
required to employ accurate weights. Unfortikuately the 
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likely to possess. Nearly the same considerations apply 
to the atomic weight as the standard of mass. It is im- 
possible to prove that all atoms of the same substance are 
of equal mass, and some physicists think that they differ, so 
that the fixity of combining proportions may be due only 
to the approximate constancy of the mean of countless 
millions of discrepant weights. Blit in any case the de 
tection of difference is probably beyond our powers. In a 
theoretical point of view, then, the magnitudes suggested 
by Professor Maxwell seem to be the most fixed ones of 
wliich we have any knowledge, so that they necessarily 
become *the natural units. 

In a practical point of view, as Professor Maxwell would 
be the first to point out, they are of little or no value, be- 
cause ill the present state of science we cannot measure a 
vibration or^weigh an atom with any approach to the 
accuracy whicli is attainable in the com})arison of standard 
metres and kilograms. The velocity of light is not known 
probably within a thousandth part, and as we progress in 
the knowledge of light, so we shall progress in the accu- 
rate fixation of other standards. All that can be said then, 
is that it is very desirable to determine the wave-lengths 
and periods of the principal lines of the solar spectrum, 
and the absolifCe atomic weights of the elements, with all 
attainable accuracy, in terms of our existing standards. 
The numbers thus obtained would admit of the reproduc- 
tion of our standards in some future age of the world to a 
corresponding degree of accuracy, were there need of such 
reference ; but so far as we can see at present, there is no 
considerable probability that this mode of reproduction 
would ever be the best mode. 

Subsidiary Units, 

Having once established the standard units of time, 
space, and density or mass, we might employ them for the 
expression of aU quantities of such nature. But ibis often 
convenient in particular branches of science to use n)ul- 
tiples or submultiples of the original units, for the ex- 
pression of quantities in a simple manner. We use the 
mile rather than the yard when treating of the magnitude 
of the globe, and the mean distance' of the earth and 
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sun is not too laroje a unit when we have to describe 
tlie distnnces of the stars. On the other hand, when we 
are occupied witli microscopic objects, the inch, the line 
or the millimetre, become the most convenient terms of 
expression. ^ 

It is allowable for a scientific man to introduce a new 
unit in any branch of* knowledge, provided that it assists 
precise expression, and is carefully brought into relation 
with the primary units. Thus Professor A. W. Williamson 
has proposed as a convenient unit of volume in chemical 
science, a.u al.)solute volume equal to about 112 litres 
representing the bulk of one gram of hydrogeiir. gas at 
standaT’d temperature and pressure, or the equivalent weight 
of any other gas, such as 16 grams of oxygen, 14 grams 
of nitrogen, &c. ; in short, the bulk of that quantity of 
any one of those gases which weighs as many grams as 
tliere are units in tlie number expressing its atomic 
weiglit.^ Hofmann has proposed a new unit of weight for* 
chemists, called a crith, to be defined by the weight of one 
litre of hydrogen gas at 0° C. and mm., weighing 

about 0*0896 graiii.*^ Both of these units must be re- 
garded as purely subordinate units, ultimately defined by 
relercnce to the primary units, and not involving any new 
assumption. 


Derived Units. 

The standard units of time, space, and mass having been 
once fixed, many kinds of magnitude are naturally measured 
by units derived from them. Prom the metre, the unit of 
linear magnitude follows in the most obvious manner the 
centiare or square metre, the unit of superficial magnitude, 
and the litre that is the cube of the tenth part of a metre, 
the unit of capacity or volume. Velocity of motion is ex- 
pressed by the ratio of the space passed over, when the 
motion is uniform, to the time occupied ; hence tlie unit 
of velocity is that of a body which passes over a unit 
of space in a unit of time. In physical science the 
unit of velocity might be taken as one metre per second. 

1 Chemistry for Stv.dentSy by A. W. Williamson. Clarendon Press 
Series, 2nd ed. Prefade p. vi. ^ Introduction to CheiniMn/j p. 13 1. 
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Momentum is measured by the mass moving, regard being 
paid both to the amount of matter and tlie velocity at 
which it is moving. Hence the unit of momentum will be 
that of a unit volume of matter of the unit density moving 
with the unit velocity, or in the French system, a cubic 
centimetre of water of the maximum density moving one 
metre per second. 

An accelerating force is measured by the ratio of the 
momentum generated to the time occupied, the fore() 
being supposed to act uniformly. Tlie unit of force will 
therefore be that which generates a unit of momentum 
in a unit of time, or which causes, in tlie French system, 
one cubic centimetre of water at maximum density to 
acquire in one second a velocity of one metre per second. 
The force of gravity is the most lamiliar kind of force, 
and as, when . acting unimpeded u])on any substance, it 
produces in a second a velocity of 9(So868 . . metres 
{ier second in Paris, it follows tliat the absolute unit 
of force is about the tenth part of the force of gravity. 
If we em])loy Pritish weights and measures, the absolute 
unit of force is represented by the gravity of about half 
an ounce, since the force of gravity of any i)ortion of 
matter acting upon tliat matter during one second, pro- 
duces a final velocity of 32 1889 feet ])er second or about 
32 units of velocity. Although from its perpetual action 
and approximate uniformity vve find in gravity the most 
convenient force for reference, and thus habitually employ 
it to estimate quantities of matter, we must remember 
that it is only one of many instances (^f force. Strictly 
speaking, we should express weiglit in terms of force, but 
practically we express other forces in terms of weight. 

We still require the unit of energy, a more com- 
plex notion. The momentum of a body expresses the 
quantity of motion which belongs or would belong to the 
aggregate of the particles ; but wlien we consider how this 
motion is related to the action of a force producing or 
removing it, we find that the effect of a force is pro- 
portional to the mass multiplied by tlie square of the 
velocity and it is convenient to take half this product 
as the expression required. But it is shown in books 
upon dynamics that it will be exactly the same thing if 
Vfe defuie energy by a force acting through a space. The 
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natural unit of energy will tlien be tliat which overcomes 
a unit of force acting through a unit of space; when we 
lift one kilogram through one metre, against gravity, we 
therefore accomplish 9-80868 . . units of work, that is, we 
turn so many units ot potential energy existing in the 
muscles, into potential energy of gravitation. In lifting 
one pound through ontj foot there is in like manner a con- 
version of 32-1889 units of energy. Accordingly tlie 
unit of energy will he in the English system, that required 
to lift one pound through about the thirty-second part of 
a foot; in terms of metric units, it will be that required to 
lift a kilogram through about one tenth part of a metre. 

Itveiy [)evsoii is at liberty to measure and record 
quantities in terms of any unit which he likes. He 
may use the yard for linear measurement and the litre 
for (uibic measurement, only there will then he a com- 
plicated relation between his different results. The 
system of derived units which we have been briefly con- 
si( hiring, is that which gives the most simple and natural 
relations between quantitative expressions of different 
kinds, and therefore conduces to ease of conq)rehension 
and saving of laborious calculation. 

It would evidently be a source of <’reat convenience if 
scientific men could agree upon some system of 

iinits, original and derived, in terms of which all cpuintities 
could be expressed. Statements would thus be rendered 
easily comparable, a large part of scientific literature would 
be made intelligible to all, and the saving of mental labour 
would be immense. It seems to be generally allowed, too, 
that the metric system of weights and measures presents 
the best basis for the ultimate system; it is thoroughly 
established in Western Europe; it is legalised in England ; 
it is already commonly employed by scientific men; it is 
in itself the most simple and scientific of systems. There 
is every i-eason then why the metric system should be 
accepted at least in its main features. 

Provisional Units. 

Ultimately, as we can hardly doubt, all phenomena 
will be recognised as so many manifestations of energy ; 
and, being expressed in terms of the unit of ei?eig>, wii] 
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be referable to the primary units of space, time, and 
density. To eifect this reduction, however, in any particu- 
lar case, we must not only be able to compare different 
quantities of the phenomenon, but to trace the whole 
series of steps by which it is connected witli the primary 
notions. We can * readily observe that the intensity of 
one source of light is greater than that of another ; and, 
knowing that the intensity of light decreases as the 
square of the distance increases, we can easily determine 
their comparative brilliance. Hence we can express tlie 
intensity of light falling upon any surface, if we liave a 
unit in . which to make the expression. Light is un- 
doubtedly one form of energy, and the unit ought therelbre 
to be the unit of energy. But at present it is quite im- 
possible to say how much energy there is in any particular 
amount of light. The question then arises, — Are we to 
defer tlie measurement of light until we can assign its 
relation toother forms of energy ? If we answer Yes, it is 
equivalent to saying that the science of light must stand 
still perhaps for a generation ; and not only tins science 
but many others. The true course evidently is to select, 
as the provisional unit of light, some light of convenient 
intensity, which can be reproduced from time to time in 
the same intensity, and which is defined by physical cir- 
cumstances. All the phenomena of light may be experi- 
mentally investigated relatively to this unit, for instance 
that obtained after much labour by Bunsen and Itoscoe.^ 
In after years it will become a matter of inquiry what is 
the energy exerted in such unit of light ; but it may be 
long before the relation is exactly determined. 

A provisional unit, then, means one wliich is assumed 
and physically defined in a safe and reproducible manner, 
in order that particular quantities may be compared inter 
se more accurately than they can yet be referred to the 
primary units. In reality the great majority of our 
measurements are expressed in tetms of such provisionally 
independent units, and even the unit of mas.s, as we have 
seen, ought to be considered as provisional. 

The unit of heat ought to be simply the unit of energy, 
already described. But a weight can be measured to the 


* Fhilo%(yphic(d Transactions (1859), vol. cklix. p. 884, &c. 
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one- millionth part, and temperature to less than the 
thousandth part of a degree Fahrenheit, and to less there- 
fore than the tive-hundrod thousandth ])artof the absolute 
temperature, whereas the mechanical equivalent of heat is 
probably not ]<nowri to the thousandth j)art: Hence the 
need of a provisiofial unit of heat, whicli is oftea taken as 
that requisite to raise one gram of water through one degree 
Centigrade, that is from o° to C. This quantity of heat is 
capable of approximate expression in terms of time, space, 
and mass ; for by the natural constant, determined by Dr. 
Joule, and called the mechanical equivalent of heat, we 
know that the assumed unit of heat is equal to the energy 
of 423'55 gram-metres, or that energy which will raise 
the mass of 423*55 grams through one metre against 9*8. . 
absolute units of force. Heat may also be* expressed in 
terms of the (Quantity of ice at o'" Cent., which it is capable 
of converting into w^ater under inappreciable pressure. 

Theory 0/ Dimension!^, 

In order to understand the relations between the quan- 
tities dealt with in physical science, it is necessary to pay 
attention to the Theory of Dimensior fii\^ clearly stated, 
by Joseph Fourier,^ but in later years devoioped by several 
physicists. This theory investigates the manner in which 
each derived unit depends upon or involves one or more of 
the fundamental units. The number of units in a rectan- 
gular area is found by multiplying together the numbers 
of units in the sides; thus the unit of length enters twice 
into the unit of area, which is therefore said to have two 
dimensions witli respect to length. Denoting length by A, 
we may say that the dimensions of area are L x L or 
L'^. It is obvious in the same way that the dimensions of 
volume or bulk will be L\ 

The number of units of mass in a body is found by mul- 
tiplying the number of units of volume, by tliose of density. 
Hence mass is of three dimensions as regards length, 
and one as regards density. Calling density i>, the dimen- 
sions of mass are L^I). As already explained, however, 
it is usual to substitute an arbitrary provisional unit of 
• • 

' TJUorie Jnalytique de la Vhaleiu\ Paris; 1S22, §§ 157 — 162. 
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mass, symbolised by M ; accordiiid to tlie x\o\v liere taken 
we may say that the dimensions of are I/D, 

Introducing time, denoted by 7 \ it is easy to see tliat 

the dimensions of velocity will be or because 

the number of units in the velocity (5f a body is tbund 
by dividing the units of length passed over by the units 
of time occupied in passing. Tl)(‘ acceleration of a body 
is measured by the increase of velocity in relation to 
the time, that is, we must divide the units of velocity 
gained by tln^ units of time occupied in gaining it ; hence 
its dimensions will be LT~'^. Momentum is the ])roduct 
of mass and velocity, so that its dimensions are MhT ’ 
The effect of a force is measured by the acceleration 
produced in u unit of mass in a unit of time ; hence the 
dimensions of force are Work done is pro- 

portional to the force acting and to the space through 
which it acts ; so tliat it lias the dimensions of foi’ce with 
that of length added, giving 

It should be particularly noticed that angular mag- 
nitude has no dimensions at all, being measured by the 
ratio of the arc to the radius (p. 305). Thus we have the 
dimensions Llr^ or JJ. This agrees with the statement 
previously made, that no arbitrary unit of Jiiigular mag- 
nitude is needed. Similarly, all pure numbei’s ex])ressing 
ratios only, such as sines and other trigonometrical func- 
tions, logai ithms, exponents, &c., are devoid of dimensions. 
They are absolute numbers necessarily expressed in terms 
of unity itself, and are quite unaffected by the seh^ction of 
the arbitrary physical units. Angular magnitude, however, 
enters into other quantities, such as angular velocity, which 

has the dimensions ~ or the units of angle being 

divided by the units of time occupied. The dimensions of 
angular acceleration are denoted by 2^' ^. 

The quantities treated in the theories of heat and 
electricity are numerous and complicated as regards 
their dimensions. Thermal capacity has the dimensions 
ML~^, thermal conductivity, In Magnetism 

the dimensions of the strength of q)ole are 
the dimensions of field- intensity are A/ 7’ b and tlu* 
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intensity of magnetisation lias the same dimensions. In the 
science of electricity physicists have to deal with numerous 
kinds of quantity, and their dimensions are different too in 
the electro-static and the electro-magnetic systems. Tims 
electro - motive force has the dimensions M^L^T in 
the former, and in the latter system. Capa- 

city simply depends upon length in electro- statics, but 
upon in electro-magnetics. It is worthy of par- 

ticular notice that electrical quantities have simple dimen- 
sions when expressed in terms of density instead of mass. 
The instances now given are suhicient to show l4ie ditli- 
culty of conceiving and following out the relations of tlie 
quantities treated in physical science without a systematic 
method of calculating and (txhibiting their dimensions. It 
is only in quite recent years that clear ideas about these 
quantities have been attained. Half a century ago pro- 
bably no one but Fourier could have explained what he 
meant by temjierature or capacity for heat. Tlie notion 
of measuring electricity had hardly been entertained. 

Besides affording us a clear view of the complex relations 
of physical quantities, this theory is specially useful in 
two ways. Firstly, it affords a test of the correctness of 
Tiiathematical reasoning. According lo Hie Principle of 
Homogeneity, all the quantities added together, and equated 
ill any equation, must have the same dimensions. Hence 
if, on estimating the dimensions of the terms in any equa- 
tion, they be not homogeneous, some blunder must have 
been committed. It is impossible to add a force to a velo- 
city, or a mass to a momentum. Even it the numerical 
values of the two members of a non-homogeiu^ous equation 
were equal, tliis would be accidental, and any alteration in 
the ])hysical units would ])roduce inec^uality and disclose 
the falsity of the law expressed in the equation. 

Secondly, the theory of units enables us readily and 
infallibly to deduce the change in the numerical expression 
of any physical quantity, produced by a change in the 
fundamental units. It is of course obvious that in order 
to represent the same absolute quantity, a number must 
vary inversely as the magnitude of the units which are 
numbered. The yard expressed in feet is 3 ; taking tlie 
inch as the unit in! 3 tead of the foot it becomes f6. Every 
quantity into which the dimension length enters positively 
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must be altered in like manner, Qhanging tlie unit from 
the foot to the inch, numerical expressions of volume must 
be multiplied by 12 x I2 x I2. When a dimension enters 
negatively the opposite rule will hold. If for the minute 
we substitute the second as unit' of time, then we must 
divide all numbers expressing angular velocities by 6o, 
and numbers expressing angular acceleration by 6o x 6o. 
The rule is that a numerical expression varies inversely as 
the magnitude of the unit as regards each whole diinensiou 
entering positively, and it varies directly as the magnitude 
of the unit for each whole dimension entering negatively. 
In the case of fractional exponents, the proper root of the 
ratio of change has to be taken. 

The study of this subject may be continued in Professor 
J. I). Everett’s '' Illustrations of the Centirnetre-graniine- 
second System of Units,” published by Taylor and Francis, 
1875; in Professor Maxwell’s Theory of Heat or Pro- 
fessor Fleeming Jenkin’s ‘'Text Book of Electricity.” 

Natural Goustaiits, 

Having acquired accurate measuring instruments, and 
decided upon the units in which the lesults shall be ex- 
pressed, there /*emains the question, What use shall be 
made of our powers of measurement ? Our principal 
object must be to discover general quantitative laws of 
nature ; but a very large amount of preliminary labour is 
employed in the accurate determination of the dimensions 
of existing objects, and the numerical relations between 
diverse forces and phenomena. Step by step every part 
of the material universe is surveyed and brought into 
known relations with other parts. Each manifestation of 
energy is correlated with each other kind of manifestation. 
Professor TyndaU has described the care with which such 
operations are conducted.^ 

“ Those who are unacquainted with the details of 
scientific investigation, have no idea of the amount of 
labour expended on the determination of those numbers 
on which important calculations or inferences depend. 
They have no idea of the patience shown by a Berzelius 
in determining atomic weights ; by a Eegnault in detl^r- 
* Tyndall’s Sowad^ ist ed. p: 26. 


9 
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mining coefticients of expansion; or by a Joule in deter- 
mining the mechanical equivalent of heat. There is a 
morality brought to bear upon such matters which, in 
point of severity, is probably without a parallel in any other 
domain of intellectual aetion.” 

Every new natural^ constant which is recorded brings 
many fresh inferences within our power. For if n be the 
number of such constants known, tlien | {n‘^ — n) is the 
number of ratios whicli are within our powers of calcula- 
tion, and this increases with the squaie of n. We thus 
gradually piece together a map of nature, in which the 
lines of inference from one phenomenon to anotlieT rapidly 
grow in complexity, and the powers of scientific prediction 
are correspondingly augmented. 

Babbage 1 proposed the formation of a collection of the 
constant numbers of nalure, a work vhicii lias at last 
been taken in hand by the Smithsonian Institution.^ It 
is true that a complete collection of such numbers would 
be almost co-exteiisive with scientific literature, since 
almost all the numbers occurring in works on chemistry, 
mineralogy, pliysics, astronomy, &c., would have to be 
included. Still a handy volume giving all the more 
important numbers and their logariUnus, referred when 
requisite to the different units in comnuui use, would be 
very useful. A smdl collection of constant numbers will 
be found at the end of Babbage's, Hutton's, and many 
other tables of logarithms, and a somewhat larger collec- 
tion is given in Templeton's Millwriyht and Engineers 
Pocket Gom/panion. 

Our present object will be to classify these constant 
numbers roughly, according to their comparative generality 
and importance, under the following heads : — 

(1) Mathematical constants. 

(2) Physical constants. 

(3) Astronomical constants. 

(4) Terrestrial numbers. 

(5) Organic numbers. 

(6) Social numbers. 

' British Association, Cambridge, 1833. Report, pp. 484—490. 

* Smithsonian Miscellaneous CollectionSy vol, xii., tne Constants of 
Nature, part. i. Spe(;ific gravities compiled by F. W. ^larke. 8vo. 
Washington, 1873. 
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Mathematical Constants. 

At the head of the list of natural coostauts must come 
those which express the necessary relations of numbers to 
each other. The ordinary Multiplication Table is the 
most familiar and the most impcw’tant of such series of 
constants, and is, theoretically speaking, infinite in extent. 
Next we must place the Arithmetical Triangle, the sig- 
nificance of which has already been pointed out (]). 182). 
Tables of logarithms also contain vast series of natural 
constants, arising out of the relations of pure numbers. 
At the base of all logaritlimic theory is the mysterious 
natural constant commonly denoted by e, or e, b(dng 

equal to the infinite series i -f ^ -f ^ 4 - -i — [ u 

and thus consisting of the sum of the ratios Ixitween the 
numbers of permutations and combinations of o, i, 2, 3, 
4, &c. things. Tables of ))rime numbers and of the factors 
of conij)Osite numbers must not be forgotten. 

Another vast and in fact infinite series of numerical 
constants contains tho.se connected with the measure- 
ment of angles, and embodied in trigonometrical tables, 
whether as Hjatural or logarithmic sines, cosines, and 
tangents. It should never be forgotten that tiiough 
these numbers find their chief employment in connection 
with trigonometry, or the measurement of the sides of a 
right-angled triangle, yet the numbers themselves arise 
out of numerical relations bearing no special relation to 
space. Foremost among trigonometrical constants is the 
well known number tt, usually employed as expressing 
the ratio of tlie circumference and the diameter of a 
circle ; from tt follows the value of the arcual or natural 
unit of angular value as expressed in ordinary degrees 
(p. 306). 

Among other mathematical constants not uncommonly 
used may be mentioned tables of factorials (p. 179), tables 
of Bernouilli’s numbers, tables of the eiror function,^ 
which latter are indispensable not only in the theory of 
probability but also in several other branches (A science, 

^ J. W. it. Gliiisher, f Philosophical Mngazin%, 4tli Scries, vel. xlii. 
p. 421. 
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It sliould be clear!/ understood Uliat the matlKiiuatical 
constants and tables of reference already in our possession, 
althouoli very extensive, are only an infinitely small part 
of what mi"ht be formed. With the pro^’ess of science 
the tabulation of ne\^ functions will be continually 
demanded, and it is. worthy of consideration whether 
])ublic money should not be available to reward the 
severe, long contiiuuHl, and generally thankless labour 
which must be gone through in calculating tables. Such 
labours are a benefit to the whole human race as long as 
it shall exist, though there are few who can appreciate 
the extent of this benefit. A most interesting and excel- 
lent description of many mathematical tables will be 
found ill I)e Morgan’s article on Tables, in the Em/lish 
Cycloparlia, Division of Arts and Sciences, \;ol. vii. p. 976. 
An almost exhaustive critical catalogue of (*xtaiit tables is 
being ])ublishcd by a Committee of the British Association, 
two portions, drawn up chiefly by Mr. J. W. L. Glaisher 
and IVofessor Cayley, having appeared in the Reports of 
the Association for 1873 and 1875. 

Physical Constants. 

The seconcl class ol constants contraus those which 
refer to the actual constitution of matter. For the most 
part they depend upon the peculiarities of the chemical 
substance in question, but we may begin with those 
which are of the most general character. In a first sub-, 
class we may place the velocity of light or heat undula- 
tions, the numbers expressing the relation between the 
lengths of the undulations, and the rapidity of the 
undulations, these numbers depending only on the pro- 
perties of the ethereal medium, and being probably the 
same in all parts of the universe. The theory of heat 
gives rise to several numbers of the highest importance, 
especially Joule’s mechanical equivalent of heat, the 
absolute zero of temperature, the mean temperature of 
empty space, &c. 

Taking into account the diverse properties of the 
elements we must have tables of the atomic weights, 
the specific heatsj the specific gravities, the* refractive 
powers, not only of the elements, but their almost 
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infinitely numerous compounds. The properties of hardness, 
elasticity, viscosity, expansion by lieat, conducting powers 
for heat and electricity, must also be determined in 
immense detail. There are, however, certain of these 
numbers which stand out prominv.ntly because they serve 
as intermediate units or terms of oornparison. Such are, 
for instance, tlie absolute coeffichuits of expansion of air, 
water and mercury, the temperature of the maximum 
density of water, the latent heats of water and steam, 
the boiling-point of water under standard pressure, the 
melting and boiling-})oints of mercury, and so forth. 

Astronomical Constants. 

The third great class consists of numbers j)ossessing far 
less generality because they refer not to the properties of 
matter, but to the special forms and distances in which 
matter has been disposed in the part of the universe open 
to our examination. We liave, first of all, to define the 
magnitude and form of the earth, its mean density, the 
constant of aberration of light expressing the relation 
between the earth’s mean velocity in space and the 
velocity of light. From the earth, as oiir observatory, we 
then proceed tb lay down the mean distances of the sun, 
and of the planets from the same centre; all the elements 
of the planetary orbits, the magnitudes, densities, masses, 
periods of axial rotation of the several planets are by 
degrees determined with growing accuracy. Tlie same 
labours must be gone through for the satellites. Cata- 
logues of comets with the elements of their orbits, as far 
as ascertainable, must not be omitted. 

From the earth’s orbit as a new base of observations, 
we next proceed to survey the heavens and lay down the 
apparent positions, magnitudes, motions, distances, periods 
of variation, &c. of the stars. All catalogues of stars from 
those of Hipparchus and Tycho, are full of numbers ex- 
pressing rudely the conformation of the visible universe. 
But there is obviously no limit to the labours of astrono- 
mers; not only are millions of distant stars awaiting their 
first measurements, but those already registered require 
endless scrutiny as regards their movepients in the three 
dimension^ of space, their periods of revolution, their 
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cliauges of brilliance ^nd colour. It is obvious that 
though astronomical numbers are conventionally called 
constant, they are probably in all cases subject to more 
or less rapid variation. 

Terrestrial Numbers. 

• 

Our knowledge of the globe we inhabit involves many 
numerical determinations, which have little or no con- 
nection with astronomical theory. The extreme heights 
of the principal mountains, the mean elevations of 
continents, the mean or extreme depths of tlie .oceans^ 
the specific gravities of rocks, the temperature of mines, 
the host of numbers expressing the meteorological or 
magnetic conditions of every part of the surface, must 
fall into this class. Many such numbers aje not to be 
called constant, being subject to periodic* or secular 
changes, but they are hardly more variable in fact than 
some wliich in astronomical science are set down as 
constant. In many cases quantities which seem most 
variable may go through rhythmical changes resulting 
in a nearly uniform average, and it is only in the long 
progress of physical investigation that we can hope to 
discriminate successfully between tin e elfcnental num- 
bers which are fixed and those which vary. In the latter 
case the law of variation becomes the constant relation 
which is the object of our search. 

Organic Nuinhers. 

The forms and properties of brute nature having been 
sufficiently defined by the previous classes of numbers, 
the organic world, both vegetable and animal, remains 
outstanding, and offers a higher series of phenomena for 
our investigation. All exact knowledge relating to the 
forms and sizes of living things, their numbers, the 
quantities of various compounds which they consume, 
contain, or excrete, their muscular or nervous energy, &c. 
must be placed apart in a class by themselves. All such 
numbers are doubtless more or less subject to variation, 
and but in a minor degree capable of exact determination. 
Man, so far as he is an animal, and as regards his physic*, al 
form, must also be treated in this class. * 
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Social N^mhefs. 

Little allusion need be made in this work to the fact 
that man in his economic, sanitary, intellectual, aesthetic, 
or moral relations may become the subject of sciences, 
the highest and most useful of all sciences. Every one 
who is engaged in statistical inquiry must acknowledge 
the possibility of natural laws governing such statistical 
facts. Hence we must allot a distinct place to numericiil 
information relating to the numbers, ages, pliysical and 
sanitary condition, mortality, &c., of diiferent j^eoples, in 
short, to vital statistics. Economic statistics, compn;- 
hending the quantities of commodities produced, existing, 
exchanged and consumed, constitute anotlier extensive 
body of science. In the progress of time exact investi- 
gation may possibly subdue regions of phenomena, wliich 
at present defy all scientific treatment. That scie»//ilic 
method can ever exliaust the ])henoinena of the liuman 
mind is incredible. 



CHAPTER XV. 

ANALYSIS OF QUANTITATIVL PHENOMENA. 

In the two preceding cha])ters we have hf'eii engaged 
in considering how a phenomenon may be nc'curately 
measured and ex})r(‘.ssed. So delicate and complex an 
o])eratiou is a measurement which pretends to any con 
sidcn’ahle degree of exactness, that no small part of the 
skill and patience of physicists is usually spent upon this 
work. Much of this difficulty arises from tlie fact that 
it is scarcely ever possible to measure a single effect at a 
time. T)ie ultimate object must be it_ •discover the 
mathematical equation or law connecting a quantitative 
cause with its quantitative effect ; this purpose usually 
involves, as we shall see, the varying of one condition at 
a time, the other conditions being maintained constant. 
The labours of the experimentalist would be compara- 
tively light if he could carry out this rule of varying one 
circumstance at a time. He would then obtain a series of 
corresponding values of the variable quantities concerned, 
from which he might by proper hypothetical treatment 
obtain the required law of connection. But in reality it 
is seldom possible to carry out this direction except in an 
approximate manner. Before then we proceed to the 
consideration of the actual process of quantitative induc- 
tion, it is necessary to review the several devices by 
which a comidicated series of effects can be disentangled. 
Every phenomenon measured will usually be the sum, 
difference, or it may be the product or quotient, of 
two or more different effects, and these must be®in some 
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way analysed and separately niea^ired before we possess 
the materials for inductive treatment. 

Illiisiratio7is of the Complication of Effects. 

It is easy to bring forward a rnultitude of instances to 
show that a phenomenon is seldom to be observed simple 
and alone. A more or less elaborate process of analysis 
is almost always necessary. Thus if an experimentalist 
wishes to observe and measure the expansion of a liquid 
by heat, he places it in a thermometer tube and registers 
the rise«of the column of liquid in the narrow tube. But 
he cannot heat the liquid without also heating the glass, 
so that the change observed is really the difference between 
the expansions of the liquid and the glass. More minute 
investigation ‘will show the necessity perhaps of allowing 
for fuidlier minute effects, namely the compression of the 
liquid and the expansion of the bulb due to the increased 
pressure of the column as it becomes lengtliened. 

In a great many cases an observed effect will be 
apparently at least the simple sum of two separate and 
independent effects. The heat evolved in the combustion 
of oil is partly due to the carbon and partly to the 
hydrogen. A^neasurement of the heat yielded by the two 
jointly, cannot inform us how much proceeds from the 
one and how much from the other. If by some separate 
determination we can ascertain how much the hydrogen 
yields, then by mere subtraction we learn what is (lue 
to the carbon ; and vice versd. The heat conveyed by a 
liquid, may be partly conveyed by true conduction, partly 
by convection. The light dispersed in the interior of a 
liquid consists both of what is reflected by floating 
particles and what is due to true fluorescence;^ and we 
must find some mode of determining one portion before 
we can learn the other. The apparent motion of the spots 
on the sun, is the algebraic sum of the sun’s axial 
rotation, and of the proper motion of the spots upon the 
sun’s surface ; hence the difficulty of ascertaining by 
direct observations the period of the sun’s rotation. 

We cannot obtain the weight of a portion of liquid 

‘ Stoked, FhiloBophieal Transactions (1852J, voL cxlii. p. 529. 
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in a chemical balance without weighing it with the 
containing vessel. Hence to have the real weight of 
the liquid operated upon in an experiment, we must 
make a separate weighing of the vessel, with or without 
the adhering film of lk|iiid according to circumstances. 
This is likewise the mode in which a cart and its load 
are weighed together, the tare of the cart previously 
ascertained being deducted. Tlie variation in the height 
of the barometer is a joint effect, partly due to the real 
variation of the atmospheric pressure, partly to the expan- 
sion of the mercurial column by heat. The effects may 
be discriminated, if, instead of one barometer tube wo have 
two tubes containing mercury placed closely side by side, 
so as to have the same temperature. If one of them be 
closed at the bottom so as to be unaffected by the atmo- 
spheric pressure, it will show the changes duo to tempera- 
ture only, and, by subtracting these changes from tliose 
shown ill the other tube, employed as a barometer, we 
get the real oscillations of atmospheric pressure. P)ut 
this correction, as it is called, of the barometric reading, 
is better effected by calculation from the readings of 
ail ordinary thermometer. 

In other cases a quantitative effect ^ dl bo^the difference 
oi two causes acting in opposite directions. Sir John 
I lerschel invented an instrument like a large thermometer, 
which he called the Actinometer,^ and Pouillet constructed 
a somewhat similar instrument called the Pyrheliometer, 
for ascertaining tlie heating power of the sun’s rays. In 
both instruments the heat of the sun was' absorbed by a 
reservoir containing water, and the rise of temperature 
of the water was exactly observed, either by its own 
expansion, or by the readings of a delicate thermometer 
immersed in it. But in ex])osing the actinometer to the 
sun, we do not obtain the full effect of the heat absorbed, 
because the receiving surface is at the same time radiating 
heat into empty space. The observed increment of tem- 
perature is in short the difference between what is received 
from the sun and lost by radiation. The latter quantity is 
capable of ready determination ; we have only to shade the 
instrument from the direct rays of the sun, leaving it 

* Admiralty Manual of Scientific Enquiry^ 2nd ed. p. 299. 
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exposed to the sky, aud we can observe how much it cools 
in a certain time. The total effect of the sun’s rays will 
obviously be the apparent effect plm the cooling effect in 
an equal time. By alternate exposure in sun and shade 
during equal intervals the desired result may be obtained 
with considerable accuracy.^ 

Two quantitative effects were beautifully distinguished 
in an experiment of John Canton, devised in 1761 for the 
purpose of demonstrating the compressibility of water. 
He constructed a thermometer with a large bulb l‘ull of 
water and a short capillary tube, the part of which above 
the water was freed from air. Under these circumstances 
the water was relieved from tlie pressure of the atmo- 
sphere, but the glass bulb in bearing tliat pressure was 
somewhat contracted. He next placed the instrument 
under the receiver of an air-pumj), and on exliausting the 
air, the water sank in the tube. Having thus obtained a 
measure of the effect of atmospheric pressure on the bulb, 
he opened the top of the thermometer tube and admitted 
the air. d'he level ol‘ the water now sank still more, partly 
from the pressure on the bull) being now compensated, and 
partly from the compression of tlie water by the atmo- 
spheric pressure. It is obvious tiiat the amount of the 
latter effect wl^fs ap{)roximately the difference of Ihv. two 
observed depressions. 

Not uncommonly the actual phenomenon whicli we wish 
to measure is considerably less than various disturbing 
effects which enter into the question. Thus the compres- 
sibility of merouiy is considerably less than the expansion 
of the vessels in which it is measured under ])res.sure, so 
that the attention of the experimenkilist has cliielly to be 
concentrated on the change of magnitude of the vessels. 
Many astronomical phenomena, such as the ])arallax or the 
proper motions of the fixed stars, are far less than the 
errors caused by instrumental im])erfections, or motions 
arising from precession, nutation, and al)erration. We 
need not be surprised that astronomers have from time to 
time mistaken one j>henomenon for another, as when Flam- 
steed imagined that he had discov(?red tlie parallax of the 
Pole star.'-^ 


\ 

2 


'ouillet, Taylor's Scientijk Memoirs^ vol. iv. p. 45. 
laily's Account of the He/i), John jb^laimteedf p. 58, 
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Method!^ of Eliminating Error, 

In any particular experiment it is the object of tlie ex- 
perimentalist to measure a single effect only, and lie 
endeavours to obtain ijiat effect free from interfering 
elfeets. If this cannot be, as it seldom or never can 
really he, he makes the effect as considerable as possible 
com])ared vitli the otlier eflects, which he reduces to a 
minimum, and treats as noxious errors. Those quantities, 
wliich are called errors in one case, may really.be most 
important and interesting phenomena in another investiga- 
tion. When we speak of eliminating error w(?. really 
niejin disentangling the complicated phenomena of nature. 
The physicist rightly wishes to treat one thing at a time, 
but as this obje(.h can seldom be rigorously carried into 
practice, he has to seek some mod(i of counteracting the 
irrelevant and interlering causes. 

The giuieral princi])le is that a single observation can 
render known only a single (juantity. Hence, if several 
different quantitative effects are known to enter into any 
investigation, we must liave at least as many distinct ob- 
servations as there are ([uantities to be determined. Every 
com[)lete experiment wall therefore consist in general of 
Stiveral operations. Guided if possible hy^ ;:fi‘evious know- 
ledge of the causes in action, we must arrange the deter- 
minations, so that by a simple mathematical process we 
m.ay distinguisli the separate quantities. There appear t.o 
he five principal methods by which we may accomplish 
this object ; these methods ai'e specified below and illus- 
trated in the succeeding sections. 

(1) The Method of Avoidance, The physicist may seek 
for some special mode of experiment or opportunity of obser- 
vation, in which the error is non-existent or inappreciable. 

(2) The Differential Method. He may find opportunities 
of observation when all interfering phenomena rejmain con- 
stant, and only the subject of observation is at one time 
lUH'sent and another time absent ; the difference between 
two observations then gives its amount. 

(3) The Method of Correction, He may endeavour to 
estimate the amount of the interfering efiect by the best 
available mode, and then make a corresponding corniction 
in the lesults of observation. 

z t 
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(4) The Method of Compensationt- He may invent some 
mode of neutralising the interfering cause by balancing 
against it an exactly equal and opposite cause of unknown 
amount. 

(5) 21ie Method of Reversal. He may so conduct the 
experiment that the interfering cause may act in opposite 
directions, in alternate observations,''tlie mean result being 
free from interference. 

I . Method of A voidance of Error. 

Astronomers seek opportunities of observation wlien 
errors will be as small as possible. In spite of elaborate 
observations and long-continued theoretical investigation, 
it is not practicable to assign any satisfactory law to tlie 
refractive power of the atmosphere. Although the a])pa- 
rent change of place of a heavenly body produced by 
refraction may be more or less accurately calculated yet 
the (nTor depends upon the temperature and pressure of 
the atmosphere, and, when a ray is highly inclined to the 
perpendicular, the uncertainty in the refraction becomes 
very considerable. Hence astronomers always make their 
observations, if possible, when the object is at the highest 
point of its daily course, i.e. on the meridian. In some 
kinds of investigation, as, for instance, in the determination 
of the latitude of an observ^atory, the astronomer is at 
liberty to select one or more stars out of the countless 
number visible. Tliere is an evident advantage in such a 
case, in selecting a star wliicli passes close to the zenith, 
so that it may be observed almost entirely free from atmo- 
spheric refraction, as was done by Hooke. 

Astronomers endeavour to render their clocks ils accurate 
as possible, by removing tlie source of variation. The 
pendulum is perfectly isochronous so long as its length 
remains invariable, and the vibrations are exactly of equal 
l(3ngth. They render it nearly invariable in length, that 
is in the distance between the centres of suspension and 
oscillation, by a coni])ensatory arrangement for the change 
of temperature. But as this compensation may not be 
perfectly accomplished, some astronomers place their chief 
controlling clock in a cellar, or other apartment, where 
the changes of temperature may be as“ slight as possible. 
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At the Paris ObscrvatrTry a clock has been placed in the, 
caves beneaUi the building, whore tliere is no appreciable 
difference between the summer and winter temperature. 

To avoid the effect of unequal oscillations Huyghens 
made his beautiful investigations, which resulted in the 
discovery that a pendqlum, of which the centre of oscilla- 
tion moved upon a cycloidal path, would be perfectly 
isochronous, whatever the variation in the length of oscilla- 
tions. But though a pendulum may be easily rendered in 
some degree cycloidal by the use of a steel suspension 
spring, it is found that the mechanical aiTangempiits re- 
quisite to produce a truly cycloidal motion introduce more 
error than they’ removes Hence astronomers seek to 
reduce the error to the smallest amount by maintaining 
their clock pendulums in uniform movement; in fact, 
while a clock is in good order and has the same weights, 
there need be little change in the length of oscillation. 
When a pendulum cannot be made to swing uniformly, as 
in experiments upon the force of gravity, it becomes re- 
(piisite to resort to the third method, and a correction is 
introduced, calculated on theoretical grounds from the 
amount of the observed change in the length of vibration. 

It has been mentioned that the app ^ ent expansion of a 
liquid by heat, when contained in a theimometer tube or 
.other vessel, is the difference between the real expansion 
of the liquid and that of the containing vessel. The 
effects can be accurately distinguished provided that we 
can learn the real expansion by heat of any one convenient 
liquid ; for by observing the ap])arent expansion of the 
same liquid in any required vessel we can by difference 
learn the amount of expansion of the vessel due to any 
given change of temperature. When we once know the 
change of dimensions of the vessel, we can of course deter- 
mine the absolute expansion of any other liquid tested in 
it. Thus it became, an all-imporiant object in scientilic 
research to measure with accuracy the absolute dilatation 
by heat of some one liquid, and mercury owing to several 
circumstances was by far the most suitable. Duloiig and 
Petit devised a beautiful mode of effecting this by simply 
avoiding altogether the effect of the change of size of the 
vessel. Two upright tubes full of mercury were connected 
by a fine tube at the bottom, and were maintained at two 
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different tenip(?ratures. As mercury was fnie to How fioni 
one tube to the other by the connectini^^ lube, lh(‘ two 
columns necessarily exerted equal pressures by tlie ])rin('i- 
ples of hydrostatics. Hence it was only necessary to mea- 
sure very accurately by a cjitlietolneter tlie difle'rence ot 
level of the surfaces of the two columns of mercury, to 
learn the difference of length of columns ot equal hydro- 
static pressure, which at once gives tlie difference of den- 
sity of the mercury, and the dilatation by lu'at. The 
changes of dimension in the containing tubes became a 
matter pf entire indifference*, and the length of a column 
of mercury at dilferent tem])eratures was measun'd as 
easily as if it had formed a solid bar. The experiment was 
carried out by liegnault with many improvements of d(*tail, 
and the absolute dilatation of mercury, ni tc-mperatures 
between Cent, and 350', was deUuniined almost as 
accurately as was needful.^ 

The presence of a large and uncertain amount of error 
may render a method of experiment valuel(‘ss. Foucault 
devised a beautiful experiment with tlie pendulum fur 
demonstrating popularly the rotation of the earth, but it 
could be of no use for measuring the rotation (*xactly. It 
is impossible tto make the pendulum swing in a perfect 
plane, and the slightest lateral motion gives it nn elli}>tic 
path with a progressive motion of the axis of th(i elli[)se, 
which disguises and often entirely oveipowcu's that due to 
the rotation of the earth,^ 

Faraday’s laborious experiments on the relation of gravity 
and electricity were much obstructed by the 1‘act that it is 
impossible to move a large weight of metal without gener- 
ating currents of (electricity, either by friction or induction. 
To distinguish the electricity, if any, direcTly due to the 
action of gravity from the greater ijuantities indirectly pro- 
duced was a problem of excessive difhculty. Haily in his 
experiments on the density of the earth was aware of tlie 
existence of inexplicable disturbances which have sinco, 
been referred with much probability to the action of 
electricity.^ The skill and ingenuity of the ex})eriimmlalist 

^ Jainin, (Jours de rhysiipic. vol. ii. pp. 15 — 28. 

Philosophical Magazine, 1851, 4tli vol. \\. passim. 

Heuni^ Philosophical TransaHions, 1847, vol. cxxxvii. pp. 217 

221, 



XV.] ANALYSIS OF QUANTITATIVE PHENOMENA. .343 


are often exhausted in trying todevke a form of apparatus 
ill wliicli such causes of error sliall be reduced to a 
mi aim uni. 

In some rudimentary (‘Xperiments we wisli merely to 
establish the existenco of a quantitative effect without 
precisely measuring its amount ; if there exist causes of 
error of whicli we can neither render the amount known 
or ina])preciable, the best way is to make them all 
negative so that the quantitative effects will be less than 
the truth rather than greater. Grove, ibi* instance, in 
proving that the magnetisation or demagnetisation of a 
])iec(i of iron raises its temperature, took care to xVaiiiitain 
the electi'o-magiiet by which the iron was magnetised at 
a lower temperature than the iron, so that it would cool 
rather than waim the iron by radiation or conduction.^ 

Humford’s celebratcid experiment to prove that heat was 
generated out of mechanical force in the boring of a 
cannon was subject to the difficulty that heat might be 
brought to the cannon by conduction from neighbouring 
bodies. It was an ingenious device of Davy to produce 
friction by a piece of clock-work resting upon a block 
of ice in an exhausted reccuver; as the machine rose in 
temperature above 32'', it was cerh n th^t no heat was 
received by conduction from the support." In many 
other experiments ice may be employed to prevent the 
access of heat by conduction, and this d(‘vice, first put in 
practice by JMurray,*^ is beautifully employed in Bunsen’s 
calorimeter. 

To observe tlie true temperature of the air, though 
apparently so easy, is really a very dillicult matter, because 
the thermometer is sure to be affected either by the sun’s 
rays, the radiation from neighbouring objects, or the escape 
of heat into space. These sources of error are too fluctu- 
ating to allow of correction, so that the only accurate mode 
of procedure is that devised by Dr. Joule, of surrounding 
the thermometer with a copper cylinder ingeniously 


‘ The Correlation of thy steal Forces, 3rd ed. p. 159. 

2 Collected Works' of IS>ir H . Davy, vol. ii. pp. 12—14. Elements of 
Chemical thilosophy, p. 94. 

3 Nicholson’s Jourrml, vol. i. p. 241 ; quoted in Treatise on Heat 
Useful Knowledge Society, p. 24. 
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adjusted to the temperature of Cie air, as described by 
him, so tliat the effect of radiation shall be nullified.^ 

When the avoidance of error is not practicable, it will 
yet he desirable to reduce the absolute amount of the 
interfering error as much as possible before employing the 
succeeding methods to correct the result. As a general 
rule we can determine a quantity "Auth less inaccuracy as 
it is smaller, so that if the error itself be small the error in 
determining that error will be of a still lower order of 
magnitude. But in some cases the a])solute amount of an 
error is of no consequence, as in the index error of a 
divided'circle, or the difference between a chronometer and 
astronomical time. Even tlie rate at which a clock gains 
or loses is a matter of little importance provided it reniain 
constant, so that a sure calculation of its amount can l>e 
made. * 


2. Differential Method. 

When we cannot avoid the existence of error, we can 
often resoit with success to the second mode by measuring 
phenomena under such circumstances tli.at the error shall 
remain very nearly the same in all the observations, and 
neutralise itself as regards the purposes in view. This 
mode is available whenever we want a difference between 
quantities and not the absolute quantity of either. The 
determination of the parallax of the fixed stars is exceed- 
ingly difficult, because tlie amount of 2 )arallax is far less 
than most of the corrections for atmospheric relVactioii, 
nutation, aberration, precession, instrumental irregularities, 
&c., and can with difficulty be detected among these plieno- 
rnena of various magnitude. But, as Galileo long ago 
suggested, all such difficulties would be avoideil by the 
differential observation of stars, which, though apparently 
close together, are really fax separated on tlie line of sight. 
Two such stars in close apparent proximity will be sub- 
ject to almost exactly equal errors, so that all we 
need do is to observe the apparent change of place of 
the nearer star as referred to the more distant one. 

‘ Clerk Maxwell, Theory of Heat, p. 228. Proceedings of the 
Afanckester Philosophical JSociety, Nov. 26. i86y, vol. vii. p. 35. 
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A good telescope furmslieJ Avith an accurate micrometer 
is alone needed lor the' application oi* the method. 
Huyghens appears to liave been the first observer v^ho 
actually tried to employ the method practically, but 
it was not until 1835 that tlie improvement of telescopes 
and micrometers enabled Struve to detect in this way 
the parallax of the staV a Lyrm. It is one of the many 
advantages of the observation of transits of Venus for the 
determination of the solar parallax that the refraction of 
the atmosphere affects in an exactly equal degree the planet 
and the portion of tlie sun's face over which it is passing. 
Thus the observations are strictly of a differential •nature. 

By the process of substitutive weighing it is possible 
to ascertain the equality or inequality of two- weights 
with almost i)erfect freedom from error. If two weights 
A and B be placed in the scides of the ; besi. balance 
we cannot be sure that the equilibrium of the beam 
indicates exact e(|uality, because the arms of the beam 
may be unequal or unbalanced. But if we take B out 
and put another weight C in, and equilibrium still 
exists, it is apparent that the same causes of erroneous 
weighing exist in both cases, suj)posing that the balance 
has not been disarranged ; B then must be exactly equal 
10 C, since it has exa-ctly the same ellect itnder the same 
circumsfances. In like manner it is a general rule that, 
if by any uniform mechanical process we get a copy of an 
object, it is unlikely that this copy will be precisely the 
same as the original in magnitude and form, but two copies 
will equally diverge from the original, and will therefore 
almost exactly resemble each other. 

Leslie’s Differential Thermometer^ was well adapted 
to the experiments for which it was invented. Having 
two equal bulbs any alteration in the temperature of the 
air will act equally by conduction on each and ])roduce 
no change in the indications of the instrument. Only 
that radiant heat which is purposely thrown upon one 
of the bulbs will produce any effect. This thermometer 
in short carries out the juinciple of the differential method 
in a mechanical manner. 


* lieslie, In(piiry into the Nature of tleat, p. 10 . 
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of a second, and remains pretty constant for the same 
observers.^ One practised observer in Sir George Airy’s 
pendulum experiments recorded all liis time observations 
half a second too early on the average as compared with 
the chief observer.^ Jn some obsei'vers it lias amounted to 
seven or eight-tenths of a second.^ De Morgan appears to 
have entertained the opinion that this source of error was 
essentially incapdble of elimination or correction.'* But it 
seems clear, as I suggested without knowing what had 
been done,^ that this personal error might be determined 
absolutely with any desirable degree of accuracy by test 
experiments, consisting in making an artificial star move 
at a considerable distance and recording by electricity the 
exact moment of its passage over the wire. This method 
has in fact b^eii successfully employed in Leyden, l^iris, 
and Neuchatel.® IMore recently, observers were trained 
for the Transit of Venus Expeditions by means of a 
mechanical model representing the motion of Venus over 
the sun, this model l>eing placed at a little distance and 
viewed tlirough a telescope, so that differences in the 
judgments of different observers would become apparent. 
It seems likely that tests of this nature might be employed 
with advantage ill other cases. 

Newton employed the pendulum for making experi- 
ments on the impact of balls. Two balls were hung in 
contact, and one of them, being drawn aside through a 
measured arc, was then allowed to strike the other, the 
arcs of vibration giving sufficient data for calculating the 
distribution of energy at the moment of impact. The 
resistance of the air was an interfering cause which he 
estimated very simply by causing one of the balls to 
make several complete vibrations without impact and then 
marking the reduction in the lengths of the arcs, a proper 
fraction of which reduction was added to each of the other 
arcs of vibration when impact took place.^ 

* Greenwich Observations for 1866, p. xlix. 

2 Philosophical Transactions^ 1856, p. 309. 

3 Fenny Cyclopcedia, art. Transit^ vol. xxv. pp. 129, 130. 

* Ibid. art. Obsei'vation, p. 390. s J^ature, vol. i. p. 85. 

^ Nature^ vol. i. p. 337. See referencea to the Memoirs describing 
the method. 

^ PrincipijLy Book I. Law III. Corollary VI. Scholium. Motte'e 
trails 1 alien, vol. i. p. 33- 
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The exact definition of the standard of length is one 
of tlie most important, as it is one of the most difficult 
questions in physical science, and the different practice of 
different nations introduces needless confusion. Were 
all standards constructed so as to give the true length 
at a fixed uniform temperature, for instance the freezing- 
point, then any two standards could be compared without 
the interference of temperature by bringing them both 
to exactly the same fixed temperature. Unfortunately 
the Frencli metre was defined by a bar of platinum at 
o°C, while our yard was defined by a bronze bar at 62°F. 
It is quite impossible, then, to make a comj)arison of the 
yard and metre witliout the introduction of a correction, 
either for the expansion of platinum or bronze, or both. 
Pars of metal diffiu* too so much in their rates of ex- 
])ansion according to their molecular conditjon that it is 
dangerous to infer fi om one bar to another. 

When we come to use instruments with great accuracy 
there are many minute sources of error which must be 
guarded against. If a thermometer has been graduated 
when perpendicular, it will read somewhat differently 
when laid flat, as the pressure of a column of mercury 
is removed from the bulb. The ^ading i)iay also be 
somewhat altered if it has recently nee^i raised to a 
higher tem))eratiire than usual, if it be placed under a 
vacuous receiver, or if the tube be unequally heated as 
compared with the bulb. For these minute causes of 
error we may have to introduce troublesome corrections, 
unless we adopt the simple precaution of using the thermo- 
meter in circumstances of position, &c., exactly similar to 
those in which it was graduated. There is no eiid^ to 
the number of minute corrections which may ultimately 
be required. A large number of experiments on gases, 
standard weights and measures, &c., depend upon the 
height of the barometer ; but when experiments in dif- 
ferent parts of the world are compared together we ought 
as a further refinement to take into account the varying 
force of gravity, which even- between London and Paris 
makes a difference of *008 inch of mercury. 

The measurement of quantities of heat is .a matter of 
great difficulty, because there is no known substance 
impervious to heat, and the problem is therefore as 
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difficult as to measure liquids [ii porous vessels. To 
determine the latent lieat of steam we must condense a 
certain amount of the steam in a Icnown wei^^dit of water, 
and then observe the rise of temperature of tlie water. 
Euc wliile we are canying out the experiment, part erf 
the heat will escape by radiation and conduction trom 
the condensing vessel or calorimeter. We may indeed 
reduce the loss of heat by using vessels with double sides 
and bright surfaces, surrounded with swans-down wool or 
other non-conducting materials ; and we may also avoid 
raising the temperature of the water much above that of 
the surrounding air. Yet we cannot by any such means 
render the loss of heat inconsiderable, liumford ingeni- 
ously proposed to reduce the loss to zero by commencing 
the experiment when the temperature of the calorimeter 
is as much below that of the air as it is at tin* end of the 
experiment above it. Thus the ves.sel will iirst gain and 
then lose by radiation and conduction, and these 0})])0site 
errors will approximately balances each othei'. Ihit Jh^g- 
nault has shown that the loss and gain do not proceed by 
exactly the same law.s, so that in vtny accurate inves- 
tigations Rurnford’s method is not sufficient. Tlnux* 
remains the method of correction which was beautifully 
carried out by dle^nault in his determination of the latent 
heat of steam. He employed two calorimeters, made in 
exactly the same way and alternately used to condense a 
certain amount of steam, so that while one was measuring 
the latent beat, the other calorimeter was engagtal in 
determining the corrections to be applied, whethe.r on 
account of radiation and conduction from the vessel or 
on account of heat reaching the vessel by means of the 
connecting pipes.^ 

4. Method of Compensation, 

There are many cases in which a cause of error cannot 
conveniently be rendered null, and is yet beyond the 
reach of the third method, that of calculating the requisite 
correction from indejieiident observations. The magnitude 

* Graham’s Chemical liepoita a/nd Memoirs^ Cavendish Society, 
pp. 247, 268^, ‘ 
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of an error may be gubject to continual variations, on 
account of change of weather, or other fickle cirumstances 
beyond our control. It may either be impracticable to 
observe the variation of those circumstances in sufficient 
detail, or, if observed, the calculation of the amount of 
error may be subject t*o doubt. In these cases, and only 
in tliese cases, it will be desirable to invent some artificial 
mode of counterpoising the variable error against an equal 
error subject to exactly the same variation. 

We cannot weigh an object witli great accuracy unless 
we make a correction for the weight of the air displaced 
by the object, and add this to the apparent weight. In 
very accurate investigations relating to standard weights, 
it is usual to note the liarometer and thermometer at the 
time of making a weighing, and, from the measured bulks 
of the objects compared, to calculate the vyeiglit of air 
displaced ; the third method in fact is adopted. To make 
these calculations in the frequent weighings requisite in 
chemical analysis would be exceedingly laborious, hence 
the correction is usually neglected. But when the chemist 
wishes to weigh gas contained in a large glass globe for 
tlie purpose of determining its specific gravity, the correc- 
Uon becomes of much importance. Uence chemists avoid 
at once the error, and the labour of ''ofiecting it, by 
attaching to the opposite scale of the balance a dummy 
sealed glass globe of equal capacity to that containing the 
gas to be weighed, noting only the dilfevence of weight 
when the operating globe is full and empty. The correc- 
tion, being the same for both gloljcs, may be entirely 
neglected.^ 

A device of nearly the same kind is employed in the 
construction of galvanometers which measure the force of 
an electric current by the deflection of a suspended 
magnetic needle. The resistance of the needle is partly 
due to the directive influence of the earth’s magnetism, 
and partly to the torsion of the thread. But the former 
force may often be inconveniently great as well as 
troublesome to determine for different inclinations, llencc* 
it is customary to connect together two equally magnetised 
needles, with their poles pointing in opposite directions. 


JlegiiaulFs (>ours J^lcmeniaire de Ckimic, 1851, vol i.*^p. 141. 
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one needle being within and another without the coil of 
wire. As regards the earth s magnetism, the needles are 
now astatic or indifferent, the tendency of one needle 
towards the pole being balanced by that of the other. 

An elegant instance of the elimination of a disturbing 
force by compensation is found in Faraday's researclies 
upon the magnetism of gases. To bbserve the magnetic 
attraction or repulsion of a gas seems impossible unless we 
enclose the gas in an envelope, probal3ly best made of 
glass. But any such envelope is sure to be more or less 
affected by the magnet, so that it becomes difficult to 
distinguish between three forces which enter into the 
problem, namely, the magnetism of the gas in question, 
tliat of the envelope, and that of the surrounding atmo- 
spheric air. Faraday avoided all difficulties by employing 
two equal and similar glass tubes connected together, and 
so* suspended from the arm of a torsion balance that the 
tubes were in similar parts of the magnetic field. One 
tube being filled with nitrogen and the other with oxygen, 
it was found that the oxygen seemed to be attracted and 
the nitrogen repelled. The suspending thread of the 
balance was then turned until the force of torsion restored 
the tubes to their original places, where the magnetism of 
the tubes as v^ell as that of the surrounding air, being 
the same and in the opposite directions upon the two tubes, 
could not yu'oduce any interference. The force retpiired 
to restore the tubes was measured by the amount of 
torsion of the thread, and it indicated correctly the dif- 
ference between the attractive powers of oxygen and 
nitrogen. The oxygen was then withdrawn from one of 
the tubes, and a second experiment made, so as to compare 
a vacuum with nitrogen. No force was now required to 
maintain, the tubes in their places, so that nitrogtm was 
found to be, a 2 )proxiraately speaking, indifferent to the 
magnet, that is, neither magnetic nor diamagnetic, while 
oxygen was proved to be positively magnetic.^ It required 
the liighest experimental skill on the part of Faraday 
and Tyndall, to distinguish between what is apparent and 
real in magnetic attraction and repulsion. 

Experience alone can finally decide when a com- 


‘ TyndalTs Faraday, p]>. ti4, 115. 
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pensating arrangement js conducive to accuracy. As a 
general rule mechanical compensation is the last resource, 
and in the more accurate observations it is likely to 
introduce more uncertainty than it removes. A multitude 
of instruments involving mechanical ooiiipensation have 
been devised, but they are usually of an unscientific 
character,^ because the errors compensated can be more 
accurately determined and allowed for. But there are 
exceptions to this rule, and it seems to bo proved that in 
the delicate and tiresome operation of measuring a base 
line, invariable bars, compensated for expansion by heat, 
give the most accurate results. This arises from tlie fact 
that it is very difficult to determine accurately the 
temperature of the measuring bars under varying con- 
ditions of weather and manipulation.‘'^ Again, the last 
refinement in the measurement of time at - Greenwich 
Observatory depends upon mechanical compensation. Sir 
George Airy, observing that the standard clock increased 
its losing rate 0‘30 second for an increase of one inch in 
atmospheric pressure, placed a magnet moved by a baro- 
meter in such a position below the pendulum, as almost 
entirely to neutralise this cause of irregularity. Tin* 
thorough remedy, however, would be 'o remove the cause 
of error altogether by placing the clock in a t^acuoiis case. 

We thus see that the choice of one or other mode of 
eliminating an error depends entirely upon circumstances 
and the object in view ; but we may safely lay down the 
following conclusions. First of all, seek to avoid the 
source of error altogether if it can be conveniently done ; 
if not, make the experiment so that the error may be as 
small, but more especially as constant, as possible. If the 
means are at hand for determining its amount by calcula- 
tion from other experiments and principles of science, allow 
the error to exist and make a correction in the result. If 
this cannot be accurately done or involves too much labour 
for the purposes in view, then throw in a counteracting 
error which shall as nearly as possible be of equal amount 
in all circumstances with that to be eliminated. There yet 
remains, however, one important method, that of Keversal, 

* See, for instance, the Compensated Sympiesometer, Philosophical 
Magazine^ 4th Series, vqI. xxxix. p. 371. 

2 Grant, History of Physical Astronomy^ pp. 146, 147. 
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which will form an appropriate transition to the succeeding 
chapters on the Method of Mean Eesults and the Law of 
Error. 


5. Method of Reversal, 

The fifth method of eliminating error is most potent 
and satisfactory when it can be ap])lied, but it requires 
that we shall be able to reverse the ap])aratus and mode 
of procedure, so as to make the interfering cause act 
alternately in opposite directi ms. If we can get two 
experiEiental results, one of which is as much loo great as 
the other is too small, the error is equal to half the dif- 
ference, and the true result is the mean of the two 
apparent results. It is an unavoidable defect of the 
chemical balance, for instance, that the points of suspen- 
sion of the pans cannot be fixed at exactly equal distances 
from the centre of suspension of the beam. Hence two 
weights which seem to balance each other will never be 
quite equal in reality. The difference is detected by re- 
versing the weights, and it may be estimated by adding 
small weights to the deficient side to restore equilibrium, 
and then taking as the true weight the geometric mean of 
the two appcirent weights of the same object. If the 
difference is small, the arithmetic mean, that is half the 
sum, may be substituted for the geometric mean, from which 
it will not appreciably differ. 

Tills method of reversal is most extensively employed 
in practical astronomy. The apparent elevation of a 
heavenly body is observed by a telescope moving upon 
a divided circle, upon whicli the inclination of the 
telescope is read off. Now this, reading will be erroneous 
if the circle and tlie telescope have not accurately the 
same centre. But if we read off at the same time botli 
ends of the telescope, tlie one reading will be about as 
much too small as the other is too great, and tlie mean 
will be nearly free from error. In practice the observa- 
tion is differently conducted, but the principle is the same ; 
the telescope is fixed to the circle, which moves with it, 
and the angle through which it moves is read off* at three, 
six, or more points, disposed at equal intervals round the 
circle. ^The older astronomers, down even to the time of 
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Flamsteed, were accusk>med to use portions only of a 
divided circle, generally quadrants, and Eomer made a 
vast improvement wlien he introduc-ed the complete circle. 

The transit circle, em.ployed to determine the meridian 
passage of heavenly bodies, is so constructed that the 
telescope and the axis bearing it, in fact tlie whole moving 
part of the instrument, ‘ can be taken out of the bearing 
sockets and turned over, so that what was formerly tlie 
western pivot becomes the eastern one, and vice versd. 
It is impossible that tlie instrument could have been 
so perfectly constructed, mounted, and adjusted that tlie 
telescope should point exactly to the meridian, but the 
effect of the reversal is that it will point as much to 
the west in one position as it does to the east in the 
other, and the mean result of observations in the two 
positions must be free from such cause of error. 

The accuracy witli which the inclination of tlie conqiass 
needle can be determined depends almost entirely on the 
method of reversal. The dip needle consists of a bar 
of magnetised steel, suspended somewhat like the beam of 
a delicate balance on a slender axis passing through the 
centre of gravity of the bar, so that it is at liberty to rest 
171 that exact degree of inclination inti Miiagn otic meridian 
which the magnetism of the earth induces. The inclina- 
tion is read off upon a vertical divided circle, but to avoid 
error arising from the centring of the needle and circle, 
both ends are read, and the mean of the results is taken. 
The whole instrument is now turned carefully round 
through l 8 o°, which causes the needle to assume a new 
position relatively to the circle and gives two new readings, 
ill which any error due to the wrong position of the zero 
of the division will be reversed. As the axis of the needle 
may not be exactly horizontal, it is now reversed in the 
same manner as the transit instrument, the end of the axis 
which formerly pointed east being made to point west, and 
a new set of lour readings is taken. 

Finally, error may arise from the axis not passing 
accurately through the centre of gravity of the bar, and 
this error can only be detected and eliminated on chang- 
ing the magnetic poles of the bar by the application of a 
strong magnet. The error is thus made to act in opposite 
directions. To ensure all possible accuracy erich leversal 

A A 2 
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ought to be combined witli each other reversal, so that the 
needle will be observed in eight different positions by 
sixteen readings, the mean of the whole of which will give 
the required inclination free from all eliminable errors.^ 

There are certain cases in which a disturbing cause can 
with ease be made to act in opposite directions, in alter- 
nate observations, so that the mea^i of the results will be 
free from disturbance. Thus in direct experiments upon 
the velocity of sound in passing through the air between 
stations two or three miles apart, the wind is a cause of 
error. It will be well, in the first place, to choose a time 
for the’ experiment when the air is very nearly at rest, and 
the disturbance slight, but if at the same moment signal 
sounds be made at each station and observed at the other, 
two sounds will be passing in opposite directions through 
the same body of air and the wind will accelerate one 
sound almost exactly as it retards the other. Again, in 
trigonometrical surveys the apparent height of a point will 
be affected by atmospheric refraction and the curvature of 
the earth. But if in the case of two points the apparent 
elevation of each as seen from the other be observed, the 
corrections will be the same in amount, but reversed in 
direction, and the mean between the two apparent dif- 
ferences of altitude will give the true difference of level. 

In the next two chapters we really pursue the Method 
of Reversal into more complicated applications. 

^ Quetelct, Sur la Fhydque du Globe, p. 174. Jainiii, Cours de 
Physique, vol. i. p. 504, 



CHAPTEIi XVI. 

THE METHOD OF MEANS. 

All results of the lueasurement of coutinuciis quantity 
can be only approximately true. Were tills assertion 
doubted, it could readily be proved by direct experience. 
If any person, using an instrument of the greatest i)re“ 
cision, makes and registers successive observations in 
an unbiassed manner, it will almost invariably be found 
that the results differ from each other. When we operate 
with sufficient caie we cannot perform so simple an 
experiment as weighing an object in ^ood balance 
without getting discrepant numbers. Only the rough 
and careless experimenter will think that his observations 
agree, but in reality he will be found to overlook the 
differences. The most elaborate researches, such as those 
undertaken in connection with standard weights and 
measures, always render it apparent that complete coinci- 
dence is out of the question, and that the more accurate 
our modes of observation are rendered, tlie more numerous 
are the sources of minute error which become apparent. 
We may look upon the existence of error in all measure- 
ments as the normal state of things. It is absolutely 
impossible to eliminate separately the multitude of small 
disturbing influences, except by balancing them off against 
each other. Even in drawing a mean it is to be expected 
that we shall come near the truth rather than exactly to 
it. In the measurement of continuous quantity, absolute 
coincidence, if it seems to occur, must be only apparent, 
and is no indication cf precision. It is one of the most 
embarrassing things we can meet when experimental 



358 


THE PRINCIPLES OP SCIENCE. 


[chap. 


results agree toe closely. Such coincidences should raise 
our suspicion that the apparatus in use is in some way 
restricted in its operation, so as not really to give the true 
result at all, or that the actual results have not been faith- 
fully recorded by the assistant in charge of tlie apparatus. 

If then we cannot get twice pver exactly the same 
result, the question arises, How can we ever attain the 
truth or select the result which may be suj)posed to 
approach most nearly to it ? The quant ity of a certain 
phenomenon is expressed in several numbers which differ 
from each other; no more than one of them at the most 
can be true, and it is more probable that they are all 
false. It may be suggested, perhaps, that the o1)server 
should select the one observation which he judged to be 
the best made, and there will often doubtless be a feeling 
that one or more results were satishictory, and the others 
less trustworthy. This seems to have been the course 
adopted by the early astronomers. Flamsteed, when he 
had made several observations of a star, probaldy chose in 
an arbitrary manner that which seemed to him nearest to 
the truth.^ 

When IIoiTOcks vselected for his estimate of the sun’s 
semi-diameter a mean between the results of Kcjiler and 
Tycho, he })rofessed not to do it from any regard to the 
idle adage, “ Medio tutissimus ibis,” but because he 
thought it from bis own observations to be correct.- But 
this method will not apply at all when the observer has 
made a number of measurements which are equally good 
in his opinion, and it is quite apparent that in using an 
instrument or apparatus of considerable com])lication the 
observer will not necessarily be able to judge wlu'ther 
slight causes have aflected its operation or not. 

In this question, as indeed throughout inductive logic, 
we deal only with probabilities. There is no infallible 
mode of arriving at the absolute truth, which lies beyond 
the reach of human intellect, and can only be the distani 
object of our long-continued and painful approximations. 
Nevertheless there is a mode j^ointed out alike by common 
sense and the highest mathematical reasoning, which is 

* Baily^s Account of Flamsteed^ p. 376. 

^ The Transit of Venus across the SuUy by Horrock-J, Londow, 1859, 
p. 146. 
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more likely than any otRer, as a geiiei*al rule, to bring ns 
near the truth. The optaTov puerpop, or the aurea mcdiocritas, 
was highly esteemed in tlie ancient philosophy of Greece 
and Eome ; but it is not ])robable that any of the ancients 
should have been able clearly to analyse and express the 
reasons why they advocated the mean as the safest course. 
But in the last two centuries this apparently simple 
question of the mean has been ibund to aftbrd a field for 
the exercise of the utmost mathematical skill. Eoger 
Cotes, the editor of the Frincipia, appears to have had 
some insight into the value ot the mean; but profound 
mathematicians such as 13e Moivre, Daniel BcrnouUi, 
Laplace, Liigrange, Gauss, Quetelet, De Morgan, Airy, 
Leslie Ellis, Boole, Glaisher, and others, have hardly ex- 
hausted tlui subject. 

Several uses of the Mean licsnlt. 

The elimination of errors of unknow n sources, is almost 
alw^ays accomplished by the simple arithmetical process 
of taking the mean, or, as it is often called, the average 
ot‘ several discrepant numbers. To take an average is to 
add the several quantities together, and (^ivide by the 
number of quantities thus added, wdiich gives a quotient 
lying among, or in the middle of, the several (piantitics. 
Before how^ever inquiring fully into the grounds of this 
procedure, it is essential to observe that this one arith- 
metical process is really aj)plied in at least three different 
cases, for different purposes, and upon different principles, 
and we must take great care not to confute one applica- 
tion of the process with another. A mean result, then, 
may have any one of the following significations. 

(1) It may give a merely representative number, 
expressing the general magnitude of a series of quantities, 
and serving as a convenient mode of comparing them 
with other series of quantities. Such a number is properly 
called The fict itious mean or The average result. 

( 2 ) It may give a result approximately free from 
disturbing quantities, which are known to affect some 
results in one direction, and other results equally in the 
opposite direction. We may say that in this care we get 
a Frecisc mean result. 
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(3) It may give a result more or less free from unknown 
and uncertain errors ; this we may call the Probable 
mean result. 

Of these three uses of the mean the first is entirely dif- 
ferent in nature from the two last, since it does not yield 
an approximation to any natural quantity, hut furnishes 
us with an arithmetic result comparing the aggregate of 
certain quantities ‘with their number. Tlie third use of 
the mean rests entirely upon the theory of probability, 
and will be more fully considered in a later part of this 
chapter. The second use is closely connected, or even 
identical with, the Method of Eeversal already described, 
but it will be desirable to enter soniewliat fully into all the 
three employments of the same arithmetical j>rocess. 

( 

The Mean and the Aver ay c. 

Much confusion exists in the popular, or even the 
scientific employment of the terms mean and average, and 
they are commonly taken as synonymous. It is necessary 
to ascertain caiefully what significations we ought to 
attach to them. The English word mean is equivalent to 
medium, being derived, perhaps through the French mogen, 
from the Latin which again is undoubtedly kindred 

with the Greek fieao^. Etymologists l)elieve, too, that this 
Greek word is connected with the preposition guera, the 
German mitte, and the true English 'mid or middle ; so that 
after all the mean is a technical term identical in its root 
with the more poj^ular equivalent middle. 

If we inquire what is the mean in a mathematical point 
of view, the true answer is that there are several or many 
kinds of means. The old aritlimeticians recognised ten 
kinds, which are stated by Boethius, and an eleventh was 
added by Jordanus.^ 

The arithmetic mean is the one by far the most 
commonly denoted by the term, and that which we may 
understand it to signify in the absence of any qualification. 
It is the sum of a series of quantities divided by their 
number, and may be represented by the formula \ {a A b). 

* Be Morgan, Supplement to the Penny Cyclopcedia, art. Old 
AppeilaUmis of Nvmbere, 
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But there is also the get)inetric mean, which is the square 
root of the product, sja x b, or that quantity tlie loga- 
ritliin of which is the arithmetic mean of the logaritlims 
of the quantities. There is also the harmonic mean, 
which is the reciprocal of the arithmetic mean of the 
reciprocals of tlie quantities. Thus if a and h be the 

quantities, as before, their reciprocals are ^ and tlie 
mean of which is | q. and the reciprocal again is 

which is the harmonic mean. Other kinds of 

means might no doubt be invented for particular purposes, 
and we might apply the term, as De Morgan pointed 
out,,^ to any quantity a function of which is equal to 
a function of two or more other quantities,, and is such 
that the interchange of these latter quantities among them- 
selves will make no alteration in the value of the function. 
Symbolically, if (f) {y, y, y . . . i) = (f> (x^, x^, , .), then y 

is a kind of mean of the quantities, x^, Xs, &e. 

The geometric mean is necessarily adopted in certain 
cases. When we estimate the work done against a force 
v/hich varies inversely as the square < the distance from a 
fixed point, the mean force is the- geometiic^iiKjan between 
the forces at the beginning and end of the path. When in 
an imperfect balance, we reverse the weights to eliminate 
error, the true weight will be the geometric mean of the 
two apparent weights. In almost all the calculations of 
statistics and commerce the geometric mean ought, strictly 
speaking, to be used. If a commodity rises in price lOO 
per cent, and another remains unaltered, the mean rise of 
a price is not 50 per cent, because the ratio 150 : 200 is 
not the same as 100 : 150. The mean ratio is as unity to 
^/roo~>r2^ or i to 1*41. The difference between the 
three kinds of means in such a case - is very consideiable ; 
while the rise of price estimated by the Arithmetic mean 
would be 50 per cent, it w^ould be only 41 and 33 per cent, 
respectively according to the Geometric and Hannojjiic 
means. 

' Fenny Cyclopcedia, art. Mean. 

Jevons, Journal of the Statistical Society, June 1865/ vol. xxviii 
p. 296. 
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In all calculations concerning the average rate of 
progress of a community, or any of its operations, the 
geometric mean sliould be employed. For if a quantity 
increases lOO per cent, in lOO years, it would not on the 
average increase lo per cent, in 'each ten years, as the 
10 per cent, would at the end of each decade be calculated 
upon larger and larger quantities, and give at the end of 
lOO years much more than lOO per cent., in fact as much 
as 159 per cent. The true mean rate in each decade 
would be or about I'O/, that is, the increase would 
be about 7 per cent, in each ten years. But when the 
quantities diher vei v little, the arithmetic and geometric 
means are approximately the same. Thus the arithmetic 
mean of rooo and i 001 is 10005, the geometric mean 
is about 1*0004998, the dilierence being of an order in- 
appreciable in almost all scientific and practical matters. 
Even in the comparison of standard weights by Gauss’ 
method of reversal, the arithmetic mean may usually be 
substituted for the geometric mean which is the true result. 

Begarding the mean in the absence of express qualifica- 
tion to the contrary as the common arithmetic mean, we 
must still distinguish between its two uses where it 
gives with nK)re or less accuracy and probability a 
really existing quantity, and where it acts as a mere 
representative of other quantities. If 1 make many 
experiments to determine the atomic weight of an element, 
there is a certain number which I wish to approximate to, 
and the mean of my separate results will, in the absence 
of any reasons to the contrary, be the most probable 
approximate result. When we deteiiniiie the mean 
density of the earth, it is not because any jiart of the earth 
is of that exact density ; there may be no i>art exactly 
corresponding to the mean density, and as the crust of the 
earth has only about half the mean density, the internal 
matter of the globe must of course be above the mean. 
Even the density of a homogeneous substance like carbon 
or gold must be regarded as a mean between the real 
density of its atoms, and the zero density of the interven- 
ing vacuous space. 

The very different signification of the word mean in 
these two^uses was fully explained by*Quetelet,^ and the 
^ Letters on the Theory of Frobahilities, transl. by Downes, Pail ii. 
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importance of the distinction was pointed out by Sir John 
Herschel in reviewing his work.^ It is much to be desired 
that scieiitilic men would mark the difference by using the 
word mean only in the former sense when it denotes ap- 
proximation to a definite existing quantity ; and average, 
when the mean is only a fictitious quantity, used for con- 
venience of thought and expression. The etymology of 
this word “ average ” is somewhat obscure ; but according 
to l)e Morgan it comes irom averia, “ havings or pos- 
sessions,” especially applied to farm stock. By the acci- 
dents of language averagium came to mean the labour of 
farm horses to which the lord was entitled, and it prob- 
ably acquired in this manner the notion of distributing a 
whole into parts, a sense in which it was early applied to 
maritime averages or contributions of the other owners of 
cargo to those whose goods have been thrown overboard or 
used for the safety of the vessel. 

On the Average or Fictitious Mean. 

Although the average when employed in its proper 
spiise of a fictitious mean, represenfs no really existing 
quantity, it is yet of the highest scienti^c •importance, as 
enabling us to conceive in a single result a multitude of 
details. It eimbles us to make a hypotlietical simplifica- 
tion of a ])rol)lem,and avoid complexity without committing 
error. The weight (.f a body is the sum of the weiglits of 
intlnitely small particles, each acting at a different place, 
so that a mechanical problem resolves itself, strictly speak- 
ing, into an infinite number of distinct problems. We 
owe to Archimedes the first introduction of the beautiful 
ideji that one point may be discovered in a gravitating 
body such that the weight of all tlie particles may be re 
garded as concentrated in that point, and yet the behaviour 
of the whole body will be exactly represented by the 
behaviour of this heavy point. This Centre of Gravity 
may be witliiii the body, as in the case of a sphere, or it 
may be in empty space, as in the case of a ring. Any two 
bodies, whether connected or separate, may be conceived 

* Herscliefs Essays, ko.. pp. 404, 405. 

^ On the Theory of Errors of Observations, Cambridge t /diosophical 
Transactions, vol. x. Part ii. 416. 
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as having a centre of gravity, that of the sun and earth 
lying within the sun and only 267 miles from its centre. 

Although we most commonly use the notion of a centre 
or average point with regard to gravity, the same notion 
is applicable to other cases. Terrestrial gravity is a case 
of approximately y)arallel forces, and the centre of gravity 
is but a special case of the more general Centre of Parallel 
Forces. Wherever a number of forces of whatever amount 
act in parallel lines, it is possible to discover a point at 
which the algebraic sum of the forces may be imagined to 
act with exactly the same effect. Water in a cistern 
presses against the side with a pressure varying according 
to the depth, but always in a direction perpendicular to 
tlie side. We may then conceive the whole pressure as 
exerted on one point, which will be one-tliird I'roin the 
bottom of the cistern, and may be called the Centre oi 
Pressure. The Centre of Oscillation of a pendulum, dis- 
covered by Huygliens, is that point at which the whole 
weight of the pendulum may be considered as concentrated, 
without altering the time of oscillation (p. 315)- Wlien 
one body strikes another the Centre of Percussion is tliat 
point in the striking body at which all its mass might be 
concentrated without altering the elfect of the stroke. In 
position the Centre of Percussion does not differ from tlio 
Centre of Oscillation. Mathematicians have also described 
the Centre of Gyration, the Centre of Conversion, tlie 
Centre of Friction, &c. 

We ought carefully to distinguish between those cases 
in which an invariallc centre can be assigned, and those in 
which it cannot. In perfect strictness, there is no such 
thing as a true invariable centre of gravity. As a general 
rule a body is capable of possessing an invariable centre 
only for perfectly parallel forces, and gravity never does 
act in absolutely parallel line.s. Tluis, as usual, we find 
that our conceptions are only hypothetically correct, and 
only approximately applicable to real circumstances. 
There are indeed certain geometrical forms called Centro- 
baric} such that a body of that shape would attract another 
exactly as if the mass were concentrated at the centre of 
gravity, whether the forces act in a parallel maimer or not. 

* Thomson and Tait, Treatise on Natural Philosophy, voL i. p. 394 . 
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Newton showed that uniform spheres of matter have this 
property, and this truth proved of the greatest importance 
in simplifying his calculations. But it is after all a purely 
hypothetical truth, because we can nowhere meet with, nor 
can we construct, a pe]^fectly spherical and homogeneous 
body. The slightest irregularity or protrusion from the 
surface will destroy the rigorous correctness of the assump- 
tion. The spheroid, on the other hand lias no invariable 
centre at which its mass may always be regarded as con- 
centrated. The point from which its resultant attraction 
acts will move about according to the distance and posi- 
tion of the other attracting body, and it will only coincide 
with the centre as regards an infinitely distant body whose 
attractive forces may be considered as acting in parallel 
lines. 

Physicists sjieak familiarly of the poles of a lUcagnet, and 
the term may be used with convenience. But, if we attach 
any definite meaning to the word, the poles are not the 
ends of the magnet, nor any fixed points within, but the 
variable points from which the resultants of all tlie forces 
exerted by the particles in the bar upon exterior magnetic 
particles may be considered as acting. The poles are, in 
short, Centres of Magnetic Forces; b..^ as those forces are 
never really parallel, these centres will vary in position 
according to the relative place of the object attracted. 
Only when we regard the magnet as attracting a very 
distant, or, strictly speaking, infinitely distant particle, do 
its centres become fixed points, situated in short magnets 
approximately at one-sixth of the whole lengtli from each 
end of the bar. We have in the above instances of centres 
or poles of force sufficient examples of the mode in which 
the Fictitious Mean or Average is employed in physical 
science. 


The Precise Mean Result 

We now turn to that mode of employing the mean 
result which is analogous to the method of reversal, but 
which is brought into practice in a most extensive manner 
throughout many branches of physical science. We find 
the simplest possible case in the determination of the lati- 
tude of a place by observations of the Bole-star. Tycho 
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Brahe suggested that if the elevation of any circumpolar 
star were observed at its higher and lower j^assages across 
the meridian, half the sum of the elevations would be the 
latitude of the place, which is equal to the heiglit of tlie 
pole. Such a star is as much aboye the pole at its highest 
passage, as it is below at its lowest, so tliat the mean must 
necessarily give the height of the^ pole itself free from 
doubt, except as regards incidental errors. The Pole-star 
is usually selected for the ])urpose of such observations 
because it describes the smallest circle, and is thus on the 
whole least affected by atmospheric refraction. 

Whenever several causes are in action, each of which at 
one time increases and at another time decreases the joint 
effect by equal quantities, we may a])ply this method and 
disentangle the eilects. Thus the solar and lunar tides 
roll on in almost complete independence of each other. 
When the moon is new or full the solar tide coincides, or 
nearly so, with that caused by the moon, and the joint 
effect is the sum of the separate effects. When the moon 
is in quadrature, or half full, the two tides are acting in 
opposition, one raising and the other depressing the water, 
so that we observe only the difference of the effects. We 
have in fact — 

SprTiig tide = luiuir tide + solai’ tide ; 

Neap tide = lunar tide — solar tide. 

We have only then to add together the heights of the 
maximum spring tide and the mininium neap tide, and 
half the sum is the true height of the lunar tide. Half 
the difference of the spring and neap tides on the other 
hand gives the solar tide. 

Effects of very small amount may be detected with 
great approach to certainty among much greater fluctua- 
tions, provided that we have a series of observations suf- 
ciently numerous and long continued to enable us to 
balance all the larger efiects against each other. For this 
purpose the observations should be continued over at least 
one complete cycle, in which the effects run through all 
their variations, and return exactly to the same relative 
positions as at the commencement. If casual or irregular 
disturbing causes exist, we should probably require many 
such cycles of results to render their effect inappreciable. 
We obtaiil the desired result by taking the mean of all the 
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observations in which* a cause acts positively, and the 
mean of all in which it acts negatively. Half the diffe- 
I’cnce of these means will give the effect of the cause in 
question, provided that no other effect happens to vary in 
the same period or nearly so. 

Since the moon caus'es a movement of the ocean, it is 
evident that its attraction must have some effect upon the 
atmosphere. The laws of atmospheric tides were investi- 
gated by Laplace, but as it would be impracticable by 
theory to calculate their amounts we can only determine 
them by observation, as Laplace predicted that tliey would 
one day be determined.^ But the oscillations^ of the 
barometer thus caused are far smaller than the oscillations 
due to several other causes. Storms, hurricanes, or changes 
of weather produce movements of the barometer some- 
times as much as a thousand times as great as the tides in 
question. There are also regular daily, yearly, or other 
fluctuations, all greater than the desired quantity. To 
detect and measure the atmospheric tide it was desirable 
that o.bservations should be made in a place as free as 
possible from irregular disturbances. On this account 
several long series of observations were made at St. 
Helena, where the barometer is fiir aorc regular in its 
movements than in a continental climate. •The effect of 
the moon’s attraction was then detected by taking the 
mean of all tlic readings when the moon was on the me- 
ridian and the similar mean when she was on the horizon. 
The difference of these means was found to be only 
•00365, yet it was possible to discover even the variation 
of this tide according as the moon was nearer to or further 
from the earth, though this difference was only '00056 
inch.^ Jt is quite evident that such minute effects could 
never be discovered in a purely empirical manner. Having 
no information but the series of observations before us, 
we could have no clue as to the mode of grouping them 
which would give so small a difference. In applying this 
method of means in an extensive manner we must gene- 
rally then have d 'priori knowledge as to the periods at 
which a cause will act in one direction or the otlier. 

^ Essai Philosophique sur les Probahilites, j^p. 49, 50. 

8 (Jrant, History of Physical Astronomy y p. 163.* 
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We are sometimes able to eliroinate fluctuations and 
take a mean result by purely mechanical arrangements. 
The daily variations of temperature, for instance, become 
imperceptible one or two feet below the surface of the 
earth, so that a thermometer placed with its bulb at that 
depth gives very nearly the true daily mean temperature. 
At a depth of twenty feet even the yearly fluctuations are 
nearly effaced, and the thermometer stands a little above 
the true mean temperature of the locality. In registering 
the rise and fall of the tide by a tide-gauge, it is desirable 
to avoid the oscillations arising from surface waves, which 
is very readily accomplished by placing the float in a cis- 
tern communicating by a small hole with the sea. Only a 
general rise or fall of the level is then perceptible, just as 
in the marine barometer the narrow tube prevents any 
casual fluctuations and allows only a continued change of 
pressure to manifest itself. 

Determination of the Zero 'point 

In many important observations the chief difficulty con- 
sists in defining exactly the zero point from which are 
to measure. We can point a telescope with great pre- 
cision to a star and can measure to a second of arc the 
angle through which the telescope is raised or lowered ; 
but all this precision will be useless unless we know 
exactly the centre point of the heavens from which we 
measure, or, what comes to the same thing, the horizontal 
line 90° distant from it. Since the true horizon has 
reference to the figure of the earth at the place of 
observation, we can only determine it by the direction 
of gravity, as marked either by the plumb-line or the 
surface of a liquid. The question resolves itself then into 
the most accurate mode of observing the direction of 
gravity, and as the plumb-line has long been found 
hopelessly inaccurate, astronomers generally employ the 
surface of mercury in repose as the criterion of horizon- 
tality. They ingeniously observe the direction of the 
surface by making a star the index. From the laws 
of reflection it follows that the angle between the 
direct ray from a star and that reflected from a surface 
of mercury will be exactly double the angle between the 



XVI.J 


THE METHOD OF MEANS. 


369 


surface and the direct ray from the star. Hence the 
horizontal or zero point is the mean between the apparent 
place of any star or other very distant object and its 
reflection in mercury. 

A plumb-line is perjTendicular, or a liquid surface is 
horizontal only in an approximate sense ; for any irregu- 
larity of the surface of 'the earth, a mountain, or even a 
house must cause some deviation by its attracting power. 
To detect sucli deviation might seem very difficult, because 
every other plunb-line or liquid surface would be equally 
affected by gravity. Nevertheless it can be detected; for 
if we place one plumb-line to the north of a mountain, and 
another to the south, they will be about equally deflected 
in opposite directions, and if by observations of the same 
star we can measure tlie angle between the plumb-lines, 
half the inclination will be the deviation of either, after 
allowance has been made for the inclination due to the 
dillc'rence of latitude of the two places of observation. By 
this mode of observation applied to the mountain Sclriehal- 
lion tlie deviation of the plumb-line was accurately measured 
by Maskelyne, and thus a comparison instituted between 
the attractive forces of the mountain the whole globe, 
which led to a probable estimate of the eai‘tl:’« density. 

In some cases it is actually better to determine the zero 
point by the average of equally diverging quantities than 
by direct observation. In delicate weighings by a chemical 
balance it is requisite to ascertain exactly the point at 
which the beam comes to rest, and when standard weights 
are being compared the position of the beam is ascertained 
by a carefully divided scale viewed through a microscope. 
But when the beam is just coming to rest, friction, small 
impediments or other accidental causes may readily ob- 
struct it, because it is near the point at which the force of 
stability becomes infinitely small. Hence it is found better 
to let the beam vibrate and observe the terminal points of 
the vibrations. The mean between two extreme points 
will nearly indicate the position of rest. Friction and 
the resistance of air tend to reduce the vibrations, so that 
this mean will be erroneous by half the amount of this 
effect during a half vibration. But by taking several ob- 
servations we may determine this retardation and allow 
for it. Thus if a, h, c be the readings of the terminal 
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points of three excursions of the Beam from the zero of the 
scale, then | (a + h) will be about as much erroneous in 
one direction as ^ (6 + c) in tlie other, so that the mean 
of these two means, or ^ 4 2 h + c), will be exceedingly 

near to the point of rest.^ A still closer approximation 
may be made by taking four readings and reducing them 
by the formula ^ (a + 2 h + 2 c ^ d). 

The accuracy of Baily’s experiments, directed to deter- 
mine the density of the earth, entirely depended upon this 
mode of observing oscillations. Tlie balls whose gravi- 
tation. was measured were so delicately suspended by a 
torsion balance that tliey never came to rest. Tlie extreme 
points of the oscillations were observed both when the 
heavy leaden attracting ball was on one side and on the 
other. The difference of the mean points when the leaden 
ball was on- the riglit hand and that wlien it was on the 
left hand gave double the amount of the deflection. 

A beautiful instance of avoiding the use of a zero point 
is found in Mr. E. J. Stone’s observations on the radiant 
heat of the fixed stars. The difficulty of these observations 
arose from the comparatively great amounts of heat which 
were sent into the telescope from the atmosphere, and wliich 
were sufficient to disguise almost entirely the feeble heat 
rays of a star. But Mr. Stone fixed at the focus of his 
telescope a double thermo-electric pile of which the two 
parts were reversed in order. Now any disturbance of 
temperature which acted uniformly upon both piles pro- 
duced no effect upon the galvanometer needle, and when 
the rays of the star were made to fall alternately upon 
one pile and the other, the total amount of the deflection 
represented double the lieating power of the star. Thus 
Mr. Stone was able to detect with much certainty a heating 
effect of the star Arcturus, which even when concentrated 
by the telescope amounted only to o°'02 Eahr., and which 
represents a heating effect of the direct ray of only about 
o°*oooooi37 Fahr., equivalent to the heat which would be 
received from a three-inch cubic vessel full of boiling 
water at the distance of 400 yards.^ It is probable that 

' Gauss, Taylor’s Scientific, Memoirs, vol. ii. p. 43, &c. 

Prodeedi/ngs of thePoyal Society, vol. xviii. p. 159 (Jan. 13, 1870). 
Philosophical Magazine (4th Series), vol. xxxix. p. 376. 
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Mr. Stone's arrangement of the pile might he usefully 
employed in other delicate thermometric experiments 
subject to considerable disturbing influences. 

DcferminatiorC of Maximum Points. 

We employ the metluv-d of means in a certain number 
of observations directed to determine the moment at which 
a phenomenon reaches its highest point in quantity. In 
noting the place of a fixed stiir at a given time there is no 
difficulty in ascertaining the point to be observed, for a 
star in a good telescope presents an exceedingly sniatl disc: 
In observing a nebulous body which from a bright centre 
fades gradually away on all sides, it will not be possible 
to select with certainty the middle point. In many such 
cases the best metliod is iiot to select arbitrarily the sup- 
posed middle point, but points of equal brightness on 
either side, and then take the mean of the observations of 
tliese two points for the centre. As a general laile, a 
variable quantity in reaching its maximum increases at a 
less and less rate, and after passing the liighest point 
begins to decrease by inscnsilde degrees. The inaximuin 
may indeed be defined as that point at NAl ieh^the increase 
or decrease is null. Hence it will usually be the most 
indefinite point, and if we can accurately measure the 
phenomenon we shall best determine the place of the 
maximum by determining points on either side at which 
the ordinates are equal. There is moreover this advantage 
in the method that several points may be determined with 
the corresponding ones on the other side, and the mean of 
the whole taken as the true place of the maximum. But 
this method entirely depends upon the existence of sym- 
metry in the curve, so that of two equal ordinates one 
shall be as far on one side of the maximum as the other 
is on the other side. The method fails when other laws of 
variation prevail. 

In tidal observations great difficulty is encountered in 
fixing the moment of high water, because the rate at which 
the water is then rising or falling, is almost impercep- 
tible. Whewell proposed, therefore, to note the time at 
which the water passes a fixed point somewhat below the 
maximum both in rising and falling, and take the mean 
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time as that of high water. But tliis mode of proceeding 
unfortunately does not give a correct result, because the 
tide follows different laws in rising and in falling. There 
is a difficulty again in selecting the highest spring tide, 
another object of much importance in tidology. Laplace 
discovered tliat the tide of the second day preceding the 
conjunction of the sun and moon is nearly equal to that of 
the fifth day following ; and, believing that the increase 
and decrease of the tides proceeded in a nearly symmetrical 
manner, he decided that the highest tide would occur about 
thirty-six hours after the conjunction, that is half-way 
between the second day before and the fifth day after. 

This method is also employed in determining the time 
of passage of the middle or densest ])oint of a stream of 
meteors. The earth takes two or three days in passing 
completely 'through the November stream ; but astronomers 
need for their calculations to have some definite point fixed 
within a few minutes if possible. When near to the 
middle tliey observe the numbers of meteors which come 
within the sphere of vision in each half hour, or quarter 
hour, and then, assuming that the law of variation is 
symmetrical, they select a moment for the passage of the 
centre equidistant between times of equal frequency. 

The eclipses of Jupiter’s satellites are not only of great 
interest as regards tlie motions of the satellites themselves, 
but were, and perhaps still are, of use in determining 
longitudes, because they are events occurring at fixed 
moments of absolute time, and visible in all parts of the 
planetaiy system at the same time, allowance being made 
for the interval occupied by the light in travelling. But, 
as is explained by Herschel,^ tlie moment of the event is 
wanting in definiteness, partly because the long cone of 
Jupiter’s shadow is surrounded by a penumbra, and partly 
because the satellite has itself a sensible disc, and takes 
time in entering the shadow. Different observers using 
different telescopes would u-sually select different moments 
for that of the eclipse. But the increase of light in the 
emersion will proceed according to a law the reverse of 
that observed in the immersion, so that if an observer notes 

‘ AirV On Tides omd Waves, Encycl. Metrop. pp. 364* — 366*. 

* Ouilines of Astronomy, 4th edition, § 538. 
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the time of both events with the same telescope, he will be 
as much too soon in one observation as lie is too late in the 
other, and the mean moment of the two observations will 
represent with considerable accuracy tlie time when the 
satellite is in the middle df the shadow. Error of judg- 
ment of the observer is thus eliminated, provided that 
he takes care to act at 'the emersion as he did at the 
immersion. 



CHAPTER XVII. 

THE LAW OK ERROR. 

To bring olTor itself under law niiglit seem beyond liuman 
power, lie who errs surely diverges from law, and it 
might be deemed hopeless out of error to draw truth. One 
of the most remarkable achievements of the human intel- 
lect is the establishment of a general theory which not only 
enables us among discrepant results to a})proximate to 
the truth, but to assign the degree of probability which 
fairly attaches to this conclusion. It would be a mistake 
indeed to suppose that this law is necessarily the best 
guide under all circumstances. Every measuring instru- 
nieiit and every form of experiment may liave its own 
special law of error ; there may in one instrument be a 
tendency in one direction and in anotlier in the op])Osite 
direction. Every process has its })eciiliar liabilities to 
disturbance, and we are never relieved from the necessity of 
providing against special difficulties. The general Law of 
Error is the best guide only when we have exhausted all 
other means of approximation, and still find discrepancie.s, 
whicli are due to unknown causes. We must treat such 
residual differences in some way or other, since they will 
occur in all accurate experiments, and as their origin is 
assumed to be unknown, there is no reason why we should 
treat them differently in different cases. Accordingly the 
ultimate Law of Error must be a uniform arid general one. 

It is perfectly recognised by mathematicians that in 
each case a special Law of Error may exist, and should be 
discovfered if possible. ‘‘Nothing can be more unlikely 
than that the errors committed in all classes of observa- 
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tions should follow the Same law/’ ^ and the special Laws 
of Error which will apply to certain instruments, as for in- 
stance the repeating circle, have been investigated by 
Ihavais/^ He concludes that every distinct cause of error 
gives rise to a curve of •possibility of errors, which may 
have any form, — a curve which we may either be able or 
unable to discover, and which in the first case may be 
determined by d joriori considerations on the ])eciiliar 
nature of this cause, or which may he determined d 
posteriori by observation. Whenever it is practicable and 
worth the labour, we ought to investigate these specral „ 
conditions of error ; nevertheless, Avlien there are a great 
number of different sources of minute error, the general 
resultant will always tend to obey that general law which 
we are about to consider. 

Establishment of the Law of Error. 

Matheinaticiaiis agree far better as to the form of the 
Law ot Error than they do as to the manner in wliich it 
can be deduced and proved. They agree tliat among a 
number of discrepant results of observation, that mean 
quantity is probably the best approximation to the truth 
which makes the sum of the squares ol the errors as small 
as possible. But there are three principal ways in which 
this law has been arrived at respectively by Gauss, by 
Laplace and Quetelet, and by Sir John Herschel. Gauss 
proceeds much upon assumption ; Herschel rests upon 
geometrical considerations ; while Laplace and Quetelet 
regard the Law of Error as a development of the doctrine 
of combinations. A number of other mathematicians, such 
as Adrain of New Brunswick, Bessol, Ivory, Donkin, Leslie 
Ellis, Tait, and Crofton have either attempted independent 
proofs or have modified or commented on those here to be 
described. For full accounts of the literature of the 
subject the reader should refer either to Mr. Todhunter s 
History of the Theory of Probability or to the able memoir 
of Mr. J. W. L. Glaisher.^ 

^ Philosophical Magazine, 3rd Series, vol. xxxvii. p. 324. 

2 Letters on the Theory of Prohahilities, by Quetelet, translated by 
0 . G. Downes, Notes to Letter XXYI. pp. 286—295. 

3 On the Law of Facility of Errors of Observations, and on the 
Method of Least Squares, Memoirs of the Royal Astronomi<;Ai Society, 
vol. w'xix. p. 75. 
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According to Gauss the Law of Error expresses the 
comparative probability of errors of various magnitude, and 
partly from experience, partly from d priori considera- 
tions, we may readily lay down certain conditions to which 
the law will certainly conform. It may fairly be assumed 
as a first principle to guide us in tlie selection of the 
law, that large errors will be far less frequent and probable 
than small ones. We know that very large errors are 
almost impossible, so that the probability must rapidly 
decrease as the amount of the error increases. A second 
principle is that positive and negative errors shall be 
equally probable, which may certainly be assumed, because 
we are supposed to be devoid of any knowledge as to the 
causes of the residual errors. It follows that the proba- 
bility of the error must be a function of an even power of 
the magnitude, that is of the square, or the fourth power, 
or the sixth power, otherwise the probabilit}’^ of the same 
amount of error would vary according as the error was 
positive or negative. The even powers xf\ &c., are 

always intrinsically positive, whether x be positive or 
negative. There is no dp'iori reason why one rather than 
another of these even powers should be selected. Gauss 
himself allo\YS that the fourth or sixth power would fulfil 
the conditions as well as the second ; ^ but in the absence 
of any theoretical reasons we should prefer the second 
power, because it leads to formulaj of great comparative 
simplicity. Did the Law of Error necessitate the use of 
the higher powers of the error, the complexity of the 
necessary calculations would much reduce the utility of 
the theory. 

By mathematical reasoning which it would be unde- 
sirable to attempt to follow in this book, it is shown 
that under these conditions, the facility of occurrence, 
or in other words, the probability of error is expressed 
by a function of the general form * **, in which x repre- 
sents the variable amount of errors. From this law, 
to be more fully described in the following sections, it at 
once follows that the most probable result of any observa- 

* Mithode des Momdrea Carrie. Memoires sur la Cowhinaison des 

Observaiioiu, par Ch. Fr. Gauss. Tradmt en Frangais par J. 
Bertrand, Pans, 1855, PP- 6, 133, &c. 
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tions is that which irrakes the sum of the squares of 
the consequent errors the least possible. Let a, b, c, 
&c., be the results of observation, and x tlie quantity 
selected as the most probable, that is the most free 
from unknown errors : Jbheii we must determine x so that 
(a — xy (b — xy + (c — xy -h . . . . shall be the least 
possible quantity. TJms we arrive at the celebrated 
Method of Least Squares^ as it is usually called, which 
appears to have been first distinctly put in practice by 
Gauss ill 1795, while Legendre first published in 1806 an 
account of the process in his work, entitled, Nouvelles 
Mithodes jpoitr la Determination des Orbites des Conlttes. It 
is worthy of notice, however, that lloger Cotes had long 
previously recommended a method of equivalent nature in 
liis tract, “ Estimatio Erroris in Mixta Mathesi.” ^ 

HeTscheVs Geometrical Proof. 

A second way of arriving at the Law of Error was 
proposed by Herschel, and although only applicable to 
geometrical cases, it is remarkable as showing that from 
whatever point of view we regard the subject, the same 
principle will be detected. After aesuming that some 
general law must exist, and that it is subject to the 
principles of probability, lie supposes that a ball is 
dropped from a high point with the iiitention that it 
shall strike a given mark on a horizontal plane. In the 
absence of any known causes of deviation it will either 
strike that mark, or, as is infinitely more probable, diverge 
from it by an amount which we must regard as error of 
unknown origin. Now, to quote the words of Herschel,^ 
“ the probability of that error is the unknown function of 
its square, i.e. of the sum of the squares of its deviations in 
any two rectangular directions. Now, the probability of 
any deviation depending solely on its magnitude, and not 
on its direction, it follows that the probability of each of 
these rectangular deviations must be the same function of 
its square. And since the observed oblique deviation is 

‘ De Morgan, Fenny Cyclopwdia, art. Least Squares. 

2 Edinburgh Review, July 1850, vol. xcii. p. 17. Reprinted Essays, 
p. 399. This method of demonstration is discussed by B9oLe, Tram^ 
actions of Royal Society of Edinburgh, vol. xxi. pp. 627 — 630. 
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equivalent to the two rectangular ‘'ones, supposed concur- 
rent, and which are essentially independent of one another, 
and is, therefore, a compound event of which they are tlie 
simple independent constituents, therefore its probability 
will be the product of their separate probabilities. Thus 
the form of our unknown function comes to be determined 
from this condition, viz., that the product of sucli functions 
of two independent elements is equal to the same function 
of their sum. But it is shown in every work on algebra 
that this property is tlie peculiar cliaracteristic of, and 
belongs only to, the exponential or antilogarithmic function. 
This, then, is the function of the square of the error, which 
expresses the probability of committing that error. That 
probability decreases, therefore, in geometrical progression, 
as the square of the error increases in arithmetical.'* 

Laplaces and Qivetclet's Proof of the Law, 

However much presumption tlie modes of determining 
the Law of Error, already described, may give in favour of 
the law usually adopted, it is difficult to feel tliat the 
arguments are satisfactory. The law ado])ted is chosen 
rather on the grounds of convenience and plausibility, than 
because it can be seen to be tlie necessary law. We can 
however approach the subject from an entirely different 
point of view, and yet get to the same result. 

Let us assume that a particular observation is subject 
to four chances of error, each of which will increase the 
result one incli if it occurs. Each of these errors is to be 
regarded as an event independent of the rest and we can 
therefore assign, by tlie theory of probability, the compara- 
tive probability and frequency of each conjunction of errors. 
From the Arithmetical Triangle (pp. 182-188) we learn that 
no error at all can happen only in one way ; an error of 
one inch can happen in 4 ways ; and the ways of happening 
of errors of 2, 3 and 4 inches respectively, will be 6, 4 and 
I in number. 

We may infer that the eiTor of two inches is the most 
likely to occur, and will occur in the long run in six cases 
out of sixteen. Errors of one and three inches will be 
equally likely, but will occur less frequently ; while no 
error at aft or one of four inches will be a comparatively 
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rare occurrence. If we now suppose the errors to act as 
often in one direction as the other, the effect will be to 
alter the average error by the amount of two inches, and 
we slmll have the following results : — 


Negative error of *2 inches ! way 

Negative error of i inch 4 ways. 

No error at all . * 6 ways. 

Positive error of i inch 4 ways. 

Positive error of 2 inches i way. 


We may now imagine the number of causes of error 
increased and the amount of each error decreased, and the 
arithmetical triangle will give us the frequency of the re- 
sulting errors. 'Idius if there be live positive causes of 
error and five negative causes, the following table shows 
the numbers of errors of various amount which will be the 
result : — 


Direction of Krror. 

j Positive Error. 

1 

Negative Error. 

Amount of Error 

5. 4 , 3. 2, I 

1 

0 

1, 2, 3, 4. 5 

Number of such Errors, 

I, 10, 45, T20, 210 

’5“ 

210, 120, 45, 10, 1 


It is plain that from such numbers I can ascertain 
the probability of any particular amount of error under 
the conditions supposed. The probalnlity of a positive 

error of exactly one inch is -21^, in wliich fraction the 

1024 

numerator is the number of combinations giving one 
inch positive error, and the denominator the whole 
number of possible errors of all magnitudes. [ can also, 
by adding together the appropriate numbers get the pro- 
bability of an error not exceeding a certain amount. Thus 
the probability of an error of three inches or less, positive 
or negative, is a fraction whose numerator is the sum of 
45 -f 120 q- 210 + 252 -f 210 + 120 + 45, and the deno- 
minator, as before, giving the result We may see at 

once that, according to tliese principles, the probability of 
small errors is far. greater than of large ones : the odds are 
1002 to 22, or more than 45 to i that the error will not 



330 THE PBINCIPLES OF SCIENCE. [cuap. 


exceed three inches; and the odds are 1022 to 2 against 
the occurrence of the greatest possible error of five inches. 

If any case should arise in which the observer knows 
the number and magnitude of the chief errors which 
may occur, he ought certainly to calculate from tlie Aritli- 
metical Triangle the special Law of Error which would 
apply. But the general law, of which we are in search, 
is to be used in the dark, wlien we have no knowledge 
whatever of the sources of error. To assume any special 
number of causes of error is then an arbitrary proceeding, 
and mathematicians have chosen the least arbitrary course 
of imagining the existence of an infinite numb(u* of in- 
finitely small errors, just as, in the inverse method of 
probabilities, an infinite number of infinitely improbable 
hypotheses were submitted to calculation (p. 255). 

The reasons in favour of this clioice are of several 
different kinds. 

1. It cannot be denied tliat there may exist infinitely 
numerous causes of error in any act of observation. 

2. The law resulting from the hypothesis of a moderate 
number of causes of error, does not appreciably differ from 
that given by the hypothesis of an infinite number of 
causes of error. 

3. We gain by the hypothesis of infinity a general law 
capable of ready calculation, and applicable by uniform 
rules to all problems. 

4. This law, when tested by comparison with extensive 
series of observations, is strikingly verified, as will be 
shown in a later section. 

When we imagine the existence of any large number of 
causes of error, for instance one hundred, the numbers of 
combinations become impracticably large, as may be seen 
to be the case from a glance at the Arithmetical Triangle, 
which proceeds only up to the seventeenth line. Quetelet, 
by suitable abbreviating processes, calculated out a table 
of probability of errors on the hypothesis of one thousand 
distinct causes ; ^ but mathematicians have generally 
proceeded on the hypothesis of infinity, and then, by the 
devices of analysis, have, substituted a general law of easy 


^ Letters or the Theory of ProhahilitieSf Letter XV. and Appendix, 
note pp. 256 -266. 
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treatment. In mathematical works upon the subject, it is 
shown that tlie standard Law of Error is expressed in the 
formula 



in which x is the amolint of tlie eri*or, Y the maximum 
ordinate of the curve of error, and c a number constant 
for each series of observations, and expressing the amount 
of the tendency to error, varying between one series of 
observations and another. The letter e is the mathematical 
constant, the sum of ratios between the numbers of permu- 
tations and combinations, previously referred to (p. 330). 

To sliow the close correspondence of this general 
law with the special law which might be derived 
from the supposition of a moderate number of causes 
oi error, I have in the accompanying figure drawn a 


M 



curved line representing accurately tlie variation of y 
when X in the above formula is taken ecpial 0,^,1,? 2, 

cH:c., positive or negative, the arbitrary quantites Y and c 
being each assumed et[ual to unity, in order to simplify 
the calculations. In tlie same figure are inserted eleven 
dots, whose heights above the base line are proportional 
to the numbers in the eleventh line of the Arithmetical 
Triangle, thus representing the comparative probabilities 
of errors of various amounts arising from ten equal causes 
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of error. The correspondence of the general and the 
special Law of Error is almost as close as can be exhibited 
in the figure, and the assumption of a greater number of 
equal causes of error would render the correspondence far 
more close. 

It may be explained that the ordinates NM, mn, n'm\ 
represent values of y in the equation expressing the Law 
of Error. The occurrence of any one definite amount of 
error is infinitely improbable, because an infinite number 
of such ordinates might be drawn. Eut the probability of 
an error occurring between certain limits is finite, and is 
represented by a portion of the area of the curve. Thus the 
probability that an error, positive or negative, not exceed- 
ing unity will occur, is re])resented by the area Mimin' ni , 
in short, by the area standing upon the line nn, 
Since every observation must either have some definite 
error or none at all, it follows that the whole area of the 
curve should be considered as the unit expressing certainty, 
and the probability of an error falling between particular 
limits will then be expressed by the ratio which the area 
of the curve between those limits bears to the whole area 
of the curve. 

The mere fact that the Law of En’or allows of the possi- 
ble existence of errors of every assignable amount shows 
that it is only approximately true. We may fairly say 
that in measuring a mile it would be impossible to commit 
an error of a hundred miles, and the length of life would 
never allow of our committing an error of one million 
miles. Nevertlieless the general Law of Error would assign 
a probability for an error of that amount or more, but so 
small a probability as to be utterly inconsiderable and 
almost inconceivable. All that can, or in fact need, be 
said in defence of the law is, that it may be made to re- 
present the errors in any special case to a very close 
approximation, and that the probability of large and prac- 
tically impossible errors, as given by the law", will be so 
small as to be entirely inconsiderable. And as we are 
dealing wdth error itself, and our results pretend to nothing 
more than approximation and probability, an indefinitely 
small error in our process of approximation is of no import- 
ance whatever. 
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Logical Origin of the Law of Error, 

It is worthy of notice that this Law of Eri -r, abstruse 
though the subject may seem, is really founded upon the 
simplest principles. It*arises entirely out of the difference 
between permutations and combinations, a subject upon 
which T may seem to ln?ve dwelt with unnecessary prolixity 
in previous pages (pp. 170, 189). The order in which we 
add quantities together does not affect the amount of the 
sum, so that if there be three positive and tive negative 
causes of error in operation, it does not matter ki which 
order they are considered as acting. They may be inter- 
mixed in any arrangement, and yet the result will be the 
same. The reader should not fail to notice how laws or 
principles which appeared to be absurdly, simple and 
evident when first noticed, reappear in the most complicated 
and mysterious processes of scientific method. The funda- 
mental Laws of Identity and Difference gave rise to the 
Logical Alphabet which, after abstracting the character of 
the differences, led to the Arithmetical Triangle. The 
Law of Error is defined by an infinitely high line of that 
triangle, and the law proves that the ean is the most pro- 
bable result, and that divergencies from tlie^mean become 
much less probable as they increase in amount. Now the 
comparative greatness of the numbers towards the middle 
of each line of the Arithmetical Triangle is entirely due 
to the indifference of order in space or time, which was 
first prominently pointed out as a condition of logical re- 
lations, and the symbols indicating them (pp. 32-35), and 
which was afterwards shown to attach equally to numerical 
symbols, the derivatives of logical terms (p. 160). 

Verif cation of the Law of Error. 

The theory of error which we have been considering 
rests entirely upon an assumption, namely that when 
known sources of disturbances are allowed for, there yet 
remain an indefinite, possibly an infinite number of other 
minute sources of error, which will as often produce ex- 
cess as deficiency. Granting this assumption, the Law of 
Error must be as it is usually taken to be, and there is 
no more need to verify it empirically than to test the truth 
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of one of Euclid's propositions mechanically. Neverthe- 
less, it is an interesting occupation to verify even the pro- 
positions of geometry, and it is still more instructive to 
try whether a large number of observations will justify our 
assumption of the Law of Error. 

Encke has given an excellent instance of the correspond- 
ence of theory with experience, in ‘the case of observations 
of the differences of Right Ascension of the sun and two 
stars, namely a Aquilie and a Canis minoris. The ol^ser- 
vations were 470 in number, and were made by Bradley 
and reduced by Bessel, who found the probable error of 
the final result to be only about one-fourth part of a second 
(0*2637). He then compared the numbers of errors of 
each magnitude from o* i second upwards, as actually given 
by the observations, with what should occur according to 
the I^w of Error. 

The results were as follow : — ^ 


Magnitude of the errors la parte 
of a second. 


0 0 to O'l 

.. *3 

■2 ». *3 

'3 A 

•4 .i '5 

■5 <5 

•6 7 

7 „ a 

•8 „ ■<? 

a bovo i o 


Number of errors of each magnitude 
according to 


Obsen atlon. 

1 Theory. 


95 

88 

89 

78 

78 

58 

64 

51 

50 

36 

36 

26 

24 

*4 

»5 

10 

9 

7 

5 

8 

5 


The reader will remark that the correspondence* is very 
close, except as regards larger errors, which are excessive 
in practice. It is one 'objection, indeed, to the theory of 
error, that, being expressed in a continuous mathematical 
function, it contemplates the existence of errors of every 
magnitude, such as could not practically occur ; yet in this 
case the theory seems to under-estimate the number of 
large errors. 

1 Encke, On the Method of Least Squares, TayloPs Scientific 
Memoirs, vol. ii. pp. 338, 339. 
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Another comparison ofcthe law with observation was made 
by Quetelet, who investigated the errors of 487 determi- 
nations in time of the Right Ascension of the Pole-Star 
made at Greenwich during the four years 1836-39. These 
observations, although cgirefully corrected for ell known 
causes of error, as well as for nutation, precession, &c., 
are yet of course found to differ, and being classified as 
regards intervals of one-fialf second of time, and then pro- 
portionately increased in number, so that their sum may 
be one thousand, give the following results as compared 
with what Quetelet’s theory would lead us to expect : — ^ 


Magnitude of 
error in tenths 
of a second. 

Number of Errors 

Magnitude of 
error in tenths 
of a second. 

Number of errors 

Observation. 

by 

Theory. 

by 

Observation. 

by 

Theory. 

0*0 

168 

163 






+ 05 

148 

147 

--^■5 

150 

152 

-f 1*0 

129 

ZI 2 

— z*o 

126 

121 

+ i-s 

78 

72 

—*‘5 

74 

82 

+ U-O 

33 

40 

—20 

43 

46 

+ 2 *S 

zo 

19 

— 2*5 

35 

22 

+ 3*0 

2 

xo 

—30 

12 

zo 




— 3*5 

2 

4 


In this instance also the correspondc ce is satisfactory, 
but the divergence between theory and fact is iif the opposite 
direction to that discovered in the former comparison, the 
larger errors being less frequent than theory would indi- 
cate. It will be noticed that Quetelet’s theoretical results 
are not symmetrical. 

The Probable Mean Result, 

One immediate result of the Law of Error, as thus 
stated, is that the mean result is the most probable one ; 
and when there is only a single variable this mean is 
found by the familiar arithmetical process. An unfor- 
tunate error has crept into several works which allude 
to this subject. Mill, in treating of the “ Elimination of 
Chance,” remarks in a note ^ that " the mean is spoken of 


* Quetelet, Letters on the Theory of ProbabilitieSy translated by 
Downes, Letter XIX. p. 88, See also Galton^s Hereditary QeniuSy 
P- 379 - 

* System of Logie, bk. iii. chap. 17, § 3. 5th ed. vol. il p. 56 . 
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as if it were exactly the same thing as the average. 
But the mean, for purposes of inductive inquiry, is not the 
average, or arithmetical mean, though in a familiar illus- 
tration ot** the theory the difference may be disregarded.'* 
He goes on to say that, according to mathematical princi- 
ples, the most probable result is tliat for whicli the sums 
of the squares of the deviations is tlie least possible. It 
seems probable that Mill and other writers were misled 
by Wliewell, who says ^ that “The method of least 
squares is in iact a method of means, but with some 
peculiar characters. . . . The method proceeds upon 

this supposition : that all errors are not equally probable, 
but that small errors are more probable than large ones." 
He adds that this method “ removes much that is arbitrary 
in the method of means." It is strange to find a mathe- 
matician like VVhewell making such remarks, when there 
is no doubt whatever that the Method of Means is only 
an application of the Method of Least Squares. They are, 
in fact, the same method, except that the latter method 
may be applied to cases where two or more quantities have 
to be determined at the same time. Lubbock and Drink- 
water say, 2 “ If only one quantity lias to be determined, 
this methoct evidently resolves itself into taking the mean 
of all the values given by ol)servation." Encke says,^ that 
the expression for the probability of an error “ not only 
contains in itself the principle of the arithmetical mean, 
but depends so immediately upon it, tha,t for all those 
magnitudes for wliicli the arithmetical mean holds good 
in the simple cases in which it is principally applied, 
no other law of probability can be assumed than that 
which is expressed by this formula." 

Tlic Prohahle Error of Results, 

When we draw a conclusion from the numerical 
results of observations we ought not to consider it suf- 
ficient, in cases of importance, to content ourselves with 
finding the simple mean and treating it as true. We 
ought also to ascertain what is the degree of confidence 

^ Fhilosophy of the Inductive Sciences, 2nd ed. vol. ii. pp. 408, 409. 

2 Essay on ProhahiUty, Useful Knowledge Society, 1833, p. 41. 

? Taylor's Scientific Memoirs^ yol. ji. p. 333. 
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we may place in this in^an, and our confidence should he 
measured by tlie degree of concurrence of the observations 
from which it is derived. In some cases tlie mean may 
be approximately certain and accurate. In otlfer cases it 
may really be worth little or nothing. The Law of Error 
enables us to give exact expression to the degree of con- 
fidence proper in any case ; for it shows how to calculate 
the probability of a divergence of any amount fiom the 
mean, and we can thence ascertain the probability tliat 
the mean in question is within a certain distance from the 
true number. The jwohahlc error is taken by matlieina- 
ticians to mean the limits within which it is as likely as 
not tliat the truth will fall. Thus if 5-45 be tlie mean of 
all the determinations of the density of the earth, and '20 
be approximately the probable error, the meaning is that 
the probability of the real density of the eartli falling be- 
tween 5*25 and 5*65 is Any other limits might have 
been selected at will. We might calculate tlu^ limits 
within which it was one hundred or one thousand to one 
that the truth would fall ; but there is a convention to 
take the even odds one to one, as the quantity of proba- 
bility of which the limits arc to be estimated. 

Many books on j)robability give rules for making the 
calculations, but as, in the ])rogress of science, persons 
ought to become more familiar with these processes, 
I propose to repeat the rules here and illustrate tlubr 
use. The calculations, when made in accordance wiih 
the directions, involve none but arithmetic or logar- 
itlimic operations. 

The following are the rules for treating a mean result, 
so as thoroughly to ascertain its trustworthiness. 

1. Draw the mean of all the observed results. 

2. Find the excess or defect, that is, the error of each 
result from the mean. 

3. Square each of these reputed errors. 

4. Add together all these sqiuires of the errors, which 
are of course all positive. 

5. Divide by one less than the number of observations. 
This gives the square of the mean error. 

6. Take the square root of the last result ; it is the mean 
error of a single observation. 

7. Divide now by the square root of the number of 

c c 2 
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observations, and we get the ynean eA'TOT of the mean 
result. 

8. Lastly, multiply by the natural constant 0*6745 (or 
approximately by 0*674, or even by §), and we arrive at 
the proballe error of the mean result. 

Suppose, for instance, that five measurements of the 
height of a hill, by the barometer or otherwise, have given 
the numbers of feet as 293, 301, 306, 307, 313 ; we want 
to know the probable error of the mean, namely 304. Now 
the differences between this mean and the above numbers, 
paying no^ regard to direction, are ii, 3, 2,3,9; ^^^cir 
squares are 121, 9, 4,9, 81, and the sum of the squares 
of the errors consequently 224, The number of observa- 
tions being 5, we divide by i less, or 4, getting 56. This 
is the square of the mean error, and taking its square root 
we have 7*48 (say 7^), the mean error of a single obser- 
vation. Dividing by 2*236, the square root of 5, the 
number of observations, we find the mean error of the mean 
result to be 3*35, or say 3J, and lastly, multiplying by 
•6745, we arrive at the probable error of the mean result, 
which is found to be 2*259, meaning of 

this is that the probability is one half, or the odds are 
even that the true height of the mountain lies between 
301} and 306 J feet. We have thus an exact measure of 
the degree of credibility of our mean result, which mean 
indicates the most likely point for the truth to fall 
upon. 

The, reader should observe that as the object in these 
calculations is only to gain a notion of the degree of con- 
fidence with which we view the mean, there is no real use 
ill carrying the calculations to any great degree of pre- 
cision ; and whenever the neglect of decimal fractions, or 
even the slight alteration of a number, will much abbreviate 
the computations, it may be fearlessly done, except in 
cases of high importance and precision. Brodie has shown 
how the law of error may be usefully applied in chemical 
investigations, and some illustrations of its employment 
may be found in his paper.^ 

The experiments of Benzenberg to detect the revolution 
of the earth, by the deviation of a ball from the perpen- 

* PhilosophiccU Trm^actions, 1873, p. 83* 
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dicular line in falling doVn a deep pit, have been cited by 
Encke ^ as an interesting illustration of the Law of Error. 
The mean deviation was 5 086 lines, and its probable error 
was calculated by Encke to be not more than '950 line, 
that is, the odds were even that the true result lay between 
4*136 and 6*036. As the deviation, according to astrono- 
mical theory, should be, 4*6 lines, which lies well within 
the limits, we may consider that the experiments are 
consistent with the Copernican system of the universe. 

Tt will of course be understood that the probable error 
has regard only to those causes of errors which in the long 
run act' as much in one direction as another; it takes no 
account of constant errors. The true result accordingly 
will often fall far beyond the limits of probable error, owing 
to some considerable constant enur or errors, of tlie ex- 
istence of which we ore unaware. 

Iiejeciion of the Mean Result. 

We ought always to bear in mind tliat the mean of any 
series of observations is the best, that is, the most probable 
ap^u'oximation to the truth, only in th absence of know- 
leclge to the contrary. The selection of uh^ mean rests 
entirely upon the probability that unknown causes of error 
will in the long run fall as often in one direction as the 
opposite, so that in drawing the mean they will balance 
each other. If we have any reason to suppose that there 
exists a tendency to error in one direction rather than the 
other, then to choose the mean would be to ignore that 
tendency. We may certainly approximate to the length 
of the circumference of a circle, by taking the mean of the 
perimeters of inscribed and circumscribed polygons of an 
equal and large number of sides. The length of the cir- 
cular line undoubtedly lies between the lengths of the two 
perimeters, but it does not follow that the mean is the 
best approximation. It may in fact be shown that the 
circumference of the circle is very nearly equal to the 
perimeter of the inscribed polygon, together with one -third 
part of the difference between the inscribed and circum- 
scribed polygons of the same number of sides. Having 


* Taylor’s Scientific Memoirs, vol. ii. pp. 330, 347, &c. 
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tliis knowledge, wc ought oi‘ coiii’Se to act upon it, instead 
of trusting to probability. 

We may oltcii perceive that a series of measurements 
tends towards an extreme limit ratlier than towards a 
mean. In endeavouring to obtain a correct estimate 
of the apparent diameter of tlie brightest fixed stars, we 
find a continuous diminution in estimates as the powers 
of observation increased. Kepler assigned to Sirius an 
np])ar(uit diameter ot' 240 seconds ; Tycho Hrahe made 
it 126; Gassendi 10 seconds; Galileo, Hevelius, and J. 
Cassini, 5 or 6 seconds. Halley, Michell, and subsequently 
Sir W.^Herschel came to the conclusion that the brightest 
stars in the heavens could not liave real discs of a second, 
and were probably much less in diameter. It would of 
course be absurd to take the mean of (piantilies wliich 
differ more, tlian 240 times; and as tbe tendency has 
always been to smaller estimates, thei’c is a considerable 
])n‘suniptioii in lavour of the smallest.^ 

In many experiments and measurements we know that 
there is a preponderating tendency to error in one direc- 
tion. The readings of a thermometer tend to rise as 
the age of the instrument increases, and no drawing of 
means will cjorrect this result. Haro meters, on the other 
hand, are likely to read too low instead of too high, 
owing to the imperfection of the vacuum and the action of 
capillary attraction. If the mercury be perfectly pure and 
no ap})reciable erior be due to the measuring aj)paratus, 
the best barometer will be that which give.s tbe highest 
result. Ill determining the specific gravity of a solid 
body the chief danger of error arises from bubbles of air 
adhei’iug to the body, wliich would tend to make the 
specific gravity too small. Much attention must always 
be given to one-sided errors of this kind, since the multi- 
plication of experiments does not remove the error. In 
such cases one veiy careful experiment is better than any 
number of careless ones. 

Wlien we have reasonable grounds for sujiposing that 
certain experimental results are liable to grave errors, we 
should exclude them in drawing a mean. If we want to 
tiiid tlie most probable approximation to the velocity of 


q)uelclet, Letter &c. p. 116. 
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sound in air, it would be absurd to go back to the old 
expeiiruents which made the velocity from 1200 to 1474 
feet per second ; for we know that the old observers did 
not guard against errors arising from wind and other 
causes. Old chemical expeiiinents are valueless as re- 
gards quantitative results. The old chemists found the 
atmosphere in different places to differ in composition 
nearly ten per cent., \Vhereas modern accurate ex|)eri- 
rnenters find very sliglit variations. Any method of 
measurement which we know to avoid a source of error 
is far to be preferred to others whicii trust to probabilities 
for the elimination of the error. As FJainsleed says,^ “ One 
good instrument is of as much worth as a liundred in- 
different ones.” Hut an instrunumt is good or bad only in 
a comparative sense, and no instrument gives invariable 
and truthful results. Hence we must always- ultimately 
fall back upon probabilities for tlie selection of the final 
mean, when otlier precautions are exhausted. 

Legendre, the discoverer of the method of Least Squares, 
recommended that observations differing very much from 
the results of his method should be rejected. The subject 
has been carefully investigated by Professor Pierce, who has 
proposed a criterion for the rejection of di ibiiul ol)serva- 
tions based on the following principle : ^—observations 
should be reject(‘,d when the })rol)al)ility of the system of 
errors obtained by retaining them is less tha]i that of the 
system of errors obtained by their rejection multi] died by 
the probability of luaking so many and no more abnormal 
observations.” Professor Pierce’s investigation is given 
nearly in his own words in Professor W. Chauvenet’s 

Manual of Spherical and Practical Astronomy,” which 
contains a full and excellent discus.sion of the methods of 
treating numerical observations.^ 

Very difficult questions sometimes arise when one or 
more results of a method of experiment diverge widely 
from the mean of the rest. Are we or are we not to ex- 
clude them in adopting the supposed true mean result of 
the method? The drawing of a mean result rests, as I 

1 Baily, Account of Flamsteed, p. 56. 

2 Gould^s Asiro?iomicaZ Journal, Cambridge, Mass., vol. ii. p. 161. 

* Philadelphia (London, Triibner) 1863. Appendix, vol. ii. p. 558. 
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have frequently explained, upon tlte assumption that every 
error acting in one direction will probably be balanced by 
other errors acting in an opposite direction. If then we 
know or 'can possibly discover any causes of error not 
agi'eeing with this assumption, .we shall be justified in 
excluding results which seem to be affected by this cause. 

In reducing large series of astronomical observations, it is 
not uncommon to meet with numbers differing from others 
by a whole degree or half a degree, or some considerable in- 
tegral quantity. These are errors which could hardly arise 
in the act of observation or in instrumental irregularity ; 
but th^iy might readily be accounted for by misreading 
of figures or mistaking of division marks. It would be 
absurd to tiust to chance that such mistakes would 
balance each other in tlie long run, and it is therefore better 
to correct arbitrarily the su})posed mistake, or better still,, 
if new observations can ])e made, to strike out the diver- 
gent numbers altogether. When results come sometimes 
too great or too small in a regular manner, we should 
suspect that some part of the instrument slips through a 
definite space, or that a definite cause of error enters at 
times, and not at others. We should then make it a point 
of prime in\portauce to discover the exact nature and 
amount of such an erroi', and eitlier prevent its occurrence 
for the future or else introduce a corresponding correction. 
In many researches the whole difficulty will consist in 
this detection and avoidance of sources of error. Professor 
Koscoe found that the presence of phosphorus caused 
serious and almost unavoidable errors in the determination 
of the atomic weight of vanadium.^ Hemchel, in reducing 
his observations of double stars at the Cape of Good Hope, 
was perplexed by an unaccountable difference of the angles* 
of position as measured by the seven-feet equatorial and 
the twenty-feet reflector telescopes, and after a careful in- 
vestigation was obliged to be contented with introducing 
a correction experimentally deter mined.^ 

When observations are sufficiently numerous it seems 
desirable to project the apparent errors into a curve, and 
then to observe whether this curve exhibits the symmet- 

1 Bakerian Lecture, PhiloMphical Transaciiom (1868), voL clviiL 

p. 6. 

2 lUmlts of Obmvations at the Cape of Good Hope, p. 283. 
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rical and characteristic form of the curve of error. If so, 
it may be inferred tliat the errors arise from many minute 
independent sources, and probably compensate each other 
in the mean result. Any considerable irregularity will 
indicate the existence of.one-sided or large causes of error, 
wliich should be made tlie subject of investigation. 

Even the most patient and exhaustive investigations 
will sometimes fail to* disclose any reason why some 
results diverge from others. The question again recurs — 
Are we arbitrarily to exclude them ? The answer should 
be in the negative as a general rule. The mere fact of 
divergence ought not to be taken as conclusive a^iiist a 
result, and the exertion of arbitrary choice would open 
the way to the fatal influence of bias, and what is com- 
monly known as the “cooking’’ of figures. It would 
amount to judging fact by theory instead of theory by fact. 
The u[)parently divergent number may prove in time to be 
the true one. It may be an exception of that valuable 
kind which upsets our false theories, a real exception, 
exploding apparent coincidences, and opening a way to a 
new view of the subject. To establish this position for 
the divergent fact will require additi \al research ; but 
in the meantime we should give it some \yeight in our 
mean conclusions, and should bear in mind the discrepancy 
as one demanding attention. To neglect a divergent result 
is to neglect the possible clue to a great discovery. 

Method of Least Squares, 

When two or more unknown quantities are so involved 
that they cannot be separately determined by the Simple 
Method of Means, we can yet obtain their most probable 
values by the Method of Least Squares, without more 
difficulty than arises from the length of the arithmetical 
computations. If the result of each observation gives an 
equation between two unknown quantities of the form 
ax 4- c 

then, if the observations were free from error, we should 
need only two observations giving two equations ; but for 
the attainment of greater accuracy, we may take many ob- 
servations, and reduce the equations so as to give only a 
pair with mean coefficients. This reduction is effected by 
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(i.), multiplying the coefiBcieiits of eacli equation by the 
first coefficient, and adding togetlier all the similar co- 
efficients thus resulting for the coefficients ot a new 
equation ; 'and ( 2 .), by repeating this process, and multi- 
plying the coefficients of each equation by the coefficient 
of the second term. Meaning by (sum of a-) the sum of 
all quantities of the same kind, and having the same place 
in the equations as or, we may briefly desci’ibe the two 
resulting mean equations as follows : — 

(sum of a“) . X + (sum of nh) . y — (sum of ac), 

(sum of ah) . x -f (sum of t-) . y = (sum of he). 

Wliefti there are three or more unknown quantities 
the process is exactly the same in nature, and we get 
additional mean equations by multi])lying by the third, 
fourth, &c., coefficients. As the nund)ers are in any case 
approximate,, it is usually unnecessary to make the com- 
putations with accuracy, and places of decimals may be 
freely cut off to save arithmetical work. The mean 
equations having becui computed, their solution by the 
ordinary methods of algebra gives the most ju'obable 
values of the unknown quantities. 

W^rlcs upon the Theory of Prohahility, 

Regarding the Theory of Probability and the Law of 
Error as most important subjects of study for any one who 
desires to obtain a complete comprehension of scientific 
method as actually applied in ])hysical investigations, 1 
will briefly indicate the works in one or other of which 
the reader will best pursue the study. 

The best popular, and at the same time profound English 
work on the subject is De Morgan’s “ Essay on Proba- 
bilities and on their Application to Life Contingencies and 
Insurance Offices,’' published in the Cabinet Cyelopxdia, 
and to be obtained (in print) from Messrs. Longman. 
Mr. Venn’s work on The Logic of Chance can now be 
procured in a greatly enlarged second edition ; ^ it contains 
a most interesting and able discussion of the metaphysical 

^ The Logic of Chance, aa Essay on the Funndations and Province 
of the Theory of Probability, with especial reference to its Logical 
Bearings and its Application to Moral and Social Science. (Mac- 
millan), 1876. 
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basis of probability ami of related questions concerning 
causation, belief, design, testimony, &c. ; but I cannot 
always agree with Mr. Venn’s opinions. No matlieniatical 
knowledge beyond that of common arithmetic Is recjuired 
in I’eading tliese works.. Quetelct’s Letters foim a good 
introduction to the subject, and the mathematical notes 
are of value. Sir Gciorge Airy’s brief treatise On the 
Algebraical and Numerical Theorg of Errors of Ohserva- 
tiovs and the Coinhination of Ohservaiions, contains a 
complete (‘X})lanation of the Law of Error and its prac- 
tical apjdiwitions. l)e Morgan’s treatise “ On the Tlieory 
of Ih’ohahilities ” ii: the Enejfclopa:xlia Meiropoliiaint , 
presents an abstract oi* the more abstruse investigations 
of Laplace, together with a multitude of profound and 
original remarks concerning the theory geuerally. In 
Lubbock and Drinkwater’s work on Erobahililg, in the 
Library of Usehil Knowledge, we have a concise but 
good statement of a number of im])ortant junblems. The 
liev. W. A. AVhitworth has given, in a work entitled 
Choice and Chance, a number of good illustrations of 
calculations both in combinations and probabilities. In 
INfr. Todhunter’s admirable History wt ’’ave an exhaustive 
critical account of almost all writings upon subject of 
probability down to the culmination of the theory in 
I/aplace’s works. The Memoir of Mr. J. W. L. Glaisher 
has already been mentioned (p. 375). In spite of the 
existence of these and some other good English works, 
there seems to be a want of an easy and yet pretty com- 
plete mathematical introduction to the study ‘)f the theory. 

Among French works the TraiU Elcmentaire dio Calcul 
des I^rohahilites, by S. F. Lacroix, of which several editions 
have been published, and which is not difficult to obtain, 
forms probably the best elementary treatise. Poisson’s 
Jiecherches sur la Frobahilite des Jitgcmcnts (Paris 1837), 
commence with an admirable investigation of the grounds 
and methods of the theory. While Laplace’s great Thcorie 
Analytique des Frobabilitds is of course the “ Princii)ia ” 
of the subject ; his Essai Fhilosophiquc sur Ics FrobahUit 6 s 
is a popular discourse, and is one of the most prolbund 
and interesting essays ever published. It should be 
familiar to every student of logical method, and has lost 
little or none of its importance by lapse of time. 
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Detection of Gomtant Errors. 

The Method of Means is absolutely incapable of elimi- 
nating any error which is always the same, or which always 
lies in one direction. We sometimes require to be roused 
from a false feeling of security, and to bo urged to take 
suitable precautions against sucl' occult errors. “ It is 
to the observer,” says Gauss, ^ “ that belongs the task of 
carefully removing the causes of constant errors,” and this 
is quite true when the error is absolutely constant. When 
we have made a number of determinations with a certain 
apparatus or method of measurement, there is a great 
advantage in altering the arrangement, or even devising 
some entirely difierent method of getting estimates of tlie 
same quantity. The reason obviously consists in the im- 
probability that the same eiTor will alfect two or more 
different methods of experiment. If a discrepancy is 
found to exist, we shall at least be aware of the existence 
of error, and can take measures for finding in which way 
it lies. If we can try a considerable number of m(‘thods, 
the probability becomes great that errors constant in one 
method will be balanced or nearly so by errors of aii op- 
posite effect ill the others. Suppose that there be three 
difierent methods each affected by an error of equal 
amount. The probability that this error will in all fall in 
the same direction is only J ; and wdth four methods 
similarly If each method be affected, as is always 
the case, by several independent souices of error, the 
probability becomes much gi’eater that in the mean result 
of all 'the methods some of the errors will partially 
compensate the others. In this case as in all others, when 
human vigilance has exhausted itself, v e must trust the 
theory of probability. 

In the determination of a zero point, of the magnitude 
of the fundamental standards of time and space, in the 
personal equation of an astronomical observer, we have 
instances of fixed errors ; but as a general rule a change of 
procedure is likely to reverse the character of the error, 
and many instances may be given of the value of this 
precaution. If we measure over and over again the same 

^ Gauas, translated by Bertrand, p. 25. 
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angular magnitude by tke same divided circle, maintained 
in exactly the same position, it is evident that the same 
mark in the circle will be the criterion in eacli case, and 
any error in the position ot that mark will eqrfally affect 
all our results. But if^in each measurement we use a 
different part of the circle, a new mark will come into use, 
and as the error of each mark cannot be in the same 
direction, the average * result will be nearly free from 
errors of division. It will be better still to use more 
tlian one divided circle. 

Even when we have no perception of the points at 
which error is likely to enter, we may with advantage 
vaiy the construction of our apparatus in the hope that we 
shall accidentally detect some latent cause of error. Baily's 
purpose in repeating the experiments of Michell and Caven- 
dish on the density of the earth was not merely to follow 
the same course and verify the previous numbers, but to 
try whether variations in the size and substance of the 
attracting balls, the mode of suspension, the temperature 
of the surrounding air, &c., would yield different results. 
He performed no less than 62 distinct series, comprising 
2^53 experiments, and he carefully clr sified and discussed 
the results so as to disclose the utmost ditTcrences. Again, 
in experimenting upon the resistance of the air to the 
motion of a pendulum, Baily employed no less than 80 
pendulums of various forms and materials, in order to 
ascertain exactly upon what conditions the resistance 
depends. Eegnault, in his exact researches upon the 
dilatation of gases, made arbitrary changes in the magni- 
tude of parts of his apparatus. He thinks that if, in spite 
of such modification, the results are unchanged, the errors 
arc probably of inconsiderable amount ; ^ but in reality it 
is always possible, and usually likely, that we overlook 
sources of error which a future generation will detect. 
Thus the pendulum experiments of Baily and Sabine were 
directed to ascertain the nature and amount of a correction 
for air resistance, which had been entirely misunderstood 
in the experiments by means of the seconds pendulum, 
upon which was founded the definition of the standard 
yard, in the Act of 5th George IV. c. 74. It has already 

* JaTuin, Cours de Fhysiijuej vol, ii. p. 60. 
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been mentioned that a considerable error was discovered 
in the determination of the standard metre as the ten- 
milliontii part of the distance from the pole to the 
equator (p. 3 14). 

We shall return in Chapter XXV. to the further consi- 
deration of the methods by which we may as far as possible 
secure ourselves against permanent and undetected sources 
of error. In the meantime, having completed the con- 
sideration of the special methods requisite for treating 
quantitative phenomena, we must pursue our principal 
subject, and endeavour to trace out the course by which 
the physicist, from observation and experiment, collects 
the materials of knowledge, and then proceeds by hypo- 
thesis and inverse calculation to induce from them the 
laws of nature. 



HOOK 111. 

I Nl) UOTl V E I N VESTIG ATION. 


CHAPTER XVIII. 

OBSERVATION. 

All knowledge proceeds originally from ex peyeiice. Using 
the name in a wide sense, we may say that experience 
compreliends all that we feel, externally or internally — 
the aggregate of the impressions which we receive through 
tlie various apertiiies of perception — the aggregate con- 
sequently of what is ill the mind, exce})t so far as some 
portions of knowledge may be the reasoned equivalents of 
other })ortions. As the word experience expresses, we go 
through much in life, and the impressions gathered inten- 
tionally or unintentionally afford the materials from which 
the active powers of the mind evolve science. 

No small i)art of the experience actually employed in 
science is acquired without any distinct purpose. AVe 
cannot use the eyes without gathering some facts which 
may prove useful. A great science has in many cases 
risen from an accidental observation. Erasmus Partholinus 
thus first discovered double refraction in Iceland spar; 
Galvani noticed the twitching of a frog’s leg ; Oken was 
struck by the form of a vertebra ; Malus accidentally 
f.xamined light reflected from distant windows with a 
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double refracting substance ; and Sir John Herschers 
attention was drawn to the peculiar appearance yf a 
solution of quinine sulphate. In earlier times there must 
have been some one who first noticed the strange behaviour 
of a loadstone, or the unaccountable motions produced by 
amber. As a general rule we shall not know in what 
direction to look for a great body of phenomena widely 
different from those familiar to us. Chance then must 
give us the starting point ; but one accidental observation 
well used may lead us to make thousands of observations 
in an intentional and organised manner, and thus a science 
may be- gradually worked out from the smallest opening. 

Distinction of Observation and Experiment 

It is usual to say that the two sources of experience 
are Observation and Experiment. When we merely note 
and record the phenomena which occur around us in the 
ordinary course of nature we are said to observe. When we 
change the course of nature by the intervention of our 
muscular powers, and thus produce unusual combinations 
and conditions of phenomena, we are said to expemment. 
Herschel justly remarked^ that we might properly call 
these two modes of experience passive and active observa- 
tion. In both cases we must certainly employ our senses 
to observe, and an experiment differs from a mere observa- 
tion in the fact that we more or less influence the 
character of the events which we observe. Experiment is 
thus observation plus alteration of conditions. 

It may readily be seen that we pass upwards by in- 
sensible gradations from pure observation to determinate 
experiment. When the earliest astronomers simply noticed 
the ordinary motions of the sun, moon, and planets upon 
the face of the starry heavens, they were pure observers. 
But astronomers now select precise times and places for 
important observations of stellar parallax, or the transits 
of planets. They make the earth's orbit the basis of a 
well arranged natural experiment, as it were, and take well 
considered advantage of motions which they cannot 
controL Meteorology might seem to be a science of pure 

» PreUmmary Discourse on the Study of Natural Philosophy ^ p. 77, 
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observation, because we cannot possibly govern the changes 
of weather which we record. Nevertheless we may ascend 
mountains or rise in balloons, like Gay-Lussac and Glaisher, 
and may thus so vary the points of observation to render 
our procedure experimental. We are wholly unable either 
to produce or prevent fiarth-currents of electricity, but 
when we construct long lines of telegraph, we gather such 
strong currents during periods of disturbance as to render 
them capable of easy observation. 

The best arranged systems of observation, however, would 
fail to give us a large part of the facts which we now 
possess. Many processes continually going on in* nature 
are so slow and gentle as to escape our powers of observa- 
tion. Lavoisier remarked that the decomposition of water 
must have been constantly proceeding in nature, although 
its possibility was unknown till his time.^ No substance 
is wholly destitute of magnetic or diamagnetic powers ; 
but it required all the experimental skill of Faraday to 
prove that iron and a few other metals had no monopoly 
of these powers. Accidental observation long ago im- 
pressed upon men's minds the phenomena of lightning, 
and tlie attractive properties of amber Experiment only 
could have shown that phenomena so diver in magnitude 
and character were manifestations of the saille agent. To 
observe with accuracy and convenience we must have 
agents under our control, so as to raise or lower their 
intensity, to stop or set them in action at will. Just as 
Smeaton found it requisite to create an artificial and 
governable supply of wind for his investigation of wind- 
mills, so we must have governable supplies of light, lieat, 
electricity, muscular force, or whatever other agents we are 
examining. 

It is hardly needful to point out too that on the earth’s 
surface we live under nearly constant conditions of gravity, 
temperature, and atmospheric pressure, so that if we are to 
extend our inferences to other parts of the universe where 
conditions are widely different, we must be prepared to 
imitate those conditions on a small scale here. We must 
have intensely high and low temperatures ; we must vary 

# 

1 Lavoisier’s Blemmts of Chemistry, translated by Kerr, 3rd ed. 

p. 143. 
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the density of gases from approximate vacuum upwards ; 
we must subject liquids and solids to pressures or strains 
of almost unlimited amount. 

Mental Conditions of Correct Observation, 

Every observation must in a certain sense be true, for 
the observing and recording of an event is in itself an 
event. But before we proceed to deal with the suj)posed 
meaning of the record, and draw inferences concerning the 
course of nature, we must take care to ascertain that the 
character and feelings of the observer are not to a great 
extent the phenomena recorded. The mind of man, as 
Francis Bacon said, is like an uneven mirror, and does not 
reflect the events of nature without distortion. We need 
hardly take notice of intentionally false observations, nor 
of mistakes arising from defective memory, deficient light, 
and so forth. Even where the utmost fldelity and care 
are used in observing and recording, tendencies to error 
exist, and fallacious opinions arise in consequence. 

It is diflBcult to find persons who can with perfect fiiir- 
ness register facts for and against their own peculiar views. 
Among uncultivated observers the tendency to remark 
favourable and forget unfavourable events is so great, that 
no reliance can be placed upon their supposed observations. 
Thus arises the enduring fallacy that the changes of the 
weather coincide in some way with the changes of the 
moon, although exact and impartial registers give no 
countenance to the fact. The whole race of prophets and 
quacks live on the overwhelming effect of one success, 
compared with hundreds of failures which are unmen- 
tioned and forgotten. As Bacon says, ‘‘ Men mark wlien 
they hit, and never mark when they miss.” And we 
should do well to bear in mind the ancient story, quoted 
by Bacon, of one who in Pagan times was shown a temple 
with a picture of all the persons wlio had been saved from 
shipwreck, after paying their vows. When asked wliether 
he did not now acknowledge the power of the gods, 
''Ay,” he answered; "but where are they painted that 
were drowned after their vows ? ” 

If indeed we could estimate the amount of tias existing 
in any particular observations, it might be treated like 



XVIII.] OBSERVATION. 403 

one of the forces of the problem, and the true Cf)iirse of 
external natnre might still be rendered ap])arent. Ihit the 
feelings of an observer are usually too indeterminate, so 
tliat wlien tliere is reason to suspect considerable bias, nj- 
jection is the only safe course. As regards facts casually 
registered in past time^, the ca])acity and im])artiality of 
the observer are so little known that we should spare no 
pains to replace thes^. statements by a ]iew n])peal to 
nature. An indiscriminate medh^y of tnitli and absurdity, 
such as Francis Bacon collected in his Natural History, is 
wholly unsuited to the purposes of science. But of course 
when records relate to past events like eclipso^^^, con- 
junctions, meteoric phenorntma, earthquakes, volcanic 
eruptions, changes of sea margins, the existence of now 
extinct animals, the migrations of tribes, remarkable 
customs, &c., we must make use of statements liowever 
unsatisfactory, and must (uideavour to vmitiy them by the 
comparison of indei)endent records or traditions. 

When extensive series of observations have to be made, 
as in astronomical, meteorologhial, or magnetical observa- 
tories, trigonometrical surveys, and extensive chemical or 
pliysical researclies, it is an advantage that the numerical 
work should be executed by assistants who ;r e jiot interested 
in, and are ])erhaps unaware of, the ex]>ected results. Tlie 
record is thus rendered perfectly impartial. It may ('ven 
be desirable that those who perform the ])urely routine 
work of measurement and computation should be un- 
acquainted with the ])rinciples of the subject. The great 
table of logarithms of the French Bevolutionary Govern- 
ment was worked out by a staff of sixty or eighty 
computers, most of whom were acquainted only with the 
rules of aritlimetic, and worked under the direction of 
skilled mathematicians ; yet their calculations wave usually 
found more correct than those of persons more deeply 
versed in mathematics.^ In the Indian Ordnance Survey 
the actual measurers were selected so that they should 
not have sufficient skill to falsify their results without 
detection. 

Both passive observation and experimentation must, 
however, be generally conducted by persons who know for 

* Babbage, Evonomu of Manufactures, p. 194. 
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what they are to look. It is only when excited and guided 
by the hope of verifying a theory that the observer will 
tiotice many of the most important points ; and, where the 
work is not of a routine character, no assistant can super- 
sede the mind-directed observations of the pliilosopher. 
Thus the successful investigator must combine diverse 
qualities ; he must have clear notions of the result lie ex- 
pects and confidence in the trutli ‘of his theories, and yet 
he must have that candour and flexibility of mind which 
enable him to accept unfavourable results and abandon 
mistaken views. 

Instrumental and Sensual Conditions of Observation. 

In every observation one or more of the stuises must be 
employed, and we should ever bear in mind tliat the ex- 
tent of our knowledge may bo limited by the ])ower of the 
sense concerned. Wlmt we learn of the world only forms 
the lower limit of what is to be learned, and, for all that 
we can tell, the processes of nature may infinitely sur- 
pass in variety and complexity those which are capable of 
coming within our means of observation. In some cases 
inference from observed phenomena may make us in- 
directly awate of what cannot be directly felt, but we 
can never be sure that we thus acquire any appreciabh! 
fraction of the knowledge that might be acquired. 

It is a strange reflection that space may be filled with 
dark wandering stars, whose exishmee could not have yet 
become in any way known to us. The })laiiets have 
already cooled so far as to be no longer luminous, and it 
may well be that other stellar bodies of various size have 
fallen into the same condition. From the consideration, 
indeed, of variable and extinguished stars, Laplace inferre(I 
that there probably exist opaque bodies as great and 
perhaps as Jiumerous as those ve seed Some of tluise 
dark stars might ultimately become known to us, cither 
by reflecting light, or more probably by their gravitating 
effects upon luminous stars. Thus if one member of a 
double star were dark, we could readily detect its exist- 
ence, and even estimate its size, position, and motions, 

> System of the Worlds translated by Harte, voL ii. p, 33^. 



OBSERVATION. 


405 


XVIII.] 


by observing those of its visible companion. It was a 
favourite notion of Huyghens that there may exist stars 
and vast universes so distant that their light has never 
yet had time to reach our eyes ; and we must also bear 
in mind that light may possibly suffer slow extinction 
in space, so that there is more than one way in which 
an absolute limit to the powers of telescopic discovery 
may exist. 

There are natural limits again to the power of our 
senses in detecting undulations of various kinds. It is 
commonly said that vibrations of more than 38,000 strokes 
per second are not audible as sound ; and as some ears 
actually do hear sounds of much higher pitch, even two 
octaves liiglier than what other ears can detect, it is 
exceedingly probable that there are iucessioit vibrations 
wliich we cannot call sound because they are ‘never heard. 
Insects may communicate by such acute sounds, com 
stituting a language inaudible to us ; and the remarkable 
agreement apparent among bodies of ants or bees might 
thus perhaps bo explained. Nay, as Pontenelle long ago 
suggested in his scientific romance, there may exist un- 
limited numbers of senses or modes of perception which 
we can never feel, though Darwin’s theory \^ould render it 
probable that any useful means of knowledge in an an- 
cestor would be developed and improved in the descendants. 
We miglit doubtless have been endowed with a sense 
capable of leeliiig electric phenomena with acuteness, so 
that tlie positive or negative state of charge of a body 
could be at once estimated. The absence of such a, 
sense is probably due to its comparative uselessness. 

Heat undulations are subject to the same considerations. 
It is now apparent that what we call light is the affection 
of the eye by certain vibrations, the less rapid of which 
are invisible and constitute the dark rays of radiant heat, 
in detecting which we must substitute the thermometer 
or the thermopile for the eye. At the other end of the 
spectrum, again, the ultra-violet rays are invisible, and 
only indirectly brought to our knowledge in the pheno- 
mena of fluorescence or photo-chemical action. There is 
no reason to believe that at either end of the spectrem an 
absolute limit has yet been reached. 

Just as our knowledge of the stellar universe is limited 
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by the ])o\ver of the telescope and other conditions, so our 
knowledge of the minute world has its limit in the powers 
and optical conditions of tlie microscope. There was a 
rime when it would have been a reasonable induction that 
vegetables are motionless, and animals alone endowed 
with power of locomotion. We are astonished to dis- 
cover by the micr(rscoj)e that minute j)hiuts are if any- 
thing more active than minute animals. We even find 
that mineral substances seem to lose their inactive 
cliaracter and dance about with incessant motion when 
reduced to sufficiently minute particles, at least when sus- 
pended ill a non-comlucting medium.^ jMicroscopists will 
meet a natural limit to observation wlien tlie minuteness 
of the objects examined becomes com])arable to the length 
of light undulations, and the extieme difficulty already 
encountered in deteiniining the forms of minute marks on 
lhatoms appears to be due to this cause. According to 
Helmholtz the smallest distance wliicli can be accurately 
defined depends upon the interference of light pas.sing 
through the centres of the bright spaces. With a the- 
oretically perfect microscope ami a dry lensc the smallest 
visible object would not be less than one 8o,ocx:)th part 
of an inch in red light. 

Of the errors likely to arise in estimating quantities by 
the senses I have already spoken, but tbere are some cases 
in wliich we actually see things dilferently from what 
they are. A jet of water ai)pears to be a continuous 
thread, when it is really a wondm'fully organised su(‘, ces- 
sion of small and large drops, oscillating in form. The 
drops fall so rapidly that their impressions upon the eye 
run into each other, and in order to see the separate drops 
we require some device for giving an instantaneous view. 

One insiij)erab]e limit to our powers of observation 
arises from tlie impossibility of following and identifying 
the ultimate atoms of matter. One atom of oxygen is 
probably undistinguishable from another atom; only by 

^ This curious j>heiioin(‘uon, wliicli I propose to call pcdcsis^ or the pedetic 
movement^ iiom ir/iSc'ct>, to juuij), iscareruJly described in iriy j)aper published 
in the Quarterly Journal of Science for April, 1878, vol. viii. (N.S.) 
p. 167. See also Proceedings of tlie Literary and Philosophical Society 
of Maiuhcsicr, 25th January, 1870, vol. ix, p. 78, Nature^ 22ud August, 
1878, vol. xviii, p. 440, or tlie Quarterly Journal of Science, vol. viii. 
(N.S.)p. 514. 
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keeping a certain Toliiilie of oxygen safely inclosed in 
a bottle can we assure ourselves of its identity ; allow it 
to mix with other oxygen, and we lose all power of iden- 
tification, Accordingly we seem to have no means of 
directly ])roving that ev^ry gas is in a constant state of 
diffusion of every part into every part. We can only 
infer this to be the case from observing the behaviour 
of distinct gases which we can distinguish in their course, 
and by reasoning on the grounds of molecular theory.^ 

External Conditions of Correct Observation . , 

Before we proceed to draw inferences from any series of 
recorded facts, we must take care to ascertain ])erfectly, 
if ])ossible, the external conditions under which tlie facts 
are brought to our notice. Not only may the ol 'serving 
mind be ])rejudiced and the senses defective, but there 
may be circumstances which cause one kind of event to 
come more frequently to our notice than another. The 
comparative numbers of objects of dilferent kinds existing 
niav in any degree differ from the numbers which come to 
our notice. This difference must if poo,.ible be taken into 
accanmt before we make any inferences. . 

There long appeared to be a strong presumption that 
all comets moved in elliptic orbits, because no comet had 
been proved to move in any other kind of path. The 
theory of gravitation admitted of the existence of comets 
moving in hyperbolic orbits, and the question arose 
whether they were really non-existent or were only 
beyond the bounds of easy observ^ation. From reason- 
able suppositions Laplace calculated that the probability 
was at least 6000 to i against a comet which comes 
within the planetary system sufficiently to be visible at 
the earth’s surface, presenting an orbit which could be 
discriminated from a very elongated ellipse or parabola in 
the part of its orbit within the reach of our telescopes.- 
In short, the chances are very much in favour of our 
seeing elliptic rather than hyperbolic comets. Laplace’s 
views have been confirmed by the discovery of six 

^ Maxwell, Theory of Heat, p. 301. 

2 Laplace, Essai Fhilosophique, p. 59. Todhunter’s Hiatoiy, 
pp. 491—494- 
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hyperbolic comets, which appeared in the years 1729, 
1771, i774j 1S18, 1840, and 1843,^ ^^^d as only about 800 
comets altogether have been recorded, the proportion of 
hyperbolic ones is quite as large as should be expected. 

When we attempt to estimate the numbers of objects 
which may have existed, we must make large allowances 
for the limited sphere of our observations. Probably not 
more than 4000 or 5000 comets have been seen in 
historical times, but making allowance for the absence of 
observers in the soutliern hemisphere, and for the small 
probability that we see any considerable fraction of those 
which are in the neighbourhood of our system, we must 
accept Kepler’s opinion, that there are more comets in 
the regions of space than fishes in the depths of the ocean. 
Wlien like calculations are made concerning the numbers 
of meteors visible to us, it is astonishing to find that the 
number of meteors entering the earth’s atmospliere in every 
twenty-four hours is probably not less than 400,000,000, 
of which 1 3,000 exist in every portion of space equal to 
that filled by the earth. 

Serious fallacies may arise from overlooking the inevit- 
able conditions under which the records of past events are 
brought to owr notice. Thus it is only the durable objects 
manufactured by former races of men, such as Hint imple- 
ments, which can have come to our notice as a general 
rule. The comparative abundance of iron and bronze 
articles used by an ancient nation must not be supposed 
to be coincident with their comparative abundance in our 
museums, because bronze is far the more durable. There 
is a prevailing fallacy that our ancestors built more 
strongly than we do, arising from the fact that the more 
fragile structures have long since crumbled away. We 
have few or no relics of the habitations of the poorer 
classes among the Greeks or Eomaiis, or in fact of any 
past race ; for the temples, tombs, public buildings, and 
mansions of the wealthier classes alone endure. There is 
an immense expanse of past events necessarily lost to us 
for ever, and we must generally look upon records or relics 
as exceptional in their character. 

The same considerations apply to geological relics. 
We could not generally expect that animals would be 
^ Chambers* Astronomy, ist ed. p. 203. 
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preserved unless as regaids the bones, shells, strong integu- 
ments, or other hard and durable parts. All the infusoria 
and animals devoid of mineral framework have probably 
perished entirely, distilled perhaps into oils. II has been 
pointed out that the pe^mliar character of some extinct 
lloras may be due to tlie unequal preservation of different 
families of plants. By various accidents, however, we gain 
glimpses of a world that is usually lost to us — as by 
insects embedded in amber, the great mammoth preserved 
in ice, mummies, casts in solid material like tliat of the 
Eoman soldier at Pompeii, and so forth. 

We should also remember, that just as there may be 
conjunctions of the heavenly bodies that can have hap- 
pened only once or twice in the period of history, so re- 
markable terrestrial conjunctions may take place. Great 
storms, earthquakes, volcanic eruptions, landslips, Hoods, 
irruptions of the sea, may, or rather must, have occurred, 
events of such unusual magnitude and such extreme rarity 
that we can neither expect to witness them nor readily 
to comprehend their effects. It is a great advantage of 
the study of probabilities, as Laplace himself remarked, to 
make us mistrust the extent of our knowledge, and pay 
proper regard to the probability that events would come 
within the sphere of our observations. 

Apjparent Sequence of Events, 

De Morgan has excellently pointed out^ that there 
are no less than four modes in which one event may 
seem to follow or be connected with another, without 
being really so. These involve mental, sensual, and ex- 
ternal causes of erroi’, and I will briefly state and illustrate 
them. 

Instead of A causing B, it may be our perception of A 
that causes B. Thus it is that prophecies, presentiments, 
and the devices of sorcery and witchcraft often work their 
own ends. A man dies on the day which he has always 
regarded as liis last, from his own fears of the day. An 
incantation effects its purpose, because care is taken to 
frighten the intended victim, by letting him know his 
fate. In all such cases the mental condition is the cause 
of apparent coincidence. 

' Essay on Frobabilities, Cabinet Cyclopaedia, p. 12 1 . 
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In a second class of cases, the* event A may make our 
‘perception of B follow^ which would otherwise happen 
without being perceived. Thus it was Ijelieved to be the 
result of investigatioji that more comets appeared in hot 
than cold summers. No account was taken of tlie fact 
tliat hot summers would be comparatively cloudless, and 
atford better o})portunities for the discovery of comets. 
Here the disturbing condition is of a purely external 
character. Certain ancient philosophers held that th(5 
moon’s rays were cold-producing, mistaking the cold 
caused by radiation into space for an etfect of tlie moon, 
which is more likely to be visible at a time when the 
absence of clouds permits radiation to ])roceeil. 

In a third class of cases, one perception of A mujf make, 
our perceptwn of B follow. The event 11 may l»e con- 
stantly hap{x 3 iiing, but our atte.ntion may not be drawn to 
it except by our observing A. This case seems to be 
illustrated by the fallacy of the moon’s intluence on clouds. 
The origin of this fallacy is somewhat c()mi>lie,ated. In 
the first place, when tiie sky is demsely clouded the moon 
would not be visible at all; it would be necessary for us to 
see the full moon in order that our attention should be 
strongly dra^¥n to the fact, and this would hap])en most 
often on those nights when the sky is cloudless. Mr. 
W. Ellis, ^ moreover, has ingeniously pointed out that there 
is a general tendency for clouds to dis])erse at the com- 
mencement of night, which is the time when the full moon 
rises. Thus the change of the sky and the rise of tlie full 
moon are likely to attract attention mutually, and the 
coincidence in time suggests the relation of cause and 
effect. Mr. Ellis proves from the results of observations 
at the Greenwich Observatory that the moon possesses no 
appreciable power of the kind supposed, and yet it is 
remarkable that so sound an observer as Sir John Herschel 
was convinced of the connection. In his Results of 
Observations at tlu^ Cape of Good Hope,” he mentions 
many evenings when a full moon occurred with a 
pecidiarly clear sky. 

1 Philosophical Magazine, 4th Series (1867), vol. xxxiv. p. 64. 

2 See Botes to Measures of Dovhle Stars, 1204, 1336, I477> 1686, 
1786, 1816, 1835, 1929, 2081, 2186, pp. 265, &c. See also Herschel’s 
Familiar Lectures on Scientific Subsets, p 147, and Outlines of 
Astronomy, 7 th ed. p. 285. 
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Tliere is yet a fourth class of cases, in which B is really 
the antecedent events hut our percejption of A, ivhich is a 
consequence of B, may he necessary to hriny dj^out our 
'pcrce2)tion of B. There can be no doubt, for instance, 
that upward and downward currents are continually cir- 
culating in the lowest stratum of the atmosphere during 
the day-time ; but owing to the transparency of the at- 
mosphere we have no evicfence of their existence until we 
perceive cumulous clouds, which are the consequence of 
such currents. In like manner an interhltration of bodies 
of air in the higher parts of the atmosphere is probaj^dy in 
nearly constant progress, but unless threjids of cirrous 
cloud indicate these motions we remain ignorant of their 
occurrence.^ The liighest strata of the atmosphere are 
wholly imperceptible to us, excejd when rendered luminous 
by auroral currents of electricity, or by the ‘passage of 
meteoric stones. ]\Iost of the visible ])henomena of comets 
probably arise from some substance which, existing pre- 
viously invisible, becomes condensed or electrified suddenly 
into a visible form. Sir John Ilerschel .attempted to 
explain the production of comet tails in this manner by 
evaporation and condensation.^ 

• 

Negative Arguments from Non-ohserviuion. 

Fi'orn what has been suggested in preceding sections, it 
will plainly appear th.at the non-observation of a pheno- 
menon is not generally to be taken as proving its non- 
occurrence. As there are sounds wdiich we cannot hear, 
rays of heat which we cannot feel, multitudes of worlds 
which we cannot see, and myriads of minute organisms 
of which not the most powerful microscope can give us 
a view, we must as a general rule interpret our experience 
in an affirnitttive sense only. Accordingly when inferences 
have been drawn from the non-occurrence of particular 
facts or objects, more extended and careful examination 
has often proved their falsity. Not many years since it 
was quite a well credited conclusion in geology that no 
remains of man were found in connection with tliose of 

1 Jevon.s, Oni the Cirrous Fomn of Cloud, Philosophical Magazine, 
July, 1857, 4th Series, vol. xiv. p. 22 

* Astronomy, 4th ed, p. 358 



412 THE PRINCIPLES OF SCIENCE. ».[ohap. 


extinct animals, or in any deposit not actually at present 
in course of formation. Even Babbage accepted this con- 
clusion as strongly confirmatory of the Mosaic accounts.^ 
While the opinion was yet universally held, flint imple- 
ments had been found disproving such a conclusion, and 
overwhelming evidence of man’s long-continued existence 
has since been forthcoming. At the end of the last century, 
when Herschel had searched the neavens with his powerful 
telescopes, there seemed little probability that planets yet 
remained unseen within the orbit of Jupiter. But on the 
first day of this century such an opinion was overturned 
by tlie discovery of Ceres, and more than a hundred other 
small planets have since been added to tlie lists of the 
planetary system. 

The disco veiy of the Eozoon Canadense in strata of 
much greater age than any previously known to contain 
organic remains, has given a shock to groundless opinions 
concerning the origin of organic forms ; and the oceanic 
dredging expeditions under Dr. Carpenter nnd Sir Wyville 
Thomson have modified some opinions of geologists by 
disclosing the continued existence of forms long supposed 
to be extinct. These and many other cases which might 
be quoted show the extremely unsafe character of negative 
inductions. 

But it must not be supposed that negative arguments 
are of no force and value. The earth’s surface has been 
sufficiently searched to render it highly improbable that 
any terrestrial animals of the size of a camel remain to ])e 
discovered. It is believed that no new large animal has 
been encountered in the last eighteen or twenty centuries,- 
and the probability that if existent they would have been 
seen, increases the probability that they do not exist. 
We may with somewhat less confidence discredit the 
existence of any large unrecognised fish, or 3^ animals, 
such as the alleged sea-serpent. But, as we descend to 
forms of smaller size negative evidence loses weight from 
the less probability of our seeing smaller objects. Even 
the strong induction in favour of the four-fold division of 
the animal kingdom into Veftebrata, Annulosa, Molluscaf, 

’ Babbage, Ninth Bridgewater TreaHee, p. 67. 

• Cuvier, Memy on the Theory of the Earth, translation, p. 61, &c. 
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and Coelenteratp, may break down by the discovery of in- 
termediate or anomalous forms. As civilisation spreads 
over the surface of the eartli, and unexplored tracts are 
gradually diminished, negative conclusions will* increase 
in force ; but we have much to learn yet concerning the 
depths of the ocean, almost wholly unexamined as they 
are, and covering three-fourths of the earth’s surface. 

In geology there are 411 any statements to which con- 
siderable probability attaches on account of the large 
extent of the investigations already made, as, for instance, 
that true coal is found only in rocks of a particular geolo- 
gical epoch ; that gold occurs in secondary and t6rtiary 
strata only in exceedingly small quantities,^ probably 
derived from the disintegration of earlier rocks. In 
natural history negative conclusions are exceedingly 
treacherous and unsatisfactory. The utmost patience 
will not enable a micvoscopist or the observer of any 
living thing to watch the behaviour of the organism under 
all circumstances continuously for a' great length of time. 
There is always a cliance therefore tliat the critical act or 
change may take place when the observer’s eyes are witli- 
drawn. This certainly happens in some cases ; for though 
the fertilisation of orchids by agency of insects is proved 
as v eil as any fact in natural history, Mr. Tlarwin has 
never been able by the closest watching to detect an insect 
in tlie pcuformaiice of the operation. Mr. Darwin has 
himself adoided one conclusion on negative evidence, 
namely, that the Orchis jyijramidalis and certain other 
orchidaceous flowers secrete no nectar. But liis caution 
and unwearying patience in verifying the conclusion give 
an impressive lesson to the observer. For twqnty-three 
consecutive days, as he tells us, he examined flowers in all 
states of the weather, at all hours, in various localities. 
As the secretion in other flowers sometimes takes place 
rapidly and might happen at early dawn, that inconvenient 
hour of observation was specially adopted. Flowers of 
different ages were subjected to irritating vapours, to mois- 
ture, and to every condition likely to bring on the secretion ; 
and only after invariable failure of this exhaustive inquiry 
was the barrenness of the nectaries assumed to be proved.^ 

* Murchi.soii’s Sihiria, ist <h 1 . p. 432. 

2 Parwiu^s Fertilisation of Orchids, p. 48. 
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In order that a negative arguijnent founded on the non- 
observation of an object shall have any considerable force, 
it must be shown to be probable that the object if existent 
would h^ve been observed, and it is this probability which 
deBnes the value of the negative conclusion. The failure 
of astronomers to see the planet^ Vulcan, supposed by some 
to exist within Mercury’s orbit, is no sufficient disproof of 
its existence. Similarly it would be very difficult, or even 
impossible, to disprove the existence of a second satellite of 
small size revolving round the earth. But if any person 
make a particular assertion, assigning place and time, then 
ODsert'ation will either pi*ove or disprove the alleged fact. 
If it is true that when a French observer professed to 
have seen a planet on the sun’s face, an observer in Brazil 
was carefully scrutinising the sun and failed to see it, we 
have a negative proof. False facts in science, it has been 
well said, are more mischievous than false tlieories. A 
false theory is open to every person’s criticism, and is over 
liable to be judged by its accordance with facts. But a 
false or grossly erroneous assertion of a fact often stands 
in the way of science for a long time, because it may be 
extremely difficult or even impossible to prove the falsity 
of what has been once recorded. 

In other sciences the force of a lu^gative argument will 
often depend upon the number of possible alternatives 
which may exist. It was long believed that the quality 
of a musical sound as distinguished from its pitch, must 
depend upon the form of the undulation, because no other 
cause of it had ever been suggested or was apparently 
possible. The truth of the conclusion was proved by 
Helmholtz, who applied a microscope to luminous points 
attached to the strings of various instruments, and 
thus actually observed the different modes of undulation. 
In mathematics negative inductive arguments have 
seldom much force, because the po.ssible forms of expres- 
sion, or the possible combinations of lines and circles in 
geometry, are quite unlimited in number. An enormous 
number of attempts were made to trisect the angle by the 
ordinary methods of Euclid’s geometry, but their in- 
variable failure did not establish the impossibility of the 
task. This was shown in a totally different manner, by 
proving that the problem involves an irreducible cubic 
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equation to which there could be no corresponding plane 
geometrical solution^ *TIiis is a case of reductio ad 
ahsurdiim^ a form of argument of a totally different 
character. Similarly no number of failures to. obtain a 
general solution of equations of the fifth degree would 
establish the impossibility of the task, but m an indirect 
mode, equivalent to a reduciio ad absurdum, the impossi- 
bility is considered to bq proved. 


‘ Peacock, Algebre, voL ii. p. 344. 

Ibid, p. 359. Serret, Algebre Superieure, 2nd ed. p. 304. 



CHAPTER XIX. 

EXPERIMENT. 

We may now consider the great advantages which we 
enjoy in examining the combinations of phenomena when 
things are within our reach and capable of being experi- 
mented on. We are said to cocperimcnt when we bring sub- 
stances together under various conditions of temperature, 
pressure, electric disturbance, chemical action, &c., and 
then record the changes observed. Our object in induc- 
tive investigation is to ascertain exactly the group of cir- 
cumstances or conditions which being present, a certain 
other group 'of phenomena will follow. If we denote by 
A the antecedent group, and by X subsequent pheno- 
mena, our object will usually be to di.scover a law of the 
form A = AX, the meaning of which is that where A is X 
will happen. 

The circumstances which might be enumerated as present 
in the simplest experiment are very numerous, in fact al- 
most infinite. Rub two sticks together and consider what 
would be an exhaustive statement of the conditions. 
There are the form, hardness, organic structure, and all 
the chemical qualities of the wood; the pressure and 
velocity of the rubbing ; the temperature, pressure, and all 
the chemical qualities of the surrounding air ; tlie proxi- 
mity of the earth with its attractive and electric powers; 
the temperature and other properties of the persons pro- 
ducing motion ; the radiation from the sun, and to and 
from the sky ; the electric excitement possibly existing in 
any overhanging cloud ; even the positions of the heavenly 
bodies must be mentioned. On d priori grounds it is 
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unsafe to assume that tiny one of these circumstances is 
without effect, and it is only by experience tliat we can 
single out those precise conditions from which the observed 
heat of friction proceeds. 

The great inetliod of •experiment consists in removing, 
one at a lime, eacli of those conditions which may be 
imagined to have an influence on the result. Our object 
in the experiment of rubbing sticks is to discover the exact 
circumstances under which lieat appears. Now the pre- 
sence of air may be requisite*; therefore prepare a vacuum, 
and rub the sticks in every respect as before, except that 
it is done in vacuo. If heat still appears we may say that 
air is not, in the presence of the other circumstances, a 
requisite- condition. The conduction of heat from neigh- 
bouring bodies may be a condition. Prevent this by mak- 
ing all the surrounding bodies ice cold, which is wliatDavy 
aimed at in riil^bing two ])ieces of ice together. If heat 
still appears we have eliminated another condition, and so 
we ma}" go on until it becomes apparent that the expen- 
diture of energy in the friction of two bodies is the sole 
condition of the production of heat. 

Tlie great diiiiculty of experiment arises from the fact 
that we must not assume the conditions > be independent. 
Previous to experiment we have no right to say that the 
rubbing of two sticks will produce heat in the same way 
when air is absent as before. We may have heat produced 
in one way when air is present, and in another when air 
is absent. The inquiry branches out into two lines, and 
we ought to try in both cases wliether cutting off a supply 
of heat by conduction prevents its evolution in friction. 
The same branching out of the inquiry occurs with regard 
to every circumstance which enters into the experiment. 

Regarding only four circumstances, say A, 13, C, II, we 
ought to test not only the combinations A BCD, AbCr?, 
ABcD, A6C1), nBCD, but we ought really to go through 
the whole of the combinations given in the fifth column 
of the Logical Alphabet. The effect of the absence of 
each condition should be tried both in the presence and 
absence of every other condition, and every selection of 
those conditions. Perfect and exhaustive experimentation 
would, in short, consist in examining natural phenomena 
in aU their possible combinations and registering all 

B E 
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relations between conditions and results winch are found 
capable of existence. It would thus resemble the exclusion 
of contradictory combinations carried out in the Indirect 
Method of Inference, except that the exclusion of com- 
binations is grounded not on p?*ior logical premises, but 
on a posterioH results of actual trial. 

The reader will perceive, however, that such exhaustive 
investigation is practically impossible, because tlie number 
of requisite experiments would be immensely great. Pour 
antecedents only would require sLxtetm exp^Timents ; twelve 
antecedents would require 4096, ami the number increases 
as the poweis of two. The result is that the experimenter 
has to fall back upon his own tact and experience in select- 
ing those experiments which are most likely to yield iiiin 
significant facts. It is at this point that logical rules and 
forms begin, to fail in giving aid. The logical rule is — Try 
all possible combinations ; but this being impracticable, 
the experimentalist necessarily abandons strict logical 
method, and trusts to his own insight. Analogy, as we 
shall see, gives some assistance, and attention should be 
concentrated on those kinds of conditions which have been 
found important in like cases. P>ut we are now entirely 
in the region of probability, and the experimenter, while 
he is confidently pursuing what he thinks the right clue, 
may be overlooking the one condition of importance. It is 
an impressive lesson, for instance, that Newton pursued 
all his exquisite researches on the spectrum unsuspicious of 
the fact that if he reduced the hole in the shutter to a 
narrow slit, all the mysteries of the bright and dark lines 
were within his gi’asp, provided of course that his prism.s 
were sufiScieuily good to define the rays. In like manner 
we know not what slight alteration in the most familiar 
experiments may not open the way to realms of new 
discovery. 

Practical ditficulties, also, encumber the progress of the 
physicist. It is often impossible to alter one condition 
without altering others at the same time ; and thus we 
may not get the pure effect of the condition in question. 
Some conditions may be absolutely incapable of alteration ; 
others may be with great difficulty, or only in a certain 
degree, removable. A very treacherous source of error is 
the existence of unknown conditions, which of course we 
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cannot remove except by accident. These difficulties we 
will shortly consider in succession. 

It is beautiful to observe how the alteration gf a single 
circumstance sometimes conclusively explains a pheno- 
menon. An instance is found in Faraday’s investigation 
of the behaviour of Lycopodium spores scattered on a 
vibrating plate. It was observed that these minute spores 
collected together at the points of greatest motion, whereas 
sand and all heavy particles collected at the nodes, where 
the motion was least. It happily occurred to Faraday to 
try the experiment in the exhausted receiver of an air- 
pump, and it was then found that the light powder behaved 
exactly like heavy powder. A conclusive proof was thus 
obtained that the presence of air was the condition of im- 
portance, doubtless because it was thrown into eddies by 
the motion of the plate, and carried the L}* copodium to 
the points of greatest agitation. Sand was too heavy to be 
carried by the air. 

Exclusion of Indifferent Circumstances. 

From what has been already said it will be apparent 
that the detection and exclusion of i. ^iffwent circum- 
stances is a work of importance, because it allows the 
concentration of attention upon circumstances which con- 
tain the principal condition. Many beautiful instances may 
be given where aU the most obvious antecedents have been 
shown to have no part in the production of a phenomenon. 
A person might suppose that the peculiar colours of mother- 
of-pearl were due to the chemical qualities of the substance. 
Much trouble might have been spent in following out that 
notion by comparing the chemical qualities of various iri- 
descent substances. But Brewster accidentally took an 
impression from a piece of mother-of-pearl in a cement of 
resin and bees’-wax, and finding the colours repeated upon 
the surface of the wax, he proceeded to take other impres- 
sions in balsam, fusible metal, lead, gum arabic, isinglass, 
&c., and always found the iridescent colours the same. He 
thus proved that the chemical nature of the substance is a 
matter of indifference, and that the form of the surface is 
the real condition of such colours.^ Nearly the same may 
* Treatise on Optics, by Brewster, Cab. Cyclo. p. 1 1 7. 

F F 2 
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be said of tlie colours exhibited by thin plates and films. 
The rings and lines of colour will be nearly the same in 
character whatever may be the nature of the substance ; 
nay, a voici space, such as a crack in glass, would produce 
them even though the air were withdrawn by an air-pump. 
The conditions are simply the existence of two reflecting 
surfaces separated by a very small space, though it should 
be added that the refractive index' of the intervening sub- 
stance has some influence on the exact nature of the colour 
produced. 

Whej,n a ray of light passes close to the edge of an opaque 
body, a portion of the light appears to be bent towards it, 
and produces coloured fringes within the shadow of the 
body. Newton attributed this inflexion of light to the 
attraction of the opaque body for the supposed particles of 
light, although he was aware that the nature of the sur- 
rounding medium, whether air or other pellucid substance, 
exercised no apparent influence on the jdienomena. 
Gravesande proved, however, that the character of the 
fringes is exactly the same, whether the body be dense or 
rare, compound or elemeritaiy. A wire produces exactly 
the same fringes as a hair of the same thickness. Even the 
form of the ‘obstructing edge was subsequently shown to 
be a matter of indifference by Fresnel, and the interfer- 
ence spectmm, or the spectrum seen when light passes 
through a fine grating, is absolutely the same whatever be 
the form or chemical nature of the bars making the 
grating. Thus it appears that the stoppage of a portion of 
a beam of light is the sole necessary condition for the 
diffraction or inflexion of light, and the phenomenon is 
shown to bear no analogy to the refraction of light, in 
which the form and nature of the substance are all impor- 
tant. 

It is interesting to observe how carefully Newton, in his 
researches on the spectrum, ascertained the indifference 
of many circumstances by actual trial. He says ; ^ “ Now 
the different magnitude of the hole in the window-shut, 
and different thickness of the prism where the rays passed 
through it, and different inclinations of the prism to the 
horizon, made no sensible changes in the length of the 


^ Optick$y 3rd. ed. p. 25. 
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image. Neither did the difterent matter of the prisms 
make any : for in a vessel made of polished plates of glass 
cemented together in the shape of a prism, and ^filled with 
water, there is the like success of the experiment according 
to the quantity of the refraction.’* But in the latter state- 
ment, as I shall afterwards remark (p. 432), Newton 
assumed an indifference which does not exist, and fell 
into an unfortunate mistake. 

In the science of sound it is shown that tlie pitch of a 
sound depends solely upon the number of impulses in a 
second, and the material exciting those impulses is ennatter 
of indifference. Whatever fluid, air or water, gas or liquid, 
be forced into the Siren, the sound produced is the same; 
and the material of which an organ-pipe is constructed 
does not at all affect the pitch of its sound. In the scieiicv 
of statical electricity it is an important principle that the 
nature of the interior of a conducting body is a matter of 
no importance. The electrical charge is confined to the 
conducting surface, and the interior remains in a neutral 
state. A liollow copper sphere takes exactly the same 
charge as a solid sphere of the same metal. 

Some of Faraday’s most elegant and successful researches 
weic. devoted to the exclusion of conditioiiS wfiicli previous 
experimenters had thought essential for the production of 
electrical phenomena. Davy asserted that no known fluids, 
except such as contain water, could be made the medium 
of connexion between the poles of a battery ; and some 
chemists believed that water was an essential agent in 
electro-chemical decomposition. Faraday gave abundant 
experiments to show that other fluids allowed of elec- 
trolysis, and he attributed the erroneous opinion to the very 
general use of water as a solvent, and its presence in most 
natural bodies.^ It was, in fact, upon the weakest kind of 
negative evidence that the opinion had been founded. 

Many experimenters attributed peculiar powers to the 
poles of a battery, likening them to magnets, which, by 
their attractive powers, tear apart the elements of a sub- 
stance. By a beautiful series of experiments,^ Faraday 
proved conclusively that, on the contrary, the substance of 

^ Experimental Researches in Electricity, vol. i. pp. 133, 134. 

2 Ibid. vol. i. pp. 127, 162, &c. 
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the poles is of no importance, being merely the path 
through which the electric force reaches the liquid acted 
upon. Poles of water, charcoal, and many diverse sub- 
stances, even air itself, produced similar results; if the 
chemical nature of the pole entered at all into the question, 
it was as a disturbing agent. 

It is an essential part of the theory of gravitation that 
the proximity of other attracting particles is without effect 
upon the attraction existing between any two molecules. 
Two pound weights weigh as much together as they do 
separately. Every pair of molecules in the world have, as 
it were, a private communication, apart from their rela- 
tions to all other molecules. Another undoubted result of 
experience pointed out by Newton ^ is that the weight of 
a body does not in the least depend upon its form or 
texture. It may be added that the temperature, electric 
condition, pressure, state of motion, chemical qualities, and 
all other circumstances concerning matter, except its mass, 
are indifferent as regards its gravitating power. 

As natural science progresses, physicists gain a kind of 
insight and tact in judging what qualities of a substance 
are likely to be concerned in any class of phenomena. The 
physical astronomer treats matter in one point of view, 
the chemist in another, and the students of physical optics, 
sound, mechanics, electricity, &c., make a fair division of 
the qualities among them. But errors will arise if too 
much confidence be placed in this independence of various 
kinds of phenomena, so that it is desirable from time to 
time, especially when any unexplained discrepancies come 
Into notice, to question the indifference which is assumed 
to exist, and to te^t its real existence by appropriate 
experiments. 


Simplification of Experiments. 

One of the most requisite precautions in experimentation 
is to vary only one circumstance at a time, and to main- 
tain all other circumstances rigidly unchanged. There are 
two distinct reasons for this rule, the first and most ob- 
vious being that if we vary two conditions at a time, and 


* Frindjffia, bk, iiL Prop. vi. Corollary i. 
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find some effect, we car not tell whether the effect is due 
to one or the other condition, or to both jointly. A second 
reason is that if no effect ensues we cannot safely conclude 
that either of them is indifferent ; for the one *may have 
neutralised the effect of Jhe other. In our symbolic logic 
AB -I* Ah was shown to be identical with A {y. 97), so 
that B denotes a circumstance which is indifferently 
present or absent. But if B always go together with 
another antecedent C, we cannot show the same inde- 
pendence, for ABC -I*- Ahc is not identical with A and 
none of our logical processes enables us to reduce it to A. 

If we want to prove that oxygen is necessary to life, we 
must not put a rabbit into a vessel from which the oxygen 
has been exhausted by a burning candle. We should then 
have not only an absence of oxygen, but an addition of 
carbonic acid, which may have been the destructive agent. 
For a similar reason Lavoisier avoided the use of atmo- 
spheric air in experiments on combustion, because air was 
not a simple substance, and the presence of nitrogen might 
impede or even alter the effect of oxygen. As Lavoisier 
remarks,^ ‘‘ In performing experiments, it is a necessary 
principle, which ought never to be deviated from, that 
they be simplified as much as possibh\ and that every 
circumstance capable of rendering their resnlLs complicated 
be carefully removed.'’ It has also been well said by 
Cuvier ^ that the method of physical inquiry consists in 
isolating bodies, reducing them to their utmost simplicity, 
and bringing each of their properties separately into action, 
either mentally or by experiment. 

The electro-magnet has been of the utmost service in 
the investigation of the magnetic properties of matter, by 
allowing of the production or removal of a most powerful 
magnetic force without disturbing any of the other ar- 
rangements of the experiment. Many of Faraday’s most 
valuable experiments would have been impossible had it 
been necessary to introduce a heavy permanent magnet, 
which could not be suddenly moved without shaking the 
whole apparatus, disturbing the air, producing currents 
by changes of temperature, &c. The electro-magnet is 

‘ Lavoisier^s Chemiiiryy translated by Kerr, p. 103. 

* Cuvier’s Animal Kingdom^ introduction, pp i, 2. 
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perfectly under control, and its influence can be brought 
into action, reversed, or stoppt'd by merely touching a 
button. Thus Faraday was enabled to prove the rotation 
of the plafie of circularly ])olarised light by the fact that 
certain light ceased to be visible \yhen the electric current 
of the magnet was cut off, and re-appeared when the 
current was made. “ These phenomena/' he says, could 
be reversed at pleasure, and at any instant of time, and 
upon any occasion, showing a perfect dependence of cause 
and effect.” ^ 

It was Newton’s omission to obtain the solar spectrum 
under the simplest conditions which prevented him from 
discovering the dark lines. Using a broad beam of light 
which had passed through a round hole or a triangular 
slit, he obtained a brilliant spectrum, but one in which 
many different coloured rays overlapped each otlier. In 
the recent history of the science of the s])e(d.rum, one 
main difficulty has consisted in the mixture of the lines of 
several different substances, whieli are usually to b(^ found 
in the light of any flame or spark. It is seldom possil)]e 
to obtain the light of any element in a perfectly simple 
manner. Angstrom greatly advanced this branch of science 
by examining tlie light of the electric spark when formed 
between poles of various metals, and in the presence of 
various gases. Hy varying the pole alone, or tlie gaseous 
medium alone, he was able to discriminate correctly be- 
tween tlie lines due to the metal and tliose due to the 
surrounding gas.^ 


Failure in the Simplification of Experiments, 

In some cases it seems to be impossible to carry out the 
rule of varying one circumstance at a time. When we 
attempt to obtain two instances or two forms of experi- 
ment in which a single circumstance shall be present in 
one case and al)sent in another, it may be found that this 
single circumstance entails others. Benjamin Franklin’s 
experiment concerning the comparative absorbing powers 
of different colours is well known. I took,” he says, “ a 

* Experimental Researches in Electricity^ vol. iii. p. 4. 

2 Philosophical Magazine, 4th Scries, vol. ix. p. 327. 
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number of little square pieces of broadcloth from a tailor s 
pattern card, of various colours. They were black, deep 
blue, lighter blue, green, puiple, red, yellow, white, and 
other colours and shades of colour. 1 laid the*m all out 
upon the snow on a bright sunshiny morning. In a few 
hours the black, being most warmed by the sun, was sunk 
so low as to be below the stroke of the sun’s rays ; the 
dark blue was almost as low ; the lighter blue not quite 
so much as the dark ; the other colours less as they were 
lighter. The white remained on the surhice of the snow, 
not having entered it at all.” This is a very elegant and 
apparently simple (experiment ; but when Leslie had com- 
pleted his series of researc^hes upon the nature of heat, he 
came to the conclusion that the colour of a surface lias 
very little effect upon the radiating power, the mechanical 
nature of the surface appearing to be more iiilluential. 
He remarks ^ that “ tlie question is ineapalde of being posi- 
tively resolved, since no sul)stance can be made to^assume 
diffeient colours without at the same time changing its 
internal structure.” Recent iiivestigation has shown that 
the subject is one of considerable complication, because 
tlie absorptive power of a surface may l)e different accoi’d- 
ing lo the character of the rays wl:’ k fall upon it; 
but there can be no doubt as to the acuteiicbS with whicdi 
Leslie points out the dilliculty. In Well’s investigations 
concerning the nature ol‘ dew, we have, again, very 
complicated conditions. If we expose ])lates of various 
material, such as rough iron, glass, polished metal, to the 
midnight sky, they will be dewed in various degrees ; 
but since these ])lates differ both in the nature of the 
surface and the conducting power of the material, it w’ould 
not be plain whether one or both (drcumstances were of 
importance. We avoid this ditlkuilty by exposing the 
same material polished or varnished, so as to presenL dif- 
ferent conditions of surface ; and again by exposing 
different substances with the same kind of surface. 

When we are quite unable to isolate circumstances we 
must resort to the procedure described by Mill under the 
name of the Joint Method of Agreement and Difference. 

j Inquiry into the. Nature of Heat^ p. 95. 

Herschel, Preliminary Discourse, p. 161. 
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We must collect as many instances as possible in which 
a given circumstance produces a given result, and as many 
as possible in which the absence of the circumstance is 
followed by the absence of the result. To adduce his 
example, we cannot experiment upon the cause of double 
refraction in Iceland spar, because we cannot alter its 
crystalline condition without altering it altogether, nor can 
we find substances exactly like calc spar in every circum- 
stance except one. We resort therefore to the method of 
comparing together all known substances which have the 
property of doubly-refracting light, and we find tliat they 
agree ili being crystalline.^ This indeed is nothing but an 
ordinary process of perfect or probable induction, already 
partially described, and to be furtlier discussed under 
Classification. It may be added that the subject does 
admit of perfect experimental treatment, since glass, when 
compressed in one direction, becomes capable of doubly- 
refracting light, and as there is probably no alteration in 
the glass but change of elasticity, we learn that the power 
of double refraction is probably due to a difference of 
elasticity in different directions. 

, Revioval of Usual Conditions. 

One of the great objects of experiment is to enable us 
to judge of the behaviour of substances under conditions 
widely different from those which prevail upon the surface 
of the earth. We live in an atmosphere which docs not 
vary beyond certain narrow limits in temperature or 
pressure. Many of the powers of nature, such as gravity, 
which constantly act upon us, are of almost fixed amount. 
Now it will afterwards be shown that we cannot apply a 
quantitative law to circumstances much differing from 
those in which it was observed. In the other planets, the 
sun, the stars, or remote parts of the Universe, the con- 
ditions of existence must often be widely different froid 
what we commonly experience here. Hence our know- 
ledge of nature must remain restricted and hypothetical, 
unless we can subject substances to unusual conditions by 
suitable experiments. 


* SygUm of LogiCj bk. iii. chap. viii. § 4, 5th ed. vol. i. p. 433. 
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The electric arc is an invaluable means of exposing 
metals or other conducting substances to the highest 
known temperature. By its aid we learn not only that 
all the metals can be vaporised, but tliat they all give off 
distinctive rays of light. , At the other extremity of the 
scale, the intensely powerful freezing mixture devised by 
Earaday, consisting of solid carbonic acid and ether mixed 
m vacuo, enables us to pb^erve the nature of substances at 
temperatures immensely below any we meet with naturally 
on the earth’s surface. 

We can hardly realise now the importance of the in- 
vention of the air-pump, previous to which inverition it 
was exceedingly difficult to experiment except under the 
ordinary pressure of the atmosphere. The Torricellian 
vacuum had been employed by the philosophers of the 
Accademia del Cimento to show the behaviour of water, 
smoke, sound, magnets, electric substances, &c., in vacuo, 
but their experiments were often unsuccessful from the 
difficulty of excluding air.^ 

Among the most constant circumstances under which 
we live is the force of gravity, which does not vary, except 
by a slight fraction of its amount, in any part of the earth's 
crusi- or atmosphere to wliich we can att m. This force is 
sufficient to overbear and disguise various actions, for in- 
stance, the mutual gravitation of small bodies. It was an 
interesting experiment of Plateau to neutralise the action 
of gravity by placing substances in liquids of exactly the 
same specific gravity. Thus a quantity of oil poured into 
the middle of a suitable mixture of alcohol and water 
assumes a spherical shape; on being made to rotate it 
becomes spheroidal, and then successively separates into 
a ring and a group of spherules. Thus we have an 
illustration of the mode in which the planetary system 
may have been produced,^ though the extreme difference 
of scale prevents our arguing with confidence from the 
experiment to the conditions of the nebular theory. 

It is possible that the so-called elements are elementary 
only to us, because we are restricted to temperatures at 
which they are fixed. Lavoisier carefully defined an 

^ Essay €8 of Natural Emerimmts made in the Accademia del 
Cimento, Englished by Richard Waller, 1684, p. 40, &c. 

2 Plateau, Taylor^s Scientific M&moirs, vol iv. pp. 16—43. 
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eleraent as a substance which cannot be decomposed hy 
any hnown means ; but it seems almost certain that some 
series of elements, for instance Iodine, Bromine, and Chlo- 
rine, are really compounds of a simjder sulistance. We 
must look to the production of intensely high temperatures, 
yet quite beyond our means, for the decomposition of these 
so-called elements. Possibly in this age and part of the 
universe the dissipation of energy has so far proceeded 
that there are no sources of heat siilTiciently intense to 
effect the decomposition. 

Interference of Unsnspected Conditions. 

It may happen that we are not aware of all the condit ions 
under which our researches are made. Some substance 
may be present or some ])Ower may be in action, which 
escapes the most vigilant (‘xaniination. Not being aware 
of its existence, we are una])le to take ]>ro})er measures to 
exclude it, and thus deterinim^ tin', share whicli it has in 
the results of our experiments. There can be no doubt 
that the alchemists were misled and encouraged in their 
vain attempts by the unsuspected presence of traces of 
gold and silver in the substances they proposed to trans- 
mute. Lead, as drawn from the smelting furnace, almost 
always contains some silvei, and gold is as.sociated with 
many other metals. Thus simill (juantities of noble nuUal 
would often aj)pear as tlie result of experiment and raise 
delusive hopes. 

In more than one case the unsus])ected presence of 
common salt in the air has caused great trouble. In 
the early cxperiineiits on electrolysis it wiis found that 
when water was decomposed, an acid and an alkali were 
produced at the poles, together with oxygen and hydrogem. 
In the absence of any other exjdanation, some chemists 
laished to tlie conclusion that electricity must have the 
power of yeneratiny acids and alkalie.s, and one chemist 
thought lie had discovered a new substance called electric 
acid. But Davy proceeded to a .systematic investigation 
of the circumstances, by varying the conditions. Changing 
the glass vessel for one of agate or gold, he found that far 
less alkali was produced ; excluding impurities by the use 
of carefully distilled water, he found that the quantities of 
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acid and alkali were stilL furtlier diminished ; and having 
thus obtained a clue to the cause, he completed the ex- 
clusion of impurities by avoiding contact with his fingers, 
and by placing the apparatus under an exhausted receiver, 
no acid or alkali being then detected. It would be difficult 
to meet with a more elegant case of the detection of a 
condition previously unsuspected.^ 

It is remarkable that *the presence of common salt in 
the air, proved to exist by Davy, nevertheless continued a 
stumbling-block in the science of spectrum analysis, and 
probably prevented men, such as Brewster, Heischel, and 
Talbot, from anticipating by thirty years the discoveries 
of Bunsen and Kirchhoff. As 1 pointed out,^ the utility 
of the spectrum was known in the middle of the last 
century to Thomas ^lelvill, a talented Scotch physicist, 
who died at the early age of 27 years.^ But Melvill 
was struck in his examination of coloured flames by the 
extraordinary predominance of homogeneous yellow light, 
which was due to some circumstance esca]ung his atten- 
tion. Wollaston and Fraunhofer were equally struck by 
the prominence of the yellow line in the spectrum of 
nearly every kind of light. Talbot expressly recommended 
the use of the prism for detecting tlie pres uce of substances 
by what we now call spectrum analysis, bid he iVaiud that 
all substances, however difierent the light they yielded in 
other respects, were identical as regards the production of 
yellow light. Talbot knew that the salts of soda gave this 
coloured light, but in spite of Davy’s j)revious difficulties 
with salt in electrolysis, it did not occur to him to assert 
that where the light is, there sodium must be. He sug- 
gested water as the most likely source of the yellow light, 
because of its frequent presence; but even substances 
which were apparently devoid of water gave the same 
yellow light.** Brewster and Herschel both experimented 

^ Philosophical Transactions [1826], vol. cxvi. pp. 388, 389. Works 
of Sir Humphry Davy, vol. v. pp. i — 12. 

2 National Review, July, 1861, p. 13. 

3 His published works are contained in The Edmhurgh Physical 
and Literary Essays, yo\. ii. p. 34 ; Philosophical Transactions [1753], 
vol. xlviii. p. 261 ; see also MorgaiVs Papers in Philosophical Trans- 
actions [1785], vol. Ixxv. p. 190. 

* Edinburgh J oumal of lienee, vol. v, p. 79. 
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upon flames almost at the same time as Talbot, and 
Herschel unequivocally enounced the principle of spec- 
trum analysis.^ Neveitheless Brewster, after numerous 
experiments attended with great trouble and disappoint- 
ment, found that yellow light might be obtained from the 
combustion of almost any substance. It was not until 
1856 that Swan discovered that an almost infinitesimal 
quantity of sodium chloride, say a milliontli part of a grain, 
was sufficient to tinge a flame of a bright yellow colour. 
The univeisal diffusion of the salts of sodium, joined to 
this unique light-producing power, was thus shown to be 
the unsuspected condition which had destroyed the confi- 
dence of all previous experimenters in the use of the 
prism. Some references concerning the history of this 
curious point are given below.^ 

In the science of radiant heat, early inquirers were led 
to the conclusion that radiation proceeded only from the 
surface of a solid, or from a very small deptli below it. 
But they happened to experiment upon surfaces covered 
by coats of varnish, which is highly athermanous or 
opaque to heat. Had they properly varied the character 
of tlie surface, using a highly diatherrnanous substance like 
rock salt, they would have obtained very diflereiit results.® 

One of the most extraordinary instances of an erroneous 
opinion due to overlooking interfering agents is that con- 
cerning the increase of rainfall near to the earth’s surface. 
More than a century ago it was observed that rain-gauges 
placed upon church steeples, house tops, and other elevated 
places, gave considerably less rain than if they were on the 
ground, and it has been recently shown that the variation 
is most rapid in the close neighbourhood of the ground.* 
All kinds of theories have been started to explain this 
phenomenon ; but I have shown ^ that it is simply due to 

* Encychpeedia Metropolitana, art Light, § 524; Herschera 
Familiar Lectures, p. 266. 

* Talbot, Philosophical Magazine, 5rd Series, vol. ix. p. i (1836); 
Brewster, Transactions of the Royal Society of Edinburgh [1823], 
vol. ix.pp.433, 455 ; Swan, ibid. [1856] vol. xxi. p. 41 1 ; PhilosophicM 
Magazine, 4th Series, vol. xx. p. 173 [Sept. 1860J ; Roscoe, Spectrum 
Analysis, Lecture HI. 

* Balfour Stewart, Elementary Treatise on Heat, p. 192. 

* British Association, Liverpool, 1870. Report on Rwinfall, p. 176^ 

^ Philosophical Magaaim, Dec. 1861. 4th Series, voL xm p. 421. « 
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tlie interference of wind,® which deflects more or less rain 
from all the gauges which are exposed to it. 

The great magnetic power of iron renders it a source of 
disturbance in magnetic experiments. In building a mag- 
netic observatory great care must therefore be taken that 
no iron is employed in the construction, and that no 
masses of iron are near at hand. In some cases magnetic 
observations have been sesriously disturbed by the existence 
of masses of iron ore in the neighbourhood. In Faraday’s 
experiments upon feebly magnetic or diamagnetic substances 
he took the greatest precautions against the presence of 
disturbing substances in the copper wire, wax, paper, and 
other articles used in suspending tlie test objects. It was 
his custom to try the effect of the magnet upon the appa- 
ratus in the absence of the object of experiment-, and with- 
out this preliminary trial no confidence could be placed in 
tlie results.^ Tyndall has also employed the same mode 
for testing the freedom of electro-magnetic coils from iron, 
and was thus enabled to obtain them devoid of any cause 
of disturbance.^ It is worthy of notice that in the very 
infancy of the science of magnetism, tlie acute experimen- 
talist Gilbert correctly accounted for the opinion existing 
ill Ids day that magnets would attract , 'Iveivby pointing 
out that the silver contained iron. 

ILveii when we are not aware by previous experience of 
the probable presence of a special disturbing agent, we 
ought not to assume the. absence of unsuspected inter- 
ference. If an experiment is of really liigh importance, so 
that any considerable branch of science rests upon it, we 
ought to try it again and again, in as varied conditions as 
possible. We should intentionally disturb the apparatus 
in various ways, so as if possible to hit by accident upon 
any weak point. Especially when our results are more 
regular than we have fair grounds for anticipating, ought 
we to suspect some peculiarity in the apparatus which 
causes it to measure some other phenomenon than that in 
question, just as Foucault’s pendulum almost always in- 
dicates the movement of the axes of its own elliptic path 
instead of the rotation of the globe. 

^ Ex}Hrim,crital B^Marches in Electricity , vol. iii. p. 84. &c. 

Lectures on Heat, p. 21. 
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It was in this cautious spirit -that Ihxily acted in his 
experiments on the density of the (\artli. The accuracy 
of his results depended upon the elimination of all disturb- 
ing influences, so that the oscillation of his torsion balance 
should measure gravity alone. ITence lie varied the apf)a- 
ratus in many ways, changing the small balls subject to 
attraction, changing the connecting rod, and the means of 
suspension. He obstTvcd the eflect of disturbances, such 
as the ])resence of visitors, the occuiTence of violent storms, 
&c., and as no real alteration was produced in the rc'sults, 
he confidently attributed them to gravity.^ 

New'ton would probably have disctovered the mode of 
constructing achromatic lenses, but for the unsus])ect(*tl 
effect of some sugar of lead vvhich he is su])posed to have 
dissolved in the water of a prism, lie tried, by means of 
a glass prism combined with a water ])rism, to produce 
dispersion of light without refraction, and if lie had 
succeeded there would have been an olivious mode of 
producing refraction without dispersion. His failure is 
attributed to his adding lead acetate to the water for the 
purpo.se of increasing its refractive ]>ower, the lead having 
a high dispersive power which frustrated his juirjjose.'^ 
Judging from Newton’s remarks, in the rhilosophival 
Transactions, it would appear as if he had not, without 
many unsuccessful trials, despaired of the construction of 
achromatic gla.sses.^^ 

The Academicians of Cimento, in tlieir early and in- 
genious experiments upon the vacuum, were often mishal 
by the mechanical imperfections of their a])paratus. They 
concluded that the air had nothing to do witli the produc- 
tion of sounds, evidently because their vacuum was not 
sutficiently jierfect. Otto von Guericke fell into a like 
mistake in the use of liis newly-constructed air-pump, 
doubtless from the un.suspected presence of air sufficiently 
dense to convey the sound of the bell. 

It is hardly requisite to point out that the doctrine of 
spontaneous generation is due to the unsuspected presence 

5 Baily, Memoirs of the Royal Astronomical Society, vol. xiv, pp. 

29, 30- 

2 Grant, History of Rhyskal Astronomy, p. 531. 

3 Fhilosophical Transactions, abridged by Lowtborp, 4th edition, 
roL i. p. 202. 
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of germs, even after the most careful efforts to exclude 
them, and in the case of many diseases, both of animals 
and plants, germs which we have no means as yet of de- 
tecting are doubtless the active cause. It has long been 
a subject of dispute, again, whether the plants which spring 
from newly turned land grow from seeds long buried in 
that land, or from seeds brought by the wind. Argument 
is unphilosophical when direct trial can readily be applied ; 
for by turning up some old ground, and covering a portion 
of it with a glass case, the conveyance of seeds by the 
wind can be entirely prevented, and if the same plants 
appear within and without the case, it will become clear 
that the seeds arc in tlie earth. V>y gross oversight some 
experimenters have thought before iioav that crops of rye 
nad sprung up where oats had been sown. 

Blind or Test Experiments, 

Every conclusive experiment necessarily consists in the 
comparison of results between two different combinations 
of circumstances. To give a fair proljohility that A is the 
cause of X, we must maintain invariable all surrounding 
objects and conditions, and we must tlmn show that where 
A is X is, and where A is not X is not. Iir> cennot really 
be accom])lislied in a single trial. If, for instance, a 
chemist places a certain suspected substance in Marsh’s 
test apparatus, and finds that it gives a small deposit of 
metallic arsenic, he cannot be sure that the arsenic really 
proceeds fj*omthe suspected substance ; tlie impurity of the 
zinc or sulphuric acid may have been the cause of its 
appearance. It is therefore the practice of chemists to 
make what they call a Uind experiment, that is to try 
whether arsenic appears in the absence of the suspected 
substance. The same precaution ought to be taken in all 
important analytical operations. Indeed, it is not merely 
a precaution, it is an essential part of any experiment. If 
** the blind trial be not made, the chemist merely assumes 
that he knows what would happen. Whenever we assert 
that because A and X are found together A is the cause of 
X, we assume that if A were absent X would be absent. 
But wherever it is possible, we ought not to take this 
as a mere assumption, or even as a matter of inference. 

F F 



434 THE PRINCIPLES OF SCIENCE. [chap. 

Experienoe is ultimately the basis of all our inferences, 
but if we can bring immediate experience to bear upon the 
point in question we should not trust to anything more 
remote and liable to error. When Faraday examined the 
magnetic properties of the bearing apparatus, in the absence 
of the substance to be experimented on, he really made a 
blind experiment (p. 431). 

We ought, also, to test the accuracy of a method of ex- 
periment whenever we can, by introducing known amounts 
of the substance or force to be detected. A new analytical 
process for the quantitative estimation of an element 
should be tested by performing it upon a mixture com- 
pqunded so as to contain a known quantity of that element. 
The accuracy of the gold assay process greatly de])ends 
upon the precaution of assaying alloys of gold of exactly 
known composition.^ Gabriel Idattes’ works give evidence 
of much scientific spirit, and when discussing the supposed 
merits of the divining rod for the discoveiy ol’ subterranean 
treasure, he sensibly suggests that the rod should be tried 
in places where veins of metal are known to exist.* 

Negative Remdts of Expenment. 

When we pay proper regard to the imperfection of all 
measuring instruments and the possible minuteness of 
effects, we shall see much reason for interpreting with 
caution the negative results of experiments. We may fail 
to discover the existence of an expected effect, not because 
that effect is really non-existent, but because it is of a 
magnitude inappreciable to our senses, or confounded with 
other effects of much greater amount. As tliere is no 
limit on d priori grounds to the smallness of a phenome- 
non, we can never, by a single experiment, prove the 
non-existence of a supposed effect. We are always at 
liberty to assume that a certain amount of effect might 
have been detected by greater delicacy of measurement. 
We cannot safely affirm that the moon has no atmosphere 
at aU. We may doubtless show that tlie atmosphere, if 
present, is less dense than the air in the so-called vacuum 

* Jevons in Watts* Dictionary of Chmidry^ vol. ii. pp. 936, 937. 

^ Ducovery of Suhterraneal Treasure, London, 1639, p. 48. 
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of an air-pump, as did Tu Sejour. It is equally impossi- 
ble to prove that gravity occupies no time in transmission. 
Laplace indeed ascertained that the velocity of propagation 
of the influence was at least fifty million times greater than 
that of light ; ^ but it does not really follow that it is in- 
stantaneous ; and were there any means of detecting the 
action of one star upon another exceedingly distant star, 
we might possibly find ai4 appreciable interval occupied in 
the transmission of the gravitating impulse. Newton 
could not demonstrate the absence of all resistance to 
matter moving through empty space ; but he ascertained by 
an experiment with the pendulum (p. 443), that if such 
resistance existed, it was in amount less than one five- 
thousandth part of the external resistance of the air.^ 

A curious instance of false negative inference is fur- 
nished by experifnents on light. Euler rejecied the cor- 
puscular theory on the ground that particles of matter 
moving with the immense velocity of light would possess 
momentum, of which there was no evidence. Bennet had 
attempted to detect the momentum of light by concentrat- 
ing the rays of the sun upon a delicately balanced body. 
Observing no result, it was considered to be proved that 
light had no momentum. Mr. Crookt liowever, having 
suspended thin vanes, blacked on one side, in a nearly 
vacuous globe, found that they move under the influence 
of light. It is now allowed that this effect can be ex- 
plained in accordance with the undulatory theory of liglit, 
and the molecular theory of gases. It comes to this — that 
Bennet failed to detect an effect which he might have 
detected with a better method of experimenting ; but if he 
had found it, the phenomenon would have confirmed, not 
tlie corpuscular theory of light, as was expected, but the 
rival undulatory theory. The conclusion drawn from 
Bennet’s experiment was falsely drawn, but it was never- 
theless true in matter. ^ 

Many incidents in the history of science tend to show 
that phenomena, which one generation has failed to dis- 
cover, may become accurately known to a succeeding 
generation. The compressibility of water which the 

^ Laplace, System of the Worlds translated by Harte, vol. ii. p. 322. 

2 Principia, bk. ii. sect. 6, Prop. xxxi. Motte^s translation, vol. ii. 
p. 108. 


F F 2 
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Academicians of EJorence could pot detect, because at a 
low pressure the effect was too small to perceive, and at a 
high pressure the water oozed through their silver vessel,^ 
has now become the subject of exact measurement and 
precise calculation. Independently of Newton, Hooke 
entertained very remarkable notions concerning the nature 
of gravitation. In tliis and other subjects he showed, 
indeed, a genius for experimenj)al investigation which 
would have placed him in the first rank in any other age 
than that of Newton. He correctly conceived that the 
force of gravity would decrease as we recede from the 
centre of the earth, and he boldly attempted to prove it by 
experiment. Having exactly counterpoised two weights 
in the scales of a balance, or rather one weight against 
another weight and a long piece of fine coni, he removed 
his balance .to the top of the dome of St. Paul’s, and tried 
whether the balance remained in equilibrium after one 
weight was allowed to hang down to a depth of 240 feet. 
No difference could be perceived when the weights were at 
the same and at different levels, but Hooke rightly held 
that the failure arose from the insufficient elevation. He 
says, '' Yet I am apt to think some difference might be dis- 
covered in gi’eater heiirhts.” * The radius of the earth 
being about 20,922,000 feet, we can now readily calculate 
from the law of gravity that a height of 240 would not 
make a greater difference than one part in 40,000 of the 
weight. Such a difference would doubtless be inappreciable 
in the balances of that day, though it could readily be de- 
tected by balances now frequently constructed. Again, the 
mutual gravitation of bodies at the earth’s surface is so 
small that Newton appears to have made no attempt to 
demonstrate its existence experimentally, merely remark- 
ing that it was too small to fall under the observation of 
our senses.* It has since been successfully detected and 
measured by gavendish, Baily, and others. 

The smallness of the quantities which we can sometimes 
observe is astonishing. A balance will weigh to one 
millionth part of the load. Whitworth can measure to 
the millionth part of an inch. A rise of temperature of 

* Eitaye$ of Natural ExpervmentSf &c. p. 117. 

* Hooke'B Posthumous Works, p, i8f. 

* Prineipia, bk. iiL Prop. viL Corollary i. 
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the 8 Sooth part of a degree centigrade has been detected 
by Dr. Joule. The spectroscope has revealed the presence 
of the io,ooo,oooth part of a gram. It is said that the 
eye can observe the colour produced in a drop 0/ water by 
the 5o,ooo,oootli part of a gram of fuschine, and about the 
same quantity of cyanine. By the sense of smell we can 
probably feel still smaller quantities of odorous matter.^ 
We must nevertheless remember that quantitative effects 
of far less amount than these must exist, and we should 
state our negative results with corresponding caution. We 
can only disprove the existence of a quantitative pl^enome- 
non by showing deductively from the laws of nature, that 
if present it would amount to a perceptible quantity. As 
in the case of other negative arguments (p. 414), we must 
demonstrate that the effect would appear, where it is by 
experiment found not to appear. 

Limits of Experiment 

It will be obvious that there are many operations of 
nature which we are quite incapable of imitating in our 
experiments. Our object is to study the conditions under 
which a certain effect is produced ; but )ne of tliose con- 
ditions may involve a great length of time. There are 
instances on record of experiments extending over five or 
ten years, and even over a large part of u lifetime ; but 
such intervals of time are almost nothing to the time 
during which nature may have been at work. The con- 
tents of a mineral vein in Cornwall may have been under- 
going gradual change for a hundred million years. All 
metamorphic rocks have doubtless endured high tempera- 
ture and enormous pressure for inconceivable periods of 
time, so that chemical geology is generally beyond the 
scope of experiment. 

Arguments have been brought against Darwin’s theory, 
founded upon the absence of any clear instance of the 
production of a new species. During an historical interval 
of perhaps four thousand years, no animal, it is said, has 
been so much domesticated as to become different in 

^ Keilfs Introduction to Natural Philosophy, 3 rd ed., London, 
I733» PP- 48 - 54 . 
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species. It might as well be argued that no geological 
changes are taking place, because no new mountain has 
risen in Great Britain witliin the memory of man. Our 
actual exjierience of geological changes is like a point in 
the infinite progression of time. Wlien we know that rain 
water falling on limestone will carry away a minute 
portion of the rock in solution, we do not hesitate to 
multiply that quantity by millions, and infer that in 
course of time a mountain may be dissolved away. We 
have actual experience concerning the rise of land in some 
parts of the globe and its fall in others to tlie extent of 
some feet. Do we hesitate to infer what may thus be done 
in course of geological ages? As Gabriel Wattes long ago 
remarked, The sea never resting, but perpetually winning 
land in one place and losing in another, doth show what 
may be doile in length of time by a continual operation, 
not subject unto ceasing or intermission.*' ^ The action of 
physical circumstances upon the forms and characters of 
animals by natural selection is subject to exactly the same 
remarks. As regards animals living in a state of nature, 
the change of circumstances which can be ascertained to 
have occurred is so slight, that we could not expect to 
observe any change in tliose animals Avhatever. Nature 
has made no experiment at all for us within historical 
times. Man, however, by taming and domesticating dogs, 
horses, oxen, pigeons, &c., lias made considerable change 
in their circumstances, and we find considerable change 
also in their forms and characters. Supposing the state of 
domestication to continue unchanged, these new forms 
would continue permanent so far as we know, and in this 
sense they are permanent. Thus the arguments against 
Darwin’s theory, founded on the non-observation of natural 
changes within the historical period, are of the weakest 
character, being purely negative. 


* Dueovery of SvhUrraneal Treasure, 1639 , P* 5 



CHAPTER XX. 

METHOD OF VARIATIONS. 

Experiments may be of two kinds, experiments of 
simple fact, and experiments of quantity. In the first 
class of experiments we combine certain conditions, and 
wish to ascertain whether or not a certain effect of any 
quantity exists. Hooke wished to ascertain whether or 
not there was any difference in the force of gravity at the 
top and bottom of St. Paufs Cathedral. The chemist 
continually performs analyses for the purpose of ascertaining 
whether or not a given element exists a particular mi- 
neral or mixture ; all such experiments and analyses are 
qualitative rather than quantitative, because though the 
result may be more or less, the particular amount of the 
result is not the object of the inquiry. 

So soon, however, as a result is known to be discoverable, 
the scientific man ought to proceed to the quantitative 
inquiry, liow great a result follows from a certain amount 
of the conditions which are supposed to constitute the 
cause ? The possible numbers of experiments are now in- 
finitely great, for every variation in a quantitative condition 
will usually produce a variation in the amount of the effect. 
The method of variation which thus arises is no narrow or 
special method, but it is the general application of experi- 
ment to phenomena capable of continuous variation. As 
Mr. Fowler has well remarked,^ the observation of variations 
is really an integration of a supposed infinite number of 
applications of the so-called method of difference, that is 
pf experiment in its perfect form. 

^ El&rnenta of Inductive LogiCy ist edit. p. 175. 
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In induction we aim at establishing a general law, and 
if we deal with quantities that law must really be expressed 
more or less obviously in the form of an (iquation, or 
equations. We treat as before of conditions, and of what 
happens under those conditions. But the conditions will 
now vary, not in quality, but quantity, and the effect will 
also vary in quantity, so that the result of quantitative in- 
duction is always to arrive at some mathematical expression 
involving the quantity of eacli condition, and expressing 
the quantity of the result. In other words, we wish to 
know what function the effect is of its conditions. We 
shall find that it is one thing to obtain the numerical 
results, and quite another thing to detect the law obeyed 
by those results, the Litter being an opei*ation of an inverse 
and tentative character. 

The Variahle and the Variant, 

Almost every series of quantitative experiments is 
directed to obtain the relation between the different 
values of one quantity which is varied at will, and an- 
other quantity which is caused thereby to vary. We 
may conveniently distinguish these as respectively the 
variahle and the variant. AVhen we are examining the 
effect of heat in expanding bodies, heat, or one of its 
dimensions, temperature, is the variable, length the 
variant. If we compress a body to observe how much 
it is thereby heated, jiressure, or it may be the dimensions 
of the body, forms the variable, heat the variant. In 
the thermo-electric pile we make lieat the variable and 
measure electricity as the variant. That one of the two 
measured quantities which is an antecedent condition of 
the other will be the variable. 

It is always convenient to have the variable entirely 
under our command. Experiments may indeed be made 
with accuracy, provided we can exactly measure the vari- 
able at the moment when the quantity of the effect is 
determined. But if we have to trust to tlie action of 
some capricious force, there may be great difficulty in 
making exact measurements, and those results may not 
be disposed over the whole range of quantity in a con- 
venient manner. It is one prime object of the experi- 
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m enter, therefore, to obtain a regular and governable 
supply of the force which he is investigating. To de- 
termine correctly the efficiency of windmills, when the 
natural winds were constantly varying in force,* would be 
exceedingly difficult. Sipeaton, therefore, in his experi- 
ments on the ^subject, created a uniform ^vind of the 
required force by moving his models against the air on the 
extremity of a revolving arm.^ I'lie velocity of the wind 
could thus be rendef^d greater or less, it could be main- 
tained uniform for any length of time, and its amount 
could be exactly ascertained. In determining the laws of 
the chemical action of light it would be out of the question 
to employ the rays of the sun, which vary in intensity with 
the clearness of the atmosphere, and with every passing 
cloud. One great difficulty in photometry and the investi- 
gation of the chemical action of light consists in obtaining 
a uniform and governable source of light rays.^ 

Fizeau's method of measuring the velocity of light 
enabled him to appieciate the time occupied by light in 
travelling through a distance of eight or nine thousand 
metres. But the revolving mirror of Wheatstone sub- 
sequently enabled Foucault and Fizeau to measure the 
velocity in a space of four metres. In ibis latter method 
there was the advantage that various media could be sub- 
stituted for air, and the temperature, density, and other 
conditions of the experiment could be accuiately governed 
and measured. 


Measurement of the Variahle, 

There is little use in obtaining exact measurements of 
an effect unless we can also exactly measure its conditions. 

It is absurd to measure the electrical resistance of a 
piece of metal, its elasticity, tenacity, density, or other 
physical qualities, if these vary, not only with the minute 
impurities of the metal, but also with its physical con- 
dition. If the same bar changes its properties by being 

* Philosophical Transactions^ vol. li. p. 138 ; abridgment, vol. xL 
P. 355- 

2 See Bunsen and Roscoe’s researches, in Philosophical Transactions 
(1859), vol. cxlix. p. 8S0, &c., where they describe a constant Hame of 
carbon monoxide gas. 
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heated and cooled, and we cannot exactly define the state 
in which it is at any moment, our care in measuring will 
be wasted, because it can lead to no law. It is of little 
use to determine very exactly the electric conductibility of 
carbon, which as graphite or gas carbon conducts like a 
metal, as diamond is almost a non-conductor, and in 
several other forms possesses variable and intermediate 
powers of conduction. It will be of use only for 
immediate practical applications! B(jjpre mejisuring these 
we ought to have something to measure of which the con- 
ditions are capable of exact definition, and to w^liich at a 
future time we can recur. Similarly the accuracy of our 
measurement need not much surpass the accuracy with 
which we can define the conditions of the object treated. 

The speed of electricity in passing through a conductor 
mainly depends upon the inductive capacity of the sur- 
rounding substances, and, except for technical or special 
purposes, there is little use in measuring velocities which 
in some cases are one hundred times as great as in other 
cases. But the maximum speed of electric conduction is 
probably a constant quantity of great scientific im})ortance, 
and according to Prof. Clerk Maxw^elFs determination in 
1868 is 174,800 miles per second, or little less than that 
of light. The true boiling point of water is a point on 
which practical thermometry depends, and it is highly 
important to determine that point in relation to the ab- 
solute thermometric scale. But when water free from air 
and impurity is heated there seems to be no definite limit 
to the temperature it may reacli, a temperature of 180"' 
Cent, having been actually observed. Such temperatures, 
therefore, do not require accurate measurement. All 
meteorological measurements depending on the accidental 
condition of the sky are of far less importance than 
physical measurements in w^hich such accidental con- 
ditions do not intervene. Many profound investigations 
depend upon our knowledge of the radiant energy con- 
tinually poured upon the earth by the sun ; but this must 
be measured when the sky is perfectly clear, and the 
absorption of the atmosphere at its minimum. The 
slightest interference of cloud destroys the value of such 
a measurement, except for meteorological purposes, which 
are of vastly less generality and importance. It is seldom 
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useful, again, to measu:re the height of a snow-covered 
mountain within a foot, when the thickness of the snow 
alone may cause it to vary 25 feet or more, when in short 
the height itself is indefinite to that extent.^ 

Maintenance of Similar Conditions, 

Our ultimate object in induction must be to obtain the 
complete relation between the conditions and the effect, 
but this relation will generally be so complex that we can 
only attack it in detail. We must, as far as possible, 
confine the variation to one condition at a time, and estab- 
lish a separate relation between each condition and the 
effect. This is at any rate the first step in approximating 
to the complete law, and it will be a subsecpient question 
how far the simultaneous variation of severai conditions 
modifies their separate actions. In many experiments, 
indeed, it is only one condition which we wisli to study, 
and the others are interfering forces which we would avoid 
if possible. One of the conditions of the nioticn of a pen- 
dulum is the resistance of the air, or other medium in 
which it swings ; but when Newton was desirous of prov- 
ing the equal gravitation of all subr ances, he had no 
interest in the air. Ilis object was to cboerv(*. a single 
force only, and so it is in a great many other experiments. 
Accordingly, one of the most important precautions in 
investigation consists in maintaining all conditions con- 
stant except that which is to be studied. As that admir- 
able experimental philosopher, Gilbert, expressed it,^ 
“ Tliere is always need of similar preparation, of similar 
figure, and of equal magnitude, for in dissimilar and un- 
equal circumstances the experiment is doubtful.'' 

In Newton's decisive experiment similar conditions were 
provided for, with the simplicity which characterises the 
highest art. The pendulums of which the oscillations were 
compared consisted of equal boxes of wood, hanging by 
equal threads, and filled with different substances, so that 
the total weights should be equal and the centres of oscil- 
lation at the same distance from the points of suspension. 

^ Humboldt’s Cosmos (Bohn), vol. i p. 7 . 

* Gilbert, Be Magnete, p. 10 ^ 
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Hence the resistance of the air became approximately a 
matter of indifference ; for the outward size and shape of 
the pendulums being the same, the absolute force of re- 
sistance would be the same, so long as the pendulums 
vibrated with equal velocity ; and the weights being equal 
the resistance would diminish the velocity equally. Hence 
if any inequality were observed in the vibrations of the two 
pendulums, it must arise from the only circumstance which 
was different, namely the chemical nature of the matter 
within the boxes. No inequality being observed, the 
chemical nature of substances can have no appreciable 
influence upon the force of gravitation.^ 

A beautifid experiment was devised by Dr. Joule for 
the purpose of showing tliat the gain or loss of heat by a 
gas is connected, not with the mere change of its volume 
and density, but with the energy received or given out by 
the gas. Two strong vessels, connected by a tube and stop- 
cock, were placed in water after the air had been exhausted 
from one vessel and condensed in the other to the extent 
of twenty atmospheres. The whole apparatus having 
been brought to a uniform temperature by agitating the 
water, and the temperature having been exactly observed, 
the stopcock was opened, so that the air at once expanded 
and filled the two vessels uniformly. The temperature of 
the water being again noted was found to be almost un- 
changed. The experiment was then repeated in an exactly 
similar manner, except that the strong vessels were placed 
in separate portions of the water. Now cold was produced 
in the vessel from wliich the air rushed, and an almost 
exactly equal quantity of heat appeared in that to which 
it was conducted. Thus Dr. Joule clearly proved that 
rarefaction produces as much heat as cold, and that only 
when there is disappearance of inechaiiical energy will 
there be production of heat,^ What we have to notice, 
however, is not so much the result of the experiment, as 
the simple manner in which a single change in the appa- 
ratus, the separation of the portions of water surrounding 
the air vessels, is made to give indications of the utmost 
significance. 


* Primipia^ bk. iii. Prop. vi. 

^ Philosophical Mo/gaaine, 3rd Series, vol. xxvi p. 375. 
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Collecf/i^)e Ex'periments. 

There is an interesting class of experiments which 
enable ns to observe a number of quantitative Jesuits in 
one act. Generally speaj^ing, each experiment yields us 
but one number, and before we can approach the real 
processes of reasoning we must laboriously repeat measure- 
ment after measurement, until we can lay out a curve of 
the variation of one quantity as depending on another. 
We can sometimes abbreviate this labour, by making a 
quantity vary in different parts of the same apparatus 
through every required amount. In observing the height 
to which water rises by the capillary attraction of a glass 
vessel, we may take a series of glass tubes of different 
bore, and measure the height through which it rises in each. 
But if we take two glass plates, and place them vertically 
in watei, so as to be in contact at one vertical side, and 
slightly separated at the other side, the interval between 
the plates varies through every intermediate width, and 
the water rises to a corresponding height, producing at its 
upper surface a hyperbolic curve. 

The absorption of light in passing through a coloured 
liquid may be beautifully shown by enciosui^^i^ the liquid in 
a wedge-shaped glass, so that we have at a single glance 
an infinite variety of thicknesses in view. As Newton 
himself remarked, a red liquid viewed in this manner is 
found to have a pale yellow colour at the thinnest part, 
and it passes through orange into red, which gradually 
becomes of a deeper and darker tint.^ The effect may be 
noticed in a conical wine-glass. The prismatic analysis of 
light from such a wedge-sliaped vessel discloses the reason, 
by exhibiting the progressive absorption of different rays 
of the spectrum as investigated by 13r. J. H. Gladstone.^ 

A moving body may sometimes be made to mark out 
its own course, like a shooting star which leaves a tail 
behind it. Thus an inclined jet of water exhibits in the 
clearest manner the parabolic path of a projectile. In 
Wheatstone’s Kaleidophone the curves produced by the 
combination of vibrations of different ratios are shown by 

* Watts, Dictionary of Chemistry, vol. iii. p. 637. 
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placing bright reflective buttons' on the tops of wires of 
various forms. The motions are performed so quickly that 
the eye receives tlie impression of the path as a complete 
whole, just as a burning stick whirled round produces a 
continuous circle. The laws qf electric induction are 
beautifully shown when iron filings are brought under the 
influence of a magnet, and fall into curves corresponding 
to what Faraday called the lines of Magnetic Force. 
AVhen Faraday tried to define what he meant by his lines 
of force, he was obliged to refer to the filings. By mag- 
netic curves,” he says,^ I mean lines of magnetic forces 
which* would be depicted by iron filings.” Robison had 
previously produced similar curves by the action of fric- 
tional electricity, and from a mathematical investigation of 
the forms of such curves we may infer that magnetic and 
electric attractions obey the general law of emanation, 
that of the inverse square of the distance. In the electric 
brush we have a similar exhibition of the laws of electric 
attraction. 

There are several branches of science in which collective 
experiments have been used with great advantage. Lich- 
tenberg’s eleatric figures, produced by scattering electrified 
powder on an electrified resin cake, so as to show the con- 
dition of the latter, suggested to Chladni the notion of 
discovering the state of vibration of plates by strewing 
sand upon them. The sand collects at the points where the 
motion is least, and we gain at a glance a conipphension 
of the undulations of the plate. To this method of experi- 
ment we owe the beautiful observations of Savart. The 
exquisite coloured figures exhibited by plates of crystal, 
when examined by polarised light, afford a more compli- 
cated example of the same kind of investigation. They 
led Brewster and Fresnel to an explanation of the properties 
of the optic axes of crystals. The unequal conduction of 
heat in crystalline substances has also been shown in a 
similar manner, by spreading a thin layer of wax over the 
plate of crystal, and applying heat to a single point. The 
wax then melts in a circular or elliptic area according as 
the rate of conduction is uniform or not. Nor should we 
forget that Newton’s rings were an early and most impor- 

* Farada/y*i Hfe, by Bence Jones, vol ii. p. 5. 
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tant instance of investigations of the same kind, showing 
the effects of interference of light undulations of all 
magnitudes at a single view. Herschel gave to all such 
opportunities of observing directly the results of ’a general 
law, the name of Gollcctfve Instances^ and I propose to 
adopt the name Collective Experiments. 

Such experiments will in many subjects only give the 
first hint of the nature of ihe law in question, but will not 
admit of any exact measurements. The parabolic form of 
a jet of water may well have suggested to Galileo his views 
concerning the path of a projectile; but it would not serve 
now for tlie exact investigation of tlie laws of gravify. It 
is unlikely that capillary attraction could be exactly 
measured l)y the use of inclined plates of glass, and tubes 
would probably be better for precise investigation. As a 
gcmeral rul(% these collective experiments woijlvl be most 
useful for ])opular illustration. But when the curves are 
of a precise and permanent character, as in the coloured 
figures produced by crystalline* plates, they may admit of 
exact measurement. Newton’s rings and diffraction fringes 
allow of very accurate measurements. 

Under collective experiments we may perhaps j)lace 
those in which we render visible the ^.lotions of gas or 
liquid by diffusing some opaque substance in it. The 
beliaviour of a body of air may often be studied in a 
beautiful way by the use of smoke, as in the production 
of smoke rings and jets. In the case of liquids lycopodium 
powder is sometimes employed. To detect the mixture of 
currents or strata of liquid, I employed very dilute solutions 
of common salt and silver nitrate, which produce a visible 
cloud wherever they come into contact.^ Atmospheric 
clouds often reveal to us the movements of great volumes 
of air which would otherwise be quite unapparent. 

Periodic Variations. 

A large class of investigations is concerned with Periodic 
Variations. We may define aperiodic phenomenon as one 
which, with the uniform change of the variable, returns 

* Preliminary Discourse^ &c., p. 185. 

» Philosophical Magazine, July, 1857, 4th Series, vol. xiv. p. 24. 
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time after time to the same value. If we stiike a pendu- 
lum it presently returns to the point from wliich we 
disturbed it, and while time, the variable, progresses 
uniformly, it goes on making excursions and returning, 
until stopped by the dissipation of its energy. If one body 
in space approaches by gravity towards anotlun', they will 
revolve round each other in elliptic orbits, and return for 
an indefinite number of times tojthe same relative positions. 
On the other hand a single body projected into empty 
space, free from the action of any extraneous force, would 
go on moving for ever in a straight line, according to the 
first Ikw of motion. In the latter case the variation is 
called sccAtlar, because it proceeds during ages in Ji similar 
manner, and suffers no irepioho^ or going round. It may 
be doubted whether there really is any motion in the 
universe which is not periodic. Mr. Ileibcrt Sptoicc'r long 
since adopted the doctrine that all motion is ultimately 
rhythmical,^ and abundance of evideiuje may l)e adduced 
in favour of his view. 

The so-called secular acceleration of tlie inooifs motion 
is certainly periodic, and as, so far as we can t(^ll, no body 
is beyond the attractive powe*r of other l.)odies, rectilinear 
motion becomes purely hypothetical, or at least infinitely 
improbable. All the motions of all the stars must tend to 
become ])eriodic. Though certain distuibances in the pla- 
netary system seem to be uniformly ] progressive, Laplace 
is considered to have proved that tliey really have tlieir 
limits, so that after an immense time, all the jdaneUiry 
bodies might return to the same places, and the stability of 
the system be established. Such a theory of periodic sta- 
bility is really hypothetical, and does not take into account 
phenomena resulting in the dissipation of energy, which 
may be a really secular process. Tor our present purposes 
we need not attempt to form an opinion on such questions. 
Any change which does not present tlie appearance of a 
periodic character will be empirically regarded as a secular 
change, so that there will be plenty of non-periodic varia- 
tions. 

The variations which we produce experimentally will 
often be non-periodic. When we communicate heat to a 


* H'vTBi Frinci^ks^ 3rd edit. chap. x. p. 253. 
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gas it increases in bulk or pressure, and as i'ar as we can go 
tlie higher the temperattire the higher the pressure. Our 
experiments are of course restricted in temperature both 
above and below, ])ut there is every reason to believe that 
the bulk being the same, the pressure would never return 
to the same ])oint at any two different temperatiiies. . We 
may of course, repeatedly raise and lower the temperatuT j 
at regular or irregular intervals entirely at our will, and 
tlie ])ressure of the gas'' will vary in like manner and 
exactly at the same intervals, but such an arbitrary series 
of changers would not (constitute Periodic Variation. It 
would constitute a succession of distinct experiments, 
wliicli would place beyond reasonable doubt thii connexion 
of cause and effect. 

Whenev(‘r a phenomenon recurs at e([ual or nearly 
eciual interv.als, there is, according to the theory of proba- 
bility, considerable evidence of connexion, becaustc if tlie 
recurrences were entirely casual it is unlikely tliat they 
would hap])en at equal intervals. The fact that a brilliant 
comet had appeared in the years 1301, 1378, 1456, 1531, 
1607, and 1682 g»ave considerable presumption in favour 
of the identity of the body, a])art from similarity of the 
orbit. Th(‘re is nothing which so fascir tes the attention 
of men as the recurrence time after time of .bome unusual 
event. Things and appeara,nces which remain ever the 
same, like mountains and valleys, fail to excite the curiosity 
of a primitive peoyde. It has been remarked by Laplace 
that even in Ins day the rising of Venus in its brightest 
phase never failed to excite surprise and interest. So 
there is little doubt that tlie first germ of science arose 
in the attention given by Eastern peoyde to the changes 
of the moon and the motions of the planets. Perhaps the 
earliest astronomical discovery consisted in proving the 
identity of the morning and evening stars, on the grounds 
of their similarity of aspect and invariable alternation.^ 
Periodical changes of a somewhat comjdicated kind must 
have been understood by the Chaldeans, because they were 
aware of the cycle of 6585 days or 19 years whicli brings 
round the new and full moon upon tlie saline days, hours, 
and even minutes of the year. The earliest efforts of 

Laplac^e, System of the World, vol. i. pp. 50, 54, &c. 
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scientilic prophecy were founded upon this knowledge, 
and if at present we cannot lielp^ wondering at tlie ])recise 
anticipations of the nautical almanack, we may imagine 
the wonder excited hy such predictions in early times. 


Crnnhincd Period Ir Changes. 

We shall seldom find a body su]>ject to a singl(‘ periodic 
variation, and free from otlier vlistur])arices. We may ex- 
pect the periodic variation itself to undergo variation, 
which may possibly be secular, but is more likely to 
prove periodic ; nor is tlicre any limit to the complication 
of periods beyond periods, or p(u-iods within periods, which 
may ultimately be disclosed. In studying a ))henonienon 
of rhythmical character we have a succession of (piestion.s 
to ask. Js the periodic variation uniform ? If not, is the 
change uniform ? If not, is the change itself ]uu‘iodic? 
Is that new period uniform, or subj(^ct to any r>t her cLange, 
or not ? and so on ad i/ij/idfion. 

In some cases there may be many distinct causes of 
periodic variations, and according to the princi})le of the 
superposition of small ellects, to be aftfU'wards considered, 
these periodic effeids will be sini[)ly Jidded tog(dher, or at 
least approximately so, and the jr)int result may present a 
very complicated suliject of investigation. The tides of 
the ocean consist of a .series of superimpo.sed undulations. 
Not only are there the ordinary semi-diurnal tides caused 
by sun and moon, but a series of minor tides, such as the 
lunar diurnal, the solar diurnal, the lunar monthly, the 
lunar fortnightly, the .solar annual and solar semi-annual 
are gradually being disentangled by the labours of Sir W. 
Tliomson, Professor llaiighton and others. 

Variable stars present interesting periodic phenomena ; 
while some stars, S Cephei for in.stance, are subject to very 
regular varialion.s, othei.s, like Mira (hdi, are less constant 
ill the degrees of brilliancy wliicb they attain or the 
ra[)idity of the changes, possibly on mtcouniof some longcu’ 
periodic variation.^ The star ^ I^yra) ])resent.s a double 
maxiiniim and minimum in each of its pfuiods of nearly 13 
d lys, and since the discovery of this variation the period 


‘ HerscheFs of Astronomy, 4th pp. 555 — 557. 
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in a period has probably been on the increase. At first 
the variability was more rapid, tlien it Ijecaine gradually 
slower ; and this decrease in the length of time rcaclau] 
its limit between the years 1840 and 1844. .During that 
time its pei iod was nearly invariable ; at present it is again 
decnledly on the decrease.^ The tracing out of such 
complicated variations presents an unlimited field for in- 
teresting investigation. The number of such variable stars 
already known is considerable, and there is no r/ 3 ason 
to suppose that any appreciable fraction of the whole 
number has yet been detected. 

Principle of Forced Vihraiions. 

Investigations* of the connection of periodic causes and 
effects rest upon a principle, which has l)een demonstrated 
by Sir John llerschel for some special cases, and clearly 
explained by him in several of his works.- The principle 
may be fonmilly stated in the following manner : “ If one 
])ait of any system connected together either l,)y material 
tics, or by the mutual attractions of its members, be con- 
tinually maintained by any cause, whether inherent in 
the ( onstitution of the system or extern 1 to it, in a state 
of regular periodic motion, that motion will be pi opagated 
throughout the whole system, and will give rise, in every 
member of it, and in every part of eacb member, to 
j)eriodic movements executed in equal periods, with that 
to which tliey owe th.eir origin, though not necessarily 
synchronous with them in their maxima and minima.” 
j'he meaning of th(^ pro[)ositiou is that tlie effect of a 
periodic cause will be jicriodic, and will recur at intervals 
equal to those of the cause. Accordingly when we find 
two phenomena whicli do procjeed, time after time, through 
(dianges of the sanu‘ period, there is much ])robabllity 
that they are connected. In this manner, doubtless, Dliny 
correctly inferred that the cause of the tides lies in the 
sun and the moon, the intervals between siicces.sive high 
tides being equal to the iutervails between the moon’s 

* HuiiiboldPs Cosmos (Bohn), vol. iii. p. 229. 

Encyclopmdia Metropolitana^ art. p:>ound, § 3~3 ; Chitlin rs of 
Astroiiomy, 4th edit., § 650. pp. 410,487 — 88; Meteorology, Fncy- 
clopccdia Britannicay Reprint, p. 197. 
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passage across the meridian. Kepler and Descartes too 
admitted the connection previous to Newton's demonstra- 
tion of its precise nature. When Hradlcy discovered ilie 
apparei>t moticui of the stars arising from the aberration 
of liglit, he was soon able to attribute it to tlie earth’s 
annual motion, because it went through its phases in a 
year. 

The mo.st beautiful instance of induction concerning 
periodic changes which can l*e cited, is the discovery of 
an eleven-year period in various meteorological pheno- 
mena. It woidd be didicult to mention any two things 
appa.enlly more disconnected than th(‘ spots upon the 
sun ami auroras. As long ago as i82(3, Schwabe com- 
menced a regular series of observations of the si)Ots upon 
the sun, which has been continued to‘ the present time, 
and he was able to show that at intervals of about 
eleven years the spots increased much in size and number. 
Hardly was this discovery made known, whem Lanioiit 
])ointed out a nearly (‘qual period oi' variation in the 
declination of the magnetic needle. Magnetic storms or 
sudden disturbances of the needle wcu’e next shown to 
Take place most frequently at tlie times when sun-spots 
were prevalent, and as auroras are gcuKU’ully coincident 
with magnetic storms, these ])henomena were brought 
into the cycle. It lias since been shown by Profes.sor 
Piazzi Smyth and Mr. PI J. Stone, that the temperature 
of the earth’s surface as indicated by sunken thermome- 
ters gives some evidence of a like period. The existence 
of a periodic cause having once been established, it is 
quite to he expected, acc^ording to the principle of forced 
vibrations, that its influence will be detected in all 
meteorological phenomena. 

Integrated Varia t io ns. 

In considering the, various modes in which one effect 
may depend \ipou another, we must set in a distinct 
class those wliicli arise from the accumulated effects of 
a constantly acting cause. When water mm out of a 
cistern, the velocity of motion depends, according to 
Tondcelli's theorem, on the height of the surface of the 
\vate*‘ above the vent; but the amount of water which 
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leaves the cistern in a given time depends upon the 
aggregate result of that velocity, and is only to be 
ascertained by the matliematical process of inUgration. 
When one gravitating body falls towards anotlier, the 
force of gravity varies according to the inverse square 
of the distance^ to obtain the velocity produced we 
must integrate or sum the effects of that law ; and to 
obtain the space passed dver by the body in a given 
time, we must integrate again. 

In periodic variations the same distinction must be 
drawn. The heating power of the sun’s rays at - any 
])lace on the earth varies every day witli the height 
attained, and, is greatest about noon; luit the tempera- 
ture of tlie air will not be greatest at the same time. 
This temperature is an integrated effe(it of 'the sun’s 
heating power, and as long as the sun i.s able to give 
more heat to tlie air than the air loses in other ways, 
the temperature continues to rise, so that the maximum 
is deferred until about 3 P.M. Similarly the hottest day of 
the year falls, on an average, about one month later than 
the summer solstice, and all the seasons lag about a month 
behind the motions of the sun. In the ca. e of the tides, 
too, the effect of the moon’s attractive power is never 
greatest wlien the power is greatest; the effect always 
lags more or less behind the cause. Yet tiie intervals 
between successive tides are equal, in the absence of dis- 
turbance, to tlie intervals between the [lassages of the 
moon acro.ss the meridian. Thus the principle of forced 
vibrations holds true. 

In periodic phenomena, however, curious results some- 
times follow from the integration of effects. If we strike 
a pendulum, and then re])eat the stroke time after time at 
the same part of the vibration, all the strokes concur in 
adding to the momentum, and we can thus increase the 
extent and violence of the vibrations to any degree. We 
can stop the pendulum again by strokes applied when it 
is moving in the opposite direction, and the effects being 
added together will soon bring it to rest. Now if wc 
alter the intervals of the strokes so that each two siu.- 
cessive strokes act in opposite maimers they will ueutmliso 
each other, and the energy expended will be turned into 
heat or sound at the point of percussion. Similar effects 
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occur ill all cases of rhythmical ihotion. If a musical note 
is sounded in a room containing a piano, the string corre- 
sponding cto it will be thrown into vibration, because every 
successive stroke of tlie air-weaves upon the siring tinds 
it in like position as regards the vibration, and thus adds 
to its energy of motion. But the other strings being incap- 
able of vibrating with tlie same rapidity are struck at 
various points of their vibrations, and one stroke will 
soon be opposed by one contrary in effect. All ])h(mo- 
niena of resonance arise from this coinciilence in time of 
undulation. The air in a pipe closed at one end, and about 
12 inches in length, is capable of vibrating 512 times in 
a second. If, then, the note C is sounded in front of the 
open end of the ])ipe, every succ(‘ssive vilmition of the air 
is treasureil up as it were in the motion of the air. In 
a pipe of ditferent length the pulses of air w’ouhl strike 
each other, and the mechanical energy being transmuted 
intf) heat would become no longer ])eice]>tible as sound. 

Accumulated vibrations sometimes become so intense! 
as to lead to unexpected results. A glass vessel if touclied 
with a violin Ijowat a suitable point may be fractured with 
the violence of vibrati(*n. A suspension bridge may be 
broken down if a comj)any of soldiers walk across it in 
steps the intei'vals of wdiich agree with tlie vibrations of 
the bridge itself But if tliey break tlu*- step or march 
in either quicker or shnver ])ace, they may have no i>er- 
ceptible effect upon the bridge. In fact if the impulscjs 
communicated to any vibrating body are synchronous with 
its vibrations, the energy of those vibrations will be un- 
limited, and may fracture any body. 

Let us now" consider w"hat will liappen if the strokes be 
not exactly at the same intervals as the vibrations of the 
body, but, say, a little .slower. Then a succession of strokes 
wdll meet the body in nearly but not quite the same position, 
and their efforts will be accumulated. Afterw'ards the 
strokes will begin to fall wdien the body is in the o])posite 
])hase. Imagine that one pendulum moving from one ex- 
treme point to another in a second, shouhl be struck by 
another pendulum which makes 61 heats in a mimitc!; 
then, if the pendulums commence tog(dher, they will at 
the end of 30J beats be moving in opposite directions. 
Hence whatever energy was communicated in the first 
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half minute will be iieiihulised by tlie opposite ellect of 
tliat given in the second half. The efiect of the strokes of 
the second pendiduin will therefore be alternate^ to in- 
crease and (iccrease the vibrations of the (irst, so that a, 
new kind of vibration will be produced riimiing through 
its ])lrases in 6j seconds. An effect of this kind was 
actually observed ])y Kllicott, a inenil)er of the Itoyal 
Society, in tlie case of two clocks.^ lie found that 
tlji'oULdi tlie wood-work by which the clocks were con- 
nected a slight impulse was transmitted, and each pen- 
diiluni alternately lost and gained momentum. Each 
clock, in fact, tended to stop the other at regular iiu('rvals, 
and in the intermediate times to be stopped by the other. 

jMany disturbances in tlH‘ planetary system dejiciid 
upon tlie sanui i»iineiph‘; Ibr if one planet, liaiipens 
always to ])ull aiiotlun’ in the same direeiion in similar 
parts of their orhits, the elfeets, liowever slight, will he 
aceumuhited, and a disturbanee of large ultimate amount 
and of long period will he produced. The long inequality 
ill the motions of Juiiite: and Saturn is thus due to the 
hict that live times tlie ineau motion of Saturn is very 
nearly equal to twice the mean motion o! Tiqiiter, causing 
a coincidence in their relative positions UiUl di.-durhing 
powers. The lolling of ships depends mainly ujioii the 
question xvhether the jieriod of vibration of the ship 
corresponds fir not with the intervals at which the waves 
strikfi her. IMuch which seems at first sight unaccount- 
able in the behaviour of vessels is thus explained, and the 
loss of the Captain is a sad case in point. 


* ChilosopJiiad Tran sad ions, (1739), xli. j). 126. 
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THKOHY OF APPriOXIM ATION. 

In order that we may gain a true iiuderytaiuling of tlie 
kind, degre(\ and value of the knowledge which wc ac- 
quire Ijy experimental investigation, it is requisite tliat 
we should he fully conscious of its approximate character. 
AVe must learn to distiuguisli between what we can know 
and cannot know — between the questions which admit of 
solution, and tlioso which only seem to be solvecL ^Many 
])ersons may In) misled by llie expression exact science, 
and may think that the knowledge ac(piired by scientific 
metluKls admits of our reaching absolutely true laws, 
exact to the last degree. There is even a prevailing 
impression tliat when once mathematical forniuke have 
been successfully a])plied to a branch of science, this por- 
tion of knowledge assumes a new nature, and admits of 
reasoning of a higher character than tliose sciences which 
are still unrnatheniatical. 

The very satisfactory degree of accuracy attained in the 
science of astronomy gives a certain jdausibility to erro- 
neous notions of this kind. Some persons no doubt con- 
sider it to be proved that planets move in ellipses, in such 
a manner that all Kepler’s laws hold exactly tnie ; but 
there is a doulde error in any such notions. In the first 
place, Kepler’s law.s are 7iot proved^ if by proof wc mean 
certain dernoustration of their exapt truth. In the next 
place, even assuming Kepler’s laws to be exactly true in a 
theoretical point of view, the planets never move according 
to those laws. Even if we could observe the motions of a 
planet, of a perfect globular form, free from all perturbing 
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or retarding forces, we cJbuld never prove that it moved 
in a perfect ellipse. To ]>rove tlie elliptical form we 
should have to measure infinitely small angles, and in- 
finitely small fractions of a second ; we shoula have to 
perform impossibilities. «A11 we can do is to show that 
the motion of . an iinperturlied planet approaches vtry 
nearly to the form of an ellipse, and more nearly the 
more accurately our obsewations are made. But if we go 
on to assert that the path is an ellipse we pass beyond 
our data, and make an assumption wljich cannot be veri- 
fied by observation. 

Ihit, secondly, as a matter of fact no ])]anet docs move 
in a ])erfect ellipse, or manifest the ti nth of Keplers laws 
exactly. Tlu* law of gravity prevents its own results 
from being clearly exhibited, lutcause the mutual }tertur- 
balions of tbe ])lanets distort the elliptical ])aths. Those 
laws, again, hold exactly true only of iidinitely small 
bodies, and when two great globes, like the sun and 
Ju])iter, attract each other, the law must be modified. 
The ]H‘riodic time is then sliortened in the ratio of the 
S([uare root of the numher expressing the suiTs mass, to 
that of the sum of the numbers oxpres. ug tint masses of 
the sun and jdanet, as was shown by Newum.^ Even at 
the present day discrepancies exist between the observed 
dimensions of the ])lanetary orbits and their theoretical 
magnitudes, after making allowance for all disturbing 
causes.- Nothing is mon^ certain in scientific method 
than tliat approximate coincidence alone can be expected. 
Ill tbe measurement of continuous quantity perfect corre- 
spondence must be accidental, and should give rise to 
suspicion rather than to satisfaction. 

One remarkable result ol' the approximate character of 
our observations is that we could never prove the existence 
of perfectly circular or jiaraholic movement, even if it 
existed. The circle is a singular case of the ellipse, for 
wliich the eccentricity is zero ; it is infinitely improbable 
that any ])lanct, even if undisturbed l)y other bodies, 
would have a circle for its orbit; but il‘ the orbit were a 
circle we could never prove the entire absence of eccen- 

' Prhicijnaj bk. iii, Brop. 15. 

2 Lockyer’s Lofsons in FAemmt 4 if\t Astronomy^ p. 301. 
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tricity. All that we could do \%'i)iild be to declare tlie 
divergence from Uie circular form to be inapj)ieciable. 
Delambre ^was unable to detect llie sliglitcst ellipticity 
in the orbit of Ju})iter s first satellite, but be could only 
infer that the orbit was nearly circular. The parabola is 
the singular limit between the ellipse and the hyperbola. 
As there are elliptic and ]iv[)erl)olic coiiuds, so we might 
conceive the existence of a parabolic comet. Indeed if an 
undisturbed comet fell towards the sun fioiii an iiiliiiite 
distance it would move in a parabola ; but we could iiev('i 
prove that it so moved. 

Sulstitntwri of Simple Jlypothescs. 

In truth .Tiieii never can solve ])roblems fultilling the 
complex cirGumstances of iialure. All laws and ex})jiLna- 
tiojis are in a certain sense h v])otlK‘tica], and ap|)ly exact ly 
to nothing whicli we can know to (exist. In place ('>f the 
actual objects which we see and feel, tlie matliematiciaii 
substitutes imaginary o])jects, only j)artia1]y resianlding 
those represtiiited, hut .so devisijd tliat the discn*j)ancies 
are not of an amount to altcT seriously ihe character of 
the solution. When we probe the matter to tiie l)otiom 
physical astronomy is as liypolheticxal as Euclid’s elements. 
There may exist in nature perfect straight lines, triangl(*s, 
circles, and otlier regular geometric-id iigures ; to our 
science it is a matbu* of indifference whether tlu-y do or 
do not exist, becau.se in any case they must l>e beyond 
our powers of ]>erception. If we submitted a peiiect 
circle to the most rigorous .scrutiny, it is impossible Unit 
we should discover whetlier it were perfect or not. 
Nevertheless in geometry we argue eoneeruing perf(‘ct 
curves, and rectilinear iigures, and tlie conclusions apply 
to existing objects so far as we can assure oursedves that 
they agree with tin; hy])otlietical conditions of our 
reasoning. This is in reality all that we can do in the 
most perfect of the sciences. 

Doubtless in astronomy we meet with the nearest ap- 
proximation to actual conditions. The law of gravity is 
not a complex one in itself, and we believe it with mucli 
probability to be exactly true; but we cannot calculate 
out in any real case its accurate results. The law asserts 
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tluit every particles of ni£ttter in the universe attracts every 
otliei* particle, with a force depending on tlie masses of 
the pfirticles and their distances. We cannot know the 
force acting on any particle unless we know tlie masses 
and distances and ])Ositi^ns of all otlier particles in the 
universe. Tlu; jdiysical astronomer has made a sweeping 
assumption, namely, that all tlie millions of existing 
systems exeit no perturbing ellects on our planetary 
system, that is to say, no etfects in the least appreciable. 
"Jhe problem at once becomes bypothelical, Ijecause there 
is little doubt tli at gravitation between our sun and planets 
and othei' systems does exist. Even wlum they consider 
the relations of our jhinetary bodies inter se, all their 
lU'ocesses are only approximaPr In the iirst ])laee they 
assume that (‘aeli of tlu‘ planets is a perfeh ellipsoid, 
with a smootli surface ami a. homogeneous interior. That 
this assum])tion is untrue every mountain and valley, every 
sea, every mine affords (‘onclusive cvidiinee. Jl‘ astronomers 
are to make their calculations perfect, they must not only 
take account of the Himalayas and the Andes, ])ut must 
calculate separately the attraction of ('very hill, nay, of 
every aiit-ldjl. So fai* are th(*y from 'aving considered 
any local inequality of tln^ surfaci*, that tluy have not yet 
decided upon the g(meral form of iiie earth ; it is still a 
matter of speculation whether or not the earth is an ellip- 
soid witli three uneciual axes. If, as is ])robable, the globe 
is iiregularly compressed in some directions, the calcula- 
tions of astronomers will have to be repeated and refined, 
ill order that they may ap[)roximate to the attractive 
])Ower of such a body. If we cannot accurately learn the 
form of our owm earth, how can w^e expect to ascertain 
that of the moon, the sun, and other planets, in some of 
which probably are irregnlarities of greater proportional 
amount? 

in a further wuiy the science of physical astronomy is 
merely approximate and liypotlietical. Given liomogeneous 
ellipsoids acting upon each otlier according to the hiw of 
gravity, the best matbeinaticians have never and perhaps 
never will determine exactly the resulting movements. 
I^vcn wdieii three ]»odies simultaneously attract each other 
the complication of etfects is so great that only approxi- 
mate calculations can be made. Astronomers have not 
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even attempted the general problem of the simultaneous 
attmctions of four, five, six, or more bodies ; they resolve 
the general problem into so many different problems of 
three bodies. The principle upon which the calculations 
of physical astronomy pmceed, is to neglect every quantity 
which docs not seem likely to lead to an effect appreciable 
in observation, and the quantities rejected are far more 
numerous and complex than the 'few larger terms which 
are retained. All then is merely approximate. 

Concerning otlier branches of physical science tlie same 
statements are even more evidently true. We speak and 
calculate about inflexible bars, inextensible lines, heavy 
points, homogeneous substances, ludfonu spheres, perfect 
fluids and gases, and we deduce a great number of beautiful 
theorems; but all is by))othetiea]. There is no sucli 
thing as an inflexible bar, an inexti iisihle line, nor any one 
of the other perfect objects of meelianical scienct^ ; they 
are to be classed with those inytliical existem'.es, the 
straight line, triangle, circle, &c., about which Eiicli'i so 
freely reasoned. Take the simjdest oi)evatiuu considered 
in statics — the use of a crowbar in raising a li(‘avy stone, 
and we shall find, as Thomson and Tail have pointed (nit, 
that we neglect far more than we observed If we suppose 
the bar to be quite rigid, the fulcrum and stone perfectly 
hard, and the i)oiiits of contact real points, we may give 
the true relation of the forces, Hut in reality the l>ar must 
bend, and the extension and compression of different jrarts 
involve us in difficulties. Even if the bar be Iminoge- 
neous in all its parts, there is no mathematical theory 
capable of determining with accuracy all that goes on ; if, 
as is infinitely more probable, the bar is not liomogeneous, 
the complete solution will be immensely more complicated, 
but hardly more hopeless. No sooner had we determined 
the change of form according to simple mechanical princi- 
ples, tlian we should discover tlie interference of thernio- 
dynamic principles. Compression produces liojit and 
extension cold, and thus tlie conditions of the proldem art* 
modified throughout. In attempting a fourth aijproxima- 
tion we sliould liave to allow for the conduction of heat 
from one part of the bar to ano her. All these effects arc 
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utterly inappreciable in a practical point of view, if the 
bar be a good stout one ; but in a theoretical point of 
view they entirely prevent our saying that we have solved 
a natural problem. The faculties of the hiynan mind, 
even when aided by tlie wonderful powei'S of abbreviation 
conferred by analytical *j>iethods, are utterly unable to cope 
with the complications of any real problem. And had 
we exhausted all the known phenomena of a mechanical 
problem, liow can we teK that hidden phenomena, as yet 
undetected, do not intervene in the commonest actions ? 
It is plain that no phenomenon comes within the sphere of 
our senses unless it possesses a momentum capable of 
irritating the ap])ropriate nerves. There may then be 
worlds of phenomena too slight to rise within the scope of 
our consciousness. 

All the instrunient.s with wliicli we perform our measure- 
ments are faulty. AVe assume that a plumb-line gives a 
vertical line; but this is never true in an absolute sense, 
owing to the attraction of mountains and other inequalities 
in the surface of tlie earth. In an accurate trigonometrical 
survey, tlie divergencies of the pluml)-line must be ap- 
proximately determined and allowed for. We assume a 
siP'face of mercury to be a perfect plane, but even in the 
breadth of 5 inches there is a calculable Ji 'mergence from a 
true plane of aliout one ten-millionth part of an inch ; and 
this surface further diverges from true horizontality as the 
plumb-line does from true verticality. That most perfect 
instrument, the pendulum, is not theoretically perfect, 
except for infinitely small arcs of vibration, and the 
delicate experiments performed with the torsion balance 
proceed on the assumption that the force of torsion of a 
wire is proportional to the angle of torsion, which again is 
only true foi* infinitely small angles. 

Such is the purely approximate character of all our 
operations that it is not uncommon to find the theoretically 
worse method giving truer results than the theoretically 
perfect method. The common pendulum which is not 
isochronous is better lor practical purposes than the 
cycloidal pendulum, whicli is isochronous in theory but 
subject to mechanical difficulties. The spherical form is 
not the correct form for a speculum or lense, but it differs 
so slightly from the true form, and is so much mere easily 
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produced mechanically, that it is generally host to rest 
content with the spherical surface. Even in a six-feet 
mirror the dinerence between the ])arab()la and the sphei’e 
is only about one teii-thoiisandth part of an inch, a thick- 
ness which would be tfiken olf in a few rubs of the ])olisher. 
Watts* ingenious parallel motion was intended to ])roduce 
rectilinear movement of the piston-rod. ,In reality the 
motion was always curvilinear, but for his pur})oses a 
certain part of the curve approximated sufliciently to a 
straight line. 


Approximation to Exact Laws. 

Though we can not prove numerical laws with perfect 
accuracy, it would be a great mistake to siip[)Ose that 
there is any inexactness in the laws of nature. We 
may even discover a law which we ])ebeve to re]nc*sent 
the action of forces with pertect exactne.ss. The niiml 
may seem to pass in advance of its data, and choose out 
certain numerical lesults as alisolutely true. We. can 
never really ])ass beyond our data, and so far as assump- 
tion enters in, so far want of certainty will attach to our 
conclusions ; nevertheh‘ss we may sometimes rightly j)refer 
a probable assumption of a preci.se law to numerical results, 
which are at the l)est only aj>proximate, W(‘ must acconl- 
ingly draw a strong distinction i)etween the laws of natui'c 
which we belie vai to be accurately stated in our formula.s, 
and those to which our statements only make an a[)proxi- 
raation, so that at a I'ulure time the law will be differently 
stated. 

The law of gravitation is expressed in the form 

F — meaning that gravity is })roportional directly to 

the product of the gravitating mas.ses, and indirectly to tin* 
square of their di.stance. The latent heat of steam is ex- 
pressed by the ecjuation lug V - a 4 ha* -4 c/S^ in which are 
jive quantities a, h, c, a, / 3 , lobe determinetl by experiment. 
There is every reason to believe that in the progress of 
science the law of gravity will remain entirely unaltered, 
and the only effect of further inquiry will be to render it a 
more and more probable expression of the absolute tnitli. 
The law of the latent heat of steam on the other hand, will 
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l)(3 moditied by every new series of experiiiieiits, and it may 
not improba])ly be show^ that the assumed law can never 
be made to a^Tee exactly witli the results of experiment. 

Philoso])liers have not always supposed tliat jLlie law of 
[gravity was exactly true. Newton, though he had the 
highest confidence in its truth, admitted that there were 
motions in tl^c planetary system which he could not 
reconcile with the law. Euler and Clairaut who were, 
with D’Alembert, the hrst to apply the full powers of 
matliematical analysis to the theory of gravitation as ex- 
plaining the perturbations of the planets, did not think 
the law sulhciently established to attrilnite all discr(^pancies 
to the errors of calculation and observation. They did 
not feel certain that the force of gravity exactly obeyed 
the well-known rule. The law might involve other powers 
of the distance. It might be expressed in tlie form 


F = 


* ** 



and the coenit.ients a and c might be so small that those 
terms would bcHtome apparent only in very accurate 
comparisons with fact. Attempts liave been made to 
account for ditHculties, by attributing value to such 
neglected terms, (lauss at one time thought the even 
mcie fundamental principle oi‘ gravity that the force 
is dependent only on mass and distance, might not 
be exactly ti'ue, and he undertook accurate pendulum 
experiments to test this opinion. Only as repeated 
doubts have time after time been resolved in favour of 
the law of Newton, has it been assumed as precisely 
correct. Hut this belief does not rest on experiment or 
observation only. The calculations of physical astronomy, 
however accurate, could never show that the other terms 
ot tlie above expression were absolutely devoid of value. 
It could only be shown that ttiey had such slight value 
as never to become apparent. 

There are, however, other reasons why the law^ is pro- 
bably complete and true as commonly stated. Whatever 
influence spreads from a point, and expands uniformly 
tlirough space, wdll doubtless vary inversely in intensity 
as the square of the distance, because the area over which 
it is spread increases as the square of the radius. This 
part of the law of gravity may be considered as due to 
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tlie properties of space, and there is a perfect analogy 
in this respect between gravity "and all other emanating 
forces, as was pointed out by Keill.^ Thus the undulations 
of light, heat, and sound, and the attractions of electricity 
and magnetism obey the very same law so far as we can 
ascertain. If the molecules of a gas or the particles 
of matter constituting odour were to start from a point 
and spread uniformly, their distances would increase and 
their density decrease according to the same principle. 

Other laws of nature stand in a similar position. l)alton*s 
laws of definite combining proportions never have been, 
and never can be, exactly proved; but chemists having 
shown, to a considerable degree of approximation, that 
the elements combine together as if each element had 
atoms of an invariable mass, assume that this is exactly 
true. They go even further. Trout pointed out in 1815 
that the equivalent weiglits of the elements appeared to 
be simple numbers ; and the researches of Dumas, Telouze, 
Marignac, Erdmann, Stas, and others have gradually nm- 
dered it likely that the atomic weights of hydrogen, carbon, 
oxygen, nitrogen, chlorine, and silver, are in tlie ratios of 
the numbers i, 12, 16, 14, 3S‘S, and 108. Chemists then 
step beyond their data; they throw aside their actual 
experimental numbers, and assume that the true ratios 
are not those exactly indicated by any weighings, but the 
simple ratios of these numbers. They boldly assume that 
the discrepancies are due to experimental errors, a!id they 
are justified by the fact that the more elaborate and skdful 
the researclies on the subject, tlie more nearly their as- 
sumption is verified. Potassium is the only element whose 
atomic weight has been determined with great care, but 
which has not shown an approacli to a simple ratio with 
the other elements. Tliis exception may be due to some 
unsuspected cause of error.^ A similar assumption is 
made in the law of definite combining volumes of gases, 
and Brc^die has clearly pointed out the line of argument 
by which the chemist, observing that the discrepancies 
between the law and fact are within the limits of ex- 
perimental eiTor, assumes that they are due to error.^ 

* A% Introduction to Natural FhiloBophy^ 3rd edit. 1733, p, 5. 

2 Watte, Dictionary of Chemistry^ vol. i. p. 455. 

3 Fhilofophical TransactimSf (18^) vol. clvi. p. 809. 



XXI.] 


THKORY OF APPROXIMATION. 


465 


Faraday, in one of his r(\searches, expressly makes an 
assumption of flie same kind. Having shown, with some 
degree of experimental pre(iision, tliat tliere exists a simple 
pro])ortioii between quantities of electrical eiier^ and the 
quantities of chemical substances which it can decompose, 
so that for every atom dissolved in tlie battery cell an 
atom ouglit thepretically, that is without regard to dissi- 
pation of some of the energy, to be decomposed in the 
electrolytic c(ill, he does not stop at his numerical results. 
‘‘ I liave not hesitated,’' he says,^ “ to apply the more strict 
results of chemical analysis to correct the numbers obtained 
as electrolytic results. This, it is evident, may done 
in a great number of cases, without using too much liberty 
towards the due severity of scientilic research.” 

The law of the conservation of energy, one of the widest 
of all physi('al generalisations, rests u])on the same footing. 
The most that we can do by experiment is to sliow that 
the energy entering into any experimental combination is 
almost equal to what comes out of it, and more nearly -so 
the more accurately we perform the measurements. Ab- 
wSolute equality is always a matter of assumption. We 
cannot even prove the indestructibility of matter; for 
were an exceedingly minute fraction of existing matter to 
vanisli in any experiment, say one paia. in ten millions, 
we could never detect the loss. 

Successive A pproximut ions to Natural Conditions. 

When we examine the history of scientific problems, we 
find that one man or one generation is usually able to 
make but a single step at a time. A problem is solved 
for the first time by making some bold liypotbetical 
simplification, upon whicli the next investigator makes 
hypothetical modifications approacliing more nearly to 
the truth. Errors are successively pointed out in,previoiis 
solutions, until at last there might seem little more to 
be desired. Careful examination, however, will show that 
a series of minor inaccuracies remain to be corrected and 
explained, were our powtUvS of reasoning sufficiently great, 
and the purpose adequate in importance. 

^ Experimental Rmardm in Electricityj vol. i. p. 246. 
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Nowlou’s isuccesstiil solution ot the l>i’t>i>lem of the 
planetary movements entirely (h^pended n])on a 

great simplification. The law oi* gravity n])plies 

directly to two intiiiitely small particles, so thiu ^ when we 
deal with vast globes like the earth, Jupiter, aim I..^^*e 
sun, wi' liave an immense aggregate ot separate attractions 
to deal with, and the law ot the aggregat(j need not coincide 
with the law ot the elementary ])articles. Ikit Newton, 
by a great effort ot mathematical reasoning, was able to 
show that two homogeneous sphere.s ot matter act as it 
the whole of their masses were concent rat(Ml at Ihti centres ; 
in short, that sucli spheres are ceiitrobaric bodies (p. 364). 
lie was then ahh* with comparative ease to calcnlalo, th(‘ 
motions ot the planets on tlie hypotliesis ot thoir being 
splieres, and to show that the i*e.'^ults roughly agre(‘d with 
observation. Newtou, indeed, was one ot the few men 
who could mak(‘ two great ste])s at r)nc(‘. Jbj did not 
rest contented with the spherical hypotliesis; having 
i*ejisou to believe that th(‘ eartli was really a sjilieroid 
with a ])rotuberance around the eipiator, he ]>rocecded to 
a secMUid approximation, and proved that tlie attraction ot 
the iirotiiberant matter upon tin? moon accounted tor the 
precession ot tiie ('(|uinoxes, ami le.d to various ('.om)dic;ite<l 
e.lfects. But, (}). 459), even the, s[>heroidaI hy|)<>thesis is 
tar from the truth. It takes no account ot the irregu- 
larities ot surhiee, (lie great protuberance ot land in 
Central Asia and Soutii Amcricai, and the dclicicncy in 
the bed ot the Atlantic. 

To determine the law according to whie.h a pnijcctile, 
such as a cannon ball, moves tlirougb the atniospluue is 
a problem very imperlectly solved at the present day, but 
in wbich many successive advances have iieen made. So 
little was known concerning tlie subject thn*e or four 
centuries ago that a cannon liall was supjKiscd to nutve 
at first in a straight line, and after a time to be dellected 
into a curve. Tartaglia ventured to maintain that (he 
patli was curved tliroiighout, as by thti jainciplo of con- 
tinuity it should be; but tlie ingenuity of (lalileo was 
required to prove this opinion, and to show that the curve 
was approximately a parabola. It is only, however, under 
forced hypotheses that we can assert the [lath of a proj(*c- 
tile to be truly a parabola : the path must be througli a 
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perfect vacuurj, where there is no resistin^^^ inediinn of any 
kind ; the force of gnfvity iiuist h(‘ nuiforin and act in 
parallel lines ; or else the moving body must be either a 
mere point, ora perfect centrobaric body, that^ is a body 
possessing a definite ctnitro of gravity, ddiese conditions 
cannot be really fultilled in practice. The next great step 
in tlic ])roblen^i was made by Newton and Hiiyghens, the 
latter of whom asserted that the atmosphere would offer a 
rc'sistance ])ro])orti.)nal to the velocity of the moving body, 
and concluded that the path would have in consequence 
a logarithmic character. Newton investigated in a general 
manner th(‘ subject of resisting media, and cam^ to th(‘ 
conclusion that tlu^ resistance is moifi m'arly ])ropoitional 
to tlui squai-e of the vidocity. The subject then fell into 
the hands of 1 )ani(d Bernoulli, who pointed out the enor- 
mous resistance of the air in cases of rapid, movement, 
and calculated that a cannon ])all, if fired vertically in a 
vacuum, would rise eight times as higli as in the atino- 
spher(*. Ill recimt times an immense amount both of 
theoridical and exiierimental iii'-estigation has been sj^ent 
u])()n the subject, since it is one of importance in the art 
of war. Succt‘ssiv(* a]q)roxiniations to the true law have 
h(‘(‘n inad(‘, hut nothing lika; a conqilele and tinal solution 
has l)«‘(m achieved or even hoped h)r.^ 

It is quite to be. ex]iected that the earliisst experimenters 
in any hraneh of science will overlook errors which after- 
wards become most 'appaient. Tlic Arabian astronomers 
determined the nunidiaii by taking the middh^ j:oint be- 
tween the places of the sun when at e([iial altitudes on 
the sam(‘ day. They overlooked the fact that the sun has 
its own motion in the time ))etween the observations. 
Newton thought that the mutual disturbances of the 
planets might he disregarded, excepting ]Kn‘liaps tlie effect 
of tlu‘ mutual attraction of the greater plaiuds, Jupiter 
and Saturn, near their conjunetion.'-^ The expansion of 
quicksilver was long used as the rnea.snrc of temperature, 
no clear idea being ])Ossessed of temperature apart from 
some of its more obvious effects. Uumford, in the first 
experiment leading to a determination of the niechaiiical 

• jliitton's MiitJidnatical Pictionar^/y vol. ii. })]>. 2S7- 292. 

“ rriiwipia, blc. iii. (Vop. (3. 
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equivalent ot‘ lieat, disregarded the lieat absorbed by the 
apparatus, otherwise he would, in Dr. Joule's opinion, have 
come nearly to the correct result. 

It is surprising to learn the number of causes of error 
wliich enter into the simplest experiment, wlien we strive 
to attain rigid accuracy. We cannot accurately perform 
the simple experiment of compressing gas. in a bent tube* 
by a column of mercury, in order to test the ti’uth of 
Boyle's Law, without paying regard to — (i) the varialions 
of atmospheric pressure, which are communicated to the 
gas through the mercury; (2) the compressibility of 
mercucy, which causes the column of mercury to vary 
in density ; (3) tlie temperature of the mercury throiigli- 
out the column; (4) the temperature of the gas, wliich is 
with difficulty maintained invariable ; (5) the expansion 
of the glass tube containing the gas. Althougli Begnault 
took all these circumstances into account in his examina- 
tion of the law,’ there is no reason to sui)pose that he 
exhausted the sources of inaccuracy. 

The early investigations concerning the nature of waves 
in elastic media ])roceeded upon tlie assumption that 
waves of different lengths would travel with equal speed. 
Newton's theory of sound led him to this conclusion, and 
observation ([». 295) had verified the inference. When 
the undulatory theory came to be applicil at tlie com- 
mencement of this century to explain the phenomena of 
light, a great difficulty was encountered. The angle at 
whicli a ray of light is refracted in entering a dens<*r 
medium depends, according to tliat theory, on the velo- 
city with which the wave travels, so that if all waves 
of light were to tiavel with equal velocity in the same 
iiK^diuip, the dispersion of mixed light by the prism and 
the production of the spectrum could not take place. 
Some most striking phenomena were thus in direct con- 
flict with the theory. Cauchy first pointed out the ex- 
planation, namely, that all previous investigators liad made 
an arbitrary assumption for the sake of simplifying the 
calculations. They liad assumed that the particles of tlie 
vibrating medium are so close together that the intervals 
are inconsiderable compared with the length of the wava 


’ Jamiii, Ccurs de Physique, vol L pp, 282, 283. 
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This hypothesis happened to be approximately true in 
the case of air, so that no error was discovered in ex- 
periments on sound. Had it not been so, the earlier 
analysts would probably have failed to give any solution, 
and the progress of the subject might iiave been retarded. 
Cauchy was al^le to make a new approximation under 
the more difiicult supposition, that the )jarticles of the 
vibrating medium are situated at considerable distances, 
and act and react upon the neighbouring panicles by 
attractive and , repulsive forces. To calculate the rate of 
propagation ot disturbance in such a medium is work 
of excessive diihciilty. The complete solution of tlie 
j)roblem appears indeed to be beyond human power, so 
that we must be content, as in the ca>e of the jdanetary 
motions, to look forward to successive approximations. 
All tliat Cau(diy could do was to show that certain (pian- 
tities, neglected in previous theories, became of consider- 
able amount under the new conditions of the problem, 
so that there will exist a relation between the length of 
the wave, and the velocity at which it travels. To re- 
move*, then, the difficulties in the way of the undulatory 
theory of light, a new approach to probable conditions 
was needed.^ 

Ill a similar manner Fourier’s theory of the conduction 
and radiation of heat was based upon the hypothesis that 
the quantity of lieat ])assiiig along any line is simply pro- 
portional to tile rate of change of temperature. Hut it 
has since lieeii shown by Forbes that the conductivity of a 
l)ody diminishes as its temperature increases. All the 
details ol Fourier’s solution therefoie require modification, 
and the re.sults are in the meantime to lie regarded as 
only ap})roximately true.- 

We ought to distinguish between those ])rob]ems which 
arc pliysically and those which are merely mathematically 
iiicoiiqdete. In the latter case the physical law is cor- 
rectly seized, but the mathematician neglects, or is more 
often unable to follow out tlie law in all its results. The 
law of gravitation and the principles of harmonic or iin- 
dulatory movement, even supposing the data to be correct, 

* LloyiVs Lectures on the Wave Theory, pp. 22, 23. 

^ T Alt’s Thepmodyncmic$^ p. lo. 
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can never be t'ullowed inlo jill their ultimate results. 
Young explained the production of Newton’s rings by 
supposing that the rays reflected from the upper and 
lower surfaces of a thin film of a certain thickness were in 
opposite phases, and thus neutralised each other. It was 
pointed out, however, that as the light relkicted from the 
nearer surface must be undoubtedly a little brighter than 
that from the further surface, two rays ought not to 
neutralise each other so completely as they are observ(‘d 
to do. It was finally shown by Pois.son that the dis- 
cre])anqv arose only from incom[)h.*te solution of the 
problem ; for the light which has once got into the lilin 
must be to a certain extent reflected backwards and 
forwards adinjinilitm ; and if wc follow out this course of 
the light by perfect malh(mialical analysis, absolut(' dark- 
ness may be shown to result from tin; intcnfcrence of 
the lays.^ Jn this case the natural law.s (joiuaa'iied, tliose 
of reflection and refraction, are accurat(‘ly known, and 
the only difliculty consi.sts in developing their full 
consequences. 


Dimyverij of H ffpotlietiraUij Simjfle Ijtv's. 

In some branches of science we meet witli natural laws 
of a simple character which arc in a certain point of view 
exactly true and yet can never be nianirest(*d as (exactly 
true in natural ]>henom(.uia. Such, for instance, are lln^ 
laws concerning wliat is called a pafict rjon. The giuseous 
state of matter is that in which the ))rojM‘rlios <jf ma,tt(*r 
are exhibited in the simplest manner. There is much 
advantage accordingly in a])[>roacliing the ([uestion of 
mol(3cular mechanics from this side. JJnt when mc ask 
the (piestion — What is a gas ? the (inswer must be a 
hypothetical one. Finding that gases ncarbj obey tlu‘. 
law of I*oyle and Mariotte ; that tlu^y nmrbj expand by 
heat at the uniforjii rate of one part in 272 9 of thchr 
volume at o'" for each degree centigrade ; and that tlujy 
more luarhj fulfil these conditions th(^. more distant the* 
jioint of temi)erature at which we examine theni from 
the liqimfying point, wc pass by the jnincijde of con- 


* Lloyd » LerhirrH on the M 'noe Thatry, p|». 82, S3. 
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tiiiuity to the conception' of a perfect gas. Such a gas 
would probably consist of atoms of matter at so great a 
distance fVom each other as to exert no attractive forces 
uj)on each other ; but for this condition to be fuffillcd the 
distances must he inlinite, so that an aljsolutely perfect 
gas cannot exist. Ihit the perfect gas is not merely a 
limit to which we may approach, it is a limit j)assed by 
at least one real gas. lUhas l;een shown by Despretz, 
roniIl(‘t, ])ul()ng, Arago, and finally Itegnault, that all 
gases diverge from tlie J>oyh;an law, and in nearly all 
eases the density of tlie gas increases in a somewliat greater 
ratio than tlie ])ressure, indicating a tendency oh the 
])art of the molecules to a]>}>r()ximat(i of their own accord. 
In tlie moie condensa)>lc gases siudi as suliihurous acid, 
ammonia, and cyanogen, this tendency is stmngly a}>])arent 
nc'ar the liquefying point. Hydrogen, on the ccutrary. 
diverg(‘S from the law of a ])erfect gas in the ojqiosite 
diiHM‘tion. that is, th(‘ density incriarses less than in the 
I'.atio of the ]>ressure.^ This is a singular exception, the 
bearing of wbieli 1 am nnable to eompreheiid. 

A11 gases diverge again from the law of uniform ex- 
])aiision by lieat, but the divergence is less as the gas in 
([lies; ion is less coiuhmsable, or examined . t fi lemperature 
more I'enioved from its liquefying point. Thus the. perfect 
gas must have an iidiiiitely high temperature. According 
1,0 Dalton’s law each gas in a mixture rclains its own 
pro])(‘rti(vs unalfeided by the ])resence of any other gas.- 
This law is probably true only by a]>proximation, but it 
is olivious that it would be true, of the perfect gas with 
infinitely distant particles.'^ 

MalJiematical Pr 'DicipJcs of Aj^pvoximatwii, 

The apiiroximate character of physical science will be 
]*endered more plain if we consider it from a mathematical 
point of view. Throughout quantitative investigations we 
deal with the relation of one quantity to other quantities, 

* Jaiiiin, Cours dc Fliysiquc^ vol. i. ])p. 283 — 288. 

“ ,Ioulc aiul Tlioiayoii, Fkiloso/di ical Transactions ^ 1854, vol. cxliv. 
\). 337. 

The pro]K‘r(i(;s of a ]»erfi‘i*l, gas liave Ikh'II descrihed hy Ivai.kiiie, 
Tronsact'jom of the Royal Society of Edinbnryhy vol. xxv. p. 50 !. 
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of which it is a function ; but the subject is sufficiently 
complicated if we view one quantity as a function of 
one other. Now, as a general rule, a function can be 
developed or expressed as the sum of quantities,, the 
values of which depend upon the suc('essive ])Owers of the 
variable quantity. If y be a function of then we may 
say that 

= A -I- B.r + Qj- 4- 

In this equation, A, !>, C, D, iV:c., are lixed (|iiantities, of 
different values in different case.-. Tlie terms may be 
infinite in numbm- or after a time may cease to have any 
value. Any of tlie coeffieients A, 1 1, C, &<*., may bt^ 
zero or negative; but whatever tlnw be tiny are fixed, 
Tiie quantity x on tlie otlier ham] may be made what wi* 
like, being vairiable. Sup])Ose, in the first ]>lat e, tliat .7; and 
y arc both lengths. Let us assuiiH* that iD.oror au 

inch is the least that we <‘au take note of. Tlieu wlam x 
is one hundredth of an imffj, we liave 
if C be le.s.s than unity, the Un*iu C. 7 ;- will be imqijireei- 
able, being less than we can mea.sure. Unless any of the 
quantities D, E, &c., .sliould happen to be very great, it 
is evident that- all the suec(a‘ding terms will also be in- 
appreciable, because the j>owers of x liecoine rapidly 
smaller in geometrical ratio. Thus when x is irnuhi small 
enough the quantity y seems to obey the equation 

y A 4- IL’- 

If should be still less, if it .sliould becfum; as small, 
for instance, as y, 7 foo!o“ujj an inch, and L should not 
be very great, then y would apjiear to ]>e tiie fixed 
quantity A, and w’^ould not seem to vary with x at all, 
i)n the other liand, were x to grow greater, say eipial fo 
-jV inch, and C not be very small, the term C . 7 ;- would 
become appreciable, and tlie law would now iuj more 
complicated. 

We can invert tlie mode of viewing tbi.s question, and 
suppose that while the quantity y undergoes variations 
depending on many poweis of x, our power of detect- 
ing the changes of value is more or less acute. While 
our powers of observation remain very rude we may be 
unable to detect any change in the quantity at all, that 
is to say, Bx may always be too small to come witliia 
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our notice, just as in fovnier days the lixed stars were so 
called because they remained at apparently fixed distances 
fVotn each otlier, With tlie use of telescopes and micro- 
met(n\s we become able to detect the existence of some 
motion, so that the distance of one star from another may 
be (!X}»resse(l A -f V> x, the term including x- being 
still inap])recial)le. Under these circumsbinces the star 
will seiun to move miifor4nly, or in simple ])roportion to 
tlie time x. With much im])roved means of measurement 
it will ])r()bably b(! found that this uniformity of motion 
is only apparent, and that there exists some acceleration 
or retardation. More careful investigation will show the 
law to be more and moi'e com]»licated than was previously 
sup])osed. 

Tlu*re is yc^t arnttlau* way of explaining 11;c ai»parent 
r(;sulls of a comjdicaled law. If we taktj any cui ve and 
regal'd a i)ortion of it free from any kind of discontinuity, 
M(‘ may represent the characdm’ of such portion by an 
(‘qmition ol' the form 

?/ = A -4- Ikr 4- Ca- 4- -f 

]h\strict the attention lo a very small ]>ortion of the curve, 
and the eye will be unable to distinguish its dilference 
tVoiji a sti'aight line, which amounts to s.^yiug that in the 
])ortion examined the term C has no value ajipreciable 
by the eye. d’ake a. larger ])ortion of the (Uirve and it will 
be a])]>aient that it possesses curvature, out it wdll be 
possible lo draw a parabola or ellipse so that the curve 
slndl a])])areiitly coincide with a portion of that parabola 
or ellipse. In the same way if we take larger and larger 
arcs of the curve it will assume the character successively 
of a curve of the third, fourth, and perhaps higher degrees ; 
that is to say, it corresponds to equations involving the 
third, fourth, and higher powmrs of tlie variable quantity. 

A\'e have arrived then at the conclusion tlnit every phe- 
nomenon, when its amount can only be rudely measured, 
will either be of fixed amount, or Avill seem to vary uni- 
formly like the distance between two inclined straight 
lines. More exact measurement may show the error of 
this first assumption, and the variation will then appear 
to be like that of the distance between a straight line 
and a parabola or ellipse. We may afterwards hud that 
a curve of the third or higher degrees is really required 
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to represent tlie variation. 1 propose to call the variation 
of a quantity linear^ elliptic, cubic, (jiuutic, qiUntic, &c., 
according as it is discovered to involve the iirst, second, 
third, foiirfh, fifth, or higher powers of the variable. It is 
a general rule in quantitative inv/3stigation that we coni- 
inence by discovering linear, and afterwards })!'oceed to 
elliptic or more complicated laws of variation. The ap- 
proximate curves which we employ anj all, according to 
De Morgan’s use of the name, parabolas of some order 
or other; and since the common j>aral)ola of the second 
order is approximately the same as a very elongatiid 
ellipse, and is in fact an infinit(dy elongated ellipse, 
it is convenient aiul proj)er to call variation of thc^ 
second order cUiptic. It might also be cidled (ptadric 
variation. .. 

As regards many iin]>ortant ]>h(niomena wt* an* yet only 
in the first stage of approximation. Wo know that the* 
sun and many so-called fixed stars, (‘specially 0 \ C’ygni, 
have a proper motion through spaets and the* direiitioii of 
this motion at the ])reseiit time is known with some degree 
of accuracy. Pmt it is hardly consistent with the tlieorv 
of gravity that the path of any body should nadly be a 
straight line. Hence, we must ngard a re(diliiH.^ar jjatli 
as only a i>rovisional description of tin*, motion, and luolc 
forward to the time when its eurvatni'c* will he deUaded, 
though centuries ]»erha]»s must lirst (dajeso. 

We are accustomed b) assume tlait <tn the surfaia^ (»t' tlio 
earth the force of gravity is unilbrin, b(M:ause tlic variation 
is of so sliglit an amount that W(‘ an^ si arcoiy ahh*. to 
detect it. Put supposing we could measure the variation, 
we should liml it sinqdy ]>roportioiial to the h(*ight. 
daking the eartli s radius to l)e unity, let h. the h<‘ight 
at which we measure the force of gravity. Then hy the 
well-known law of the inverse square, that force wall he 
proportional to 

(I + A)'"’ 9 {' - 2h + 3A- - 4/i-‘ + ). 

But at all li(*ights to whicli we can attain h will l»e 

small a fracti<ui of the (%art)fs radius tliat 3 will 
be inappreciable, and the forc(i of gravity will seem 
to follow the law of linear variation, j»cing proportional 
to I — 2 A. 
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When the circiimstancitBS of an experiment are much 
altered, difierent ])o\vers of tlie variable may become pro- 
minent. The resistance of a liquid to a body^ moving 
Ihrongh it may be ap])roxiinately expressed as the sum 
of two terms respectively involving the first and second 
])owers of tl.>e velocity. At very low velocities the first 
])Ower is of most importance, and the resistance, as P]*o- 
lessor Stokes has shown, is* nearly in sinqde proportion to 
the velocity. When the motion is rapid the resistance 
increases in a still greater degree, and is more nearly pro- 
portional to the S(piare of the velocity. * 

Approximate Indipcndencc of Small Ejfccts. 

One result of the theory of approximation possesses such 
importance in physical science, and is so often applied, 
that we may consider it sc'.parately. The investigation of 
causes and effects is immensely simpliticd when we may 
consider each cause as producing its ov'ii (d’leid invariably, 
whether other causes are acting or not. Thus, if the body 
V produces a;, and (J produces y, the question is whether P 
and Q acting together will produce the sum of the separate 
etfei IS, X -f y. It is under this suppositi»..i that we treated 
the methods of eliminating error (Chap. XV.;, and errors of 
a less amount would still remain if the supposition was a 
forced one. There are probably some parts of science in 
which the siqiposition of independence of effects liolds 
rigidly ti’ue. The mutual gravity of two bodies is entirely 
unaffected by the presence of otlier gravitating bodies. 
Peo[)le do not usually consider that Ibis important prin- 
ciple is involved in such a simple thing as pTilting two 
pound weights in the scab? of a balance. How do we 
know that two pounds together will weigh twice as much 
as one ? Do we know it to be exactly so ? Like other 
results founded on induction we cannot prove it absolutely, 
but all the calculations of physical astronomy proceed 
upon the assumption, so that we may consider it proved 
to a very higli degree of approximation. Had not this 
been tiaie, the calculations of physical astronomy would 
have be(Ui infinitely more conqilex than they actually are, 
and the progress of iuiowledge would have been much 
slower. 
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It is a general principle of scientific metliod that if 
effects be of small amount, comparatively to our means of 
observation, all joint effects will be of a higher order of 
smallness, and may therefore be rejected in a first ap- 
proximation. This principle w,as employed by Daniel 
Bernoulli in the theory of sound, under tlie title of The. 
Principle of the Coexistence of Small Vibrations. lie 
showed that if a string is affected by two kinds of 
vibrations, we may consider ea<di to be going on as 
if the other did not exist. We cannot ]>erceive that 
the sounding of one musical instniment prevents or 
even modifies the sound of another, so that all sounds 
would seem to travel through the air, and act upon 
the ear in independence of eacli other. A similar 
assumptior- is made in the theory of* tides, wliich an* 
great waves. One wave is produced by the attraction 
of the moon, and another by the attraction of the 
sun, and the question arises, whether when these wav(‘s 
coincide, as at the time of spring tides, the joint wav(i 
will be simply the surA of the separate waves. On the 
principle of Bernoulli this will be so, because iho tides 
on tlie ocean are very small compared with the dejith of 
the ocean. 

The principle of Bernoulli, however, is only apiu'oxi- 
mately true. A wave never is exactly tlie same when 
another wave is interfering with it, hut the less the dis- 
placement of particles dne to each wave, the less in a still 
higher degree is the effect of one wave iiiJon the other. 
In recent years Helmholtz was led to suspect that sonu; 
of the phenomena of sound might after all he due to 
resultant effects overlooked by the assumption of previous 
physicists. He investigated the secondary waves wliich 
would arise from the interference of considerable disturl)* 
ances, and was able to show that certain summation oi 
resultant tones ought to be heard, and experiments subse- 
quently devised for the purpose showed tliat they might 
be heard. 

Throughout the mechanical sciences the Principle of the 
Superposition of Small Motlom is of fundamental im- 
|)ortancG/ and it may be thus explained. Sup|K>se 


* Thomson and Tait’s Natural PhiUmphy^ vol i. p, 6o. 
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that two forces, ax^ting from the points E and C, are 
aimiiltaneou.sly moving A body A. Let the force acting 
from E be such that in one second it would move A 
to p, and similarly let the second force, acting alone, 

move A to r. The question j* b 

arises, then, whether thetr joint V ^ 

action will iirijB A to #7 along \ \ 

the diagonal of the parallelo- /V 

gram. May we say that A will \ 
move tlie distance Ap in the \ 

direction AE, and A?* in the \ 

direction AC, or, what is the \ 

same thing, along tlie ])arallel 0 

liue^?^ ? In strictness we cannot say so ; for when A has 
moved towards p, tlie force from C will no longer act along 
the line AG, and similarly the motion of A towards r will 
modify the action of the force from E. This interference 
of one force with tlie line of action of the other will 
evidently be greater the larger is the extent of motion 
considered; on the other hand, as we reduce the paral- 
lelogram Apqr, compared with the distances AE and AC, 
the less will be the interference of the forces. Accord- 
ing!'^ mathematicians avoid all error hy considering the 
motions as iidinitely small, so that the interference be- 
comes of a still higher order of infinite smallness, and 
may be entirely neglected. Ey the resources of the differ- 
ential calculus it is possible to calculate the motion of the 
particle A, as if it went through an infinite number of 
infinitely small diagonals of parallelograms. The great 
discoveries of Newton really arose from applying this 
ni(*tlio(l of calculation to tlie inoveinents of the moon 
rountl the earth, which, wldle constantly tending to move 
onward in a straiglit line, is also detiected towards the 
earth by gravity, and moves through an elliptic curve, 
composed as it were of the infinitely small diagonals of 
infinitely numerous parallelograms. The mathematician, 
in liis investigation of a curve, always treats it as made 
up of a great, number of straight lines, and it may be 
doubted whether he could treat it in any other manner. 
There is no error in tlie final results, because having ob- 
tained the formulas flowing from this supposition, each 
straight line is then regarded as becoming infinitely small, 
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and the polygonal lino becomes undistinguisliahle trom a 
perfect ciirv(\^ *■ 

III abstract inatliemaiical theorems tlie approximation 
to absolute truth is perfect, because we can treat of in- 
finitesininls. In pliysical science, on the contrai'y, we 
treat of tlie least quantities whicdi are perceptible. Never- 
theless, while carefully distinguisbing between these two 
difterent cases, we may fearlessly apjily to botli the prin- 
ciple of tlie superposition of *small effects. In physical 
science we have only to take care tliat the effects really 
are so small that any joint effect will be uiU|UCstionably 
impevceptible. Suppose, for instance, that there is some 
cause which alters the dimensions of a lualy in the rati»» 
of I to I -f a, and another cause which prodiu'cs an alba-- 
ation in the ratio of i to i -f If tht\y botli act at oium* 
the change will he in the ratio of i to (i 4- a){i -f /:}}, 

or as i to .1 -h a -f- /3 4- a/3. But if a and fS he both viuy 

small fractions of the total dimensions, a/3 will he yet far 
smaller and may lie disr(\garded ; the ratio of change is 
tlien approximately that of i to i 4- a 4- /3, or the joint 

effect is the sum of the separate effects. Tims if a body 

were siilijected to three strains, at right angles to each 
other, the total change in the volume of the body would 
be approximately equal to the sum of the elmnge.s pro- 
duced by the separate strains, provided that these are very 
small. In like maimer not only is the expansion of every 
solid and liquid substance by heat a|>|)ro\imat(dy propor- 
tional to the change of temperature, when this change is 
very small in amount, but the cubic ex|>ansion may also 
be considered as being three times as great as the lin(»ar 
expansion. For if the increase of t(?inperature expands 
a bar of metal in the ratio of i to 1 -f a, and the exjiansion 
be equal in all directions, then a cube of the same medal 
would expand as i to (i -f a)\ or as r to i 4- 3a-P 3a‘^4- a‘\ 
When a is a very small quantity the third term 3a- will 
be imperceptible, and still more so the fourth term ai 
The coefficients of expansion of solids arc in fact so 
small, find so imperfectly determined, tliat physicists 
seldom take into account their second and liigher powers. 

^ Challis, Xofei on (he Vrinniiksi of Pure aiul Applied Colcnlation^ 
1869, p. 83. 
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It is a result of tlie.se principles iliat all .small errors may 
l)(j assumed to vary in .siiuplc proportion to tlieir causes — a 
iK^w reason why, in eliminating errors, we should lirst of 
all make them as small as possible. Let us suj:)pose that 
there is a riglit-aiigled triangle of whicli I lie two sides 
containing the right angJe are really of the lengths 3 and 
4, so that the \iypothenuse is \/3“ 4^ or 5. Now, if in 

two measurements of the first side we commit slight 
errors, making it successirely 4-001 and 4*002, tlien calcu- 
lation will give the lengths of the liypothenuse as almost 
exactly 5*0008 and 5 ‘0016, so that the err )r in the 
hy])Otiienusc will seem to vary in simple propoition to 
that of the side, although it does not really do so witli 
])erfect exactness. 'Jdie logarithm of a number dues not 
vary in projiortion to that number — nevertheless we find 
the diflerence between the logarithms of tlie iiumbm’s 
1 00000 and 1 0000 1 to be almo.st exactly equal to that 
between tlie numbers looooi and 100002. It is thus a 
general rule tliat very .small di(rerence.s between successive 
values of a function are approximately proportional to 
the small differences of the variable quantity. 

On these principles it is easy to draw up a series of 
rules .such as tliose given by Kohlraus' h ^ fer performing 
calculations in an abbreviated form wlieu the variable 
quantity is very small compared with unity. Thus for 
I — (i -t a) we may substitute i — a; fov i _ a) 

we may put i + a ; i -- V i d- becomes i — i a, and so 
forth. 


Meanings of EqiialiUj, 

Although it miglit seem that there are few terms more 
free from ambiguity than the term eqiial, yet scientific 
men do employ it with at least four meanings, which it 
is desirable to distinguish. These meanings I may descril>e 
as 

(1) Al)solute Equality, 

(2) Sub*equality. 

(3) Aiiparent Equality. 

* (4) Probable Equality. 

1 A 71 hitroduciion to Phijsical Measurements^ translated by Waller 
and Procter, 1873, p. 10, 
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By absolute equality we, signify that which is complete 
and perfect to tlie last degree ; but it is obvious that we 
can only know such equality in a theoretical or hypotheti - 
cal manner. The areas of two triangles standing upon the 
same base and between the same«parallels arc absolutely 
equal. Hippocrates beautifully proved that the area of a 
lunula or figure contained between two segments of circles 
was absolutely equal to that of a certain right-angled 
triangle. As a general rule ajl geometrical and other 
elementary matl^eniatical tlieorems involve absolute 
equality. 

De, Morgan proposed to describe as sub-equal those 
quantities wliich are equal within an infinitely small 
quantity, so that x is sub-equal to x-\-do). the dif- 
ferential calculus may be said to arise out of tlui neglect 
of infinitely small quantities, and in mathematical science 
other subtle distinctions may have to l)e drawn l)etween 
kinds of equality, as De Morgan has shown in a remarkable 
memoir “ On Infinity; and on tlie sign of Equality.''^ 

Apparent equality is that with wliich physical science 
deals. Those magnitudes are apparently equal which differ 
only by an impi^rceptible quantity. To the carpenter 
an}ihing less than tlie hundredth part of an inch is non- 
existent ; tliere are few arts or artists to which the hundred- 
thousandth of an inch Is of any account. Since all 
coincidence l>etween jiliysical magnitudes is judged by one 
or other sense, we must be restricted to a knowledge of 
apparent equality. 

In reality even ajiparent equality is rarely to be ex- 
pected. More commonly experiments will give only 
probable equality, that is results will come so near to each 
other that the difference may be ascribed to unimportant 
disturbing causes. Physicists often assume quantities to 
be equal provided that they fall within the limits of 
probable error of the processes employed. We Ciuinot 
expect observations to agi’ee with theory more closely 
than they agree with each other, as Newton remarked of 
his investigations concerning Halley Comet 


‘ Cmnbridqe FhUonopkteal I'ramactiom (1865), vol. xi. Part L 
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ArLtfimdic of Approximate Quantities. 

Considering that almost all the quantities which we 
treat in physical and social science are approxinmte only, 
it seems desirable that attention should be paid in the 
teaching of arithmetic to the correct interpretation and 
treatment of approximate numerical statements. We seem 
to need notation for expressing the approximateness or 
exactness of decimal numbers. The fraction *025 may 
mean either precisely one 40th part, or it may mean 
anything between *0245 and 0255. I propose that when 
a decimal fraction is completely and exactly given, a 
small cipher or circle should be added to indicate that 
there is nothing more to come, as in *0250. When the 
iirst figure of the decimals rejected is 5 or more, tlie first 
figure retained should be raised by a unit, according to a 
iTile approved by De Morgan, and now generally recog- 
nised. To indicate that the fraction thus retained is more 
than the truth, a point has been placed over the last figure 
in some tables of logarithms ; but a similar point is used 
to denote the period of a repeating decimal, and I should 
therefore propose to employ a colon after the figure ; thus 
*025: would mean that tlie true quant.. y lies between 
•0245'' and ’025° inclusive of the lower but not the higher 
limit. When the fraction is less than the truth, two dots 
might be placed horizontally as in ’025.. .vliich would 
mean anything between '02$^ and ’025 5‘" not inclusive. 

When approximate numbers are added, subtracted, mul- 
tiplied, or divided, it becomes a matter of some complexity 
to determine the degree of accuiacy of the result. There 
are few persons who could assert off hand that the sum 
of the approximate numbers 3470, 52 693, 8o‘i, is 167*5 
within less than oy. Mr. Sandeman has traced out the 
rules of approximate arithmetic in a very thorough manner, 
and his directions are worthy of careful attention.^ The 
third part of Sormenschein and Nesbitt’s excellent book 
on arithmetic 2 describes fully all kinds of approximate 
calculations, and shows both how to avoid needless labour 

^ Sandeman, FdicoUiics^ p. 214. 

2 The Science and Art of Arithmetic for the Use of SchooU. 
(Whitaker and Co.) 

i I 
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and how to take proper account of inaccuracy in operating 
with approximate decimal fractions. A simple investiga- 
tion of the subject is to’ he found in Sonnet's Alglhre 
EUmmic^ire (Paris, 1848) chap, xiv., ''Des Approximations 
Ahsolues et Pielatives." There is also an American work 
on the subject.^ 

Although the accuracy of measurement has so much 
advanced since the time of Leslie, it is not superfluous to 
repeat his protest against the unfairness of aflecting by a 
display of decimal fractions a greater degree of accuracj" 
than the nature of the case requires and admits.^ I have 
known a scientific man to register the barometer to a 
second of time when the nearest quarter of an hour would 
have been amply sufficient. Chemists often publish results 
of analysis to the ten-thousandth or even the millionth 
part of the whole, when in all probability the processes 
employed Cannot be depended on beyond the hundredth 
part. It is seldom desirable to give more than one place 
of figures of uncertain amount ; but it must be allowed 
that a nice perception of the degree of accuracy possible 
and desirable is requisite to save misapprehension and 
needless computation on the one hand, and to secure all 
attainable exactness on the other hand. 

1 Principles of Approximate Calculatio7iSy by J. J. Skinner, G.H 
(New York, Henry Holt), I876. 

a Leslie, Inq}iiry into ike Nature of Heat, p. 50<S. 



CHAPTER XXII 

QUANTITATIVE INDUCTION. 

We have not yet formally considered any procesf:es 
of reasoning which luive for their object to di.‘.<'lose laws 
of nature expressed in quantitative equations. We have 
been inquiring into the inodes by which a phenomenon 
may be measured, and, if it be a composite phenomenon, 
may be resolved, by the aid of several measurements, into 
its component parts. We have also considered the pre- 
cautions to be taken in the performance of observations 
and experiments in order that we may k^ow what pheno- 
mena we really do measure, but we must r^ .oember that 
no number of facts and observations can by thernselv^es 
constitute science. Numerical facts, like other facts, are 
but the raw materials of knowledge, upon which our 
reasoning faculties must be exerted in order to draw 
forth the principles of nature. It is by an inverse process 
of reasoning that we can alone discover the mathematical 
laws to which varying quantities conform. l>y well- 
conducted experiments we gain a series of values of a 
variable, and a corresponding series of values of a variant, 
and we now want to know what mathematical function 
the variant is as regards the variable. In the usual pro- 
gress of a science three questions will liave to be answered 
as regards every important quantitative i)henomenon : — 

(1) Is there any constant relation between a variable 
and a variant ? 

(2) Wliat is the empirical formula expressing this relation? 

(3) What is the rational formula expressing the law of 
nature involved ? 


T I 2 
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ProbdUe Connection of Varying Quantities. 

Wti find it stated by Mill/ that Whatever pheno- 
menon vnries in any manner whenever another pheno- 
menon varies in some particular manner, is either a cause 
or an elfect of that phenomenon, or is connected with it 
through some fact of causation.” This assertion may be 
considered true when it is interpreted with sufficient 
caution ; but it might otherwise lead us into error. There 
is nothing whatever in the nature of things to prevent the 
existence of two variations which should apparently follow 
the sa\ne law, and yet have no connection with each otlier. 
One binary star might be going through a revolution 
which, so far as we could tell, was of equal period with 
that of aipther binary star, and according to the above 
rule the motion of one would be the cause of the motion 
of the other, which would not be really the case. Two 
astronomical clocks might conceivably be made so nearly 
perfect that, for several years, no difference could be de- 
tected, and we might then infer that the motion of one 
clock was the cause or effect of the motion of tlie other. 
This matter requires careful discrimination. We must 
bear in mind that the continuous quantities of space, 
time, force, &c., which we measure, are made up of an 
infinite number of infinitely small units. We may then 
meet with two variable phenomena wliich follow laws 
so nearly the same, that in no part of the variations open 
to our observation can any discrepancy be discovered. 
I grant that if two clocks could be shown to have kept 
exactly the same time during any finite interval, the pro- 
bability would become infinitely high that there was a 
connection between their motions. But we can never 
absolutely prove such coincidences to exist. Allow that 
we may observe a difference of one-tenth of a second in 
their time, yet it is possible that they were independently 
regulated so as to go together within less than that 
quantity of time. In short, it would require either an in- 
finitely long time of observation, or infinitely acute powers 
of measuring discrepancy, to decide positively whether 
two clocks were or were not in relation with each other. 


System of LogiCy bk, iii. chap, viiL § 6. 
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A similar question ackially occurs in the case of the 
moon’s motion. We have no record that any other por- 
tion of the moon was ever visible to men than such as we 
now see. This fact sufiiciently proves that v^thiii the 
historical period the rotation of the moon on its own axis 
has coincided with its revolutions round the earth. Does 
this coincidences prove a relation of cause and effect to 
exist ? The answer must be in the negative, because 
there might have been so slight a discrepancy between 
the motions that there has not yet been time to produce 
any appreciable effect. There may nevertlieless be a high 
probability of connection. 

The wliole question of the relation of quantities thus 
resolves itself into one of probability. When we can 
only rudely measure a quantitative result, we .can assign 
but slight importance to any correspondence. Because 
the brightness of two stars seems to vary in the same 
manner, tliere is no considerable probability that they have 
any relation with each other. Could it be shown that 
their periods of variation were the same to infinitely 
small quantities it w^ould be certain, that is infinitely pro- 
bable, that they were connected, however unlikely this 
might be on other grounds. The general mode of esti- 
mating such probabilities is identical with that applied 
to other inductive problems. That any two periods of 
variation should by chance become absolutely equal is in- 
finitely improbable ; hence if, in the case of the moon or 
other moving bodies, we could prove absolute coincidence 
we should have certainty of connection.^ With approximate 
measurements, which alone are within our power, we must 
hope for approximate certainty at the most. 

The principles of inference and probability, according 
to which we treat causes and effects varying in amount, 
are exactly the same as those by which we treated simple 
experiments. Continuous quantity, however, affords us 
an infinitely more extensive sphere of observation, because 
every different amount of cause, however little different, 
ought to be followed by a different amount of effect. 
If we can measure temperature to tlie one-hundredth part 
of a degree centigrade, then between o® and i(X>® we have 

* Laplace, &y$iem aj th^ fFarld, translated by Harte, voL ii. p. 366, 
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10,000 possible trials. It tiie precision of our measure- 
mcnts is increased, so that the one-tliousandth part of a 
degree can be appreciated, our trials may be increased 
tenfold. Tlie probability of connection will be proportional 
to the accuracy of our measurements. 

When we can vary the quantity of a cause at will it 
is easy to discover whether a certain efle6t is due to that 
cause or not. We can then •make as many irregular 
changes as we like, and it is quite incredible that the 
supposed effect should by chance go through exactly the 
corresponding series of changes except by dependence. 
If we have a bell ringing in vacuo, the sound increases as 
we let in the air, and it decreases again as we exhaust the 
air. TyndaU’s singing flames evidently obeyed the direc- 
tions of own voice ; and Faraday when lie discovered 
the relation of magnetism and light found that, by making 
or breaking or reversing the current of the electro-magnet, 
he had complete command over a ray of light, proving 
beyond all reasonable doubt the dependence of cause and 
effect. In such cases it is the perfect coincidence in time 
between the change in the effect and that in the cause 
which raises a high improbability of casual coincidence. 

It is by a simple case of variation that we infer the 
existence of a material connection between two bodies 
moving with exactly equal velocity, such as the locomo- 
tive engine and the train which follows it. Elaborate ob- 
servations were requisite before astronomers could all be 
convinced that the red hydrogen flames seen during solar 
eclipses belonged to the sun, and not to tlie moon’s atmo- 
sphere as Flamsteed assumed. As early as 1706, Stannyan 
noticed a blood-red streak in an eclipse which he witnessed 
at Berne, and he asserted that it belonged to the sun ; 
but his opinion was not finally established until photo- 
graphs of the eclipse in 1 860, taken by Mr. Ue la Eue, 
shewed that the moon’s dark body gradually covered the 
red prominences on one side, and uncovered those on the 
other ; in short, that these prominences moved precisely as 
the sun moved, and not as the moon moved. 

Even when we have no means of accumtely measuring 
the variable quantities we may yet be convinced of their 
connection, if one always varies perceptibly at the same 
time as the other. Fatigue increases with exertion; 
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hunger with abstinence from iood; desire and degree of 
utility decrease with the quantity of commodity con- 
sumed. We know that the sun's heating power depends 
upon his height of the sky ; that the temperature of the 
air falls in ascending a mountain ; that the earth's crust 
is found to be perceptibly warmer as we sink mines into 
it ; we infer thj^j direction in which a sound comes from 
the change of loudness as we approach or recede. The 
facility with wliich we can time after time observe the 
increase or decrease of one quantity with another suf- 
ficiently shows the connection, although we may be un- 
able to assign any precise law of relation. The probability 
in such cases depends upon frequent coincidence in time. 


Empirical Mathematical Laios. 

It is important to acquire a clear comprehension of the 
part which is played in scientific investigation by em- 
pirical formiilm and laws. If we have a table containing 
certain values of a variable and the corresponding values 
of the variant, there are mathematical processes by which 
we can infallibly discover a mathematical formula yield- 
ing numbers in more or less exact agi ^ment with the 
table. We may generally assume that the quantities will 
approximately conform to a law of the form 

in which x is the variable and y the variant. We can 
then select from the table three values of y, and the cor- 
responding values of x ; inserting them in the equation, 
we obtain three equations by the solution of which we 
gain the values of A, B, and C. It will be found as a 
general rule that the formula thus obtained yields the 
other numbers of tlie table to a considerable degree of 
approximation. 

In many cases even the second power of the variable 
will be unnecessary; llegnault found that the results 
of his elaborate inquiry into the latent heat of steam at 
different pressures were represented with sullicient ac- 
curacy by the empirical formula 

X ^ 606-5 4- 0-305 t, 

in which X is the total heat of the steam, and t the tern- 
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peratiire.^ In other cases it may be requisite to include 
the third power of the variable. Thus physicists assume 
the law of the dilatation of liquids to be of the form 
at cf, 

and they calculate from results of observation the values 
of the three constants a, 6, c, which are usually small 
quantities not exceeding one-hundredth /part of a unit, 
but requiring to be determined with great accuracy.* 
Theoretically speaking, this process of empirical repre- 
sentation might be applied with any degree of accuracy ; 
we might include still higher powers in the formula, and 
with Efficient labour obtain the values of the constants, 
by using an equal number of experimental results. The 
method of least squares may also be employed to obtain 
the most pvobablc values of the constants. 

In a similar manner all periodic variations may be repre- 
sented with any required degree of accuracy by formuhe 
involving the sines and cosines of angles and their mul- 
tiples. The form of any tidal or other w^ave may thus be 
expressed, as Sir G. B. Airy has explained.^ Almost all 
the phenomena registered by meteorologists are periodic 
in character, and when freed from disturbing causes may 
be embodied in empirical formulne. Bessel has given a 
rule by which Irom any regular series of observations we 
may, on the principle of the method of least squares, 
calculate out with a moderate amount of labdur a formula 
expressing the variation of the quantity observed, in the 
most probable manner. In meteorology three or four 
terms are usually sufficient for representing any periodic 
phenomenon, but the calculation might be carried to any 
higher degree of accuracy. As the details of the process 
have been described by Herschel in his treatise on 
Meteorology,^ I need not further enter into them. 

The reader might be tempted to think that in these 
processes of calculation we have an infallible method of 
discovering inductive laws, and that my previous state- 
ments (Chap. VII.) as to the purely tentative and inverse 
character of the inductive process are negatived. Were 

* Chmifiical Eeports and Memovrs, Cavendish Society, p. 294. 

* Jamin, Corns de Physi^, voL ii. p. 38. 

® On Tides and Waves^ Enoyclopwdia Metropolitana, p. 366*. 

* Ewiyclopndia BrUannicafSxt, Meteorology. Reprint, §§ 152 — 156, 
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there indeed any general method of inferring laws from 
facts it would overturn my statement, but it must be 
carefully observed that these empirical formulae do not 
coincide with natural laws. They are only apprc^imations 
to the results of natural laws founded upon the general 
principles of approximation. It has already been pointed 
out that however complicated be the nature of a curve, 
we may examine so small a portion of it, or we may ex- 
amine it with such rude means of measurement, that its 
divergence from an ellijitic curve will not be apparent. 
As a still ruder approximation a portion of a straight line 
will always serve our purpose ; but il‘ we need higlier pre- 
cision a curve of the third or fourth degree will almost 
certainly be sufidcient. Now empirical formulae really re- 
present these approximate curves, l)ut they give us no 
information as to the precise nature of the ci\rve itself to 
which we are approximating. We do not learn what func- 
tion the variant is of the variable, but we obtain another 
function which, within the bounds of observation, gives 
nearly the same values. 

Discovery of Rational Formnlm. 

IjCt us now proceed to consider the modes in which 
from numerical results we can establish the actual relation 
between the quantity of the cause and that of the effect. 
What we want is a rational formula or function, which 
will exhibit the reason or exact nature and origin of the 
law in question. There is no word more frequently used 
by mathematicians than the word function, and yet it 
is difficult to define its meaning with perfect accuracy. 
Originally it meant performance or execution, being equi- 
valent to the Greek XeiTovpyla or reXccrfia, Mathematicians 
at first used it to mean any power of a quantity, but 
afterwards generalised it so as to include “ any quantity 
formed in any manner whatsoever from another quantity.'’ ^ 
Any quantity, then, which depends upon and varies with 
another quantity may be called a function of it, and 
either may be considered a function of the other. 

Given the quantities, we want the function of which 

^ Lagrange, Leqmi sur U CdUul des Fanciionst 1 806, p. 4. 
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they are the values. Simple inijpectiou of the numbers 
cannot as a general rule disclose the function. In an 
earlier chapter (p. 124) I put before the reader certain 
numbers, ‘aricl requested him to point out the law which 
they obey, and the same question will have to be asked 
in every case of quantitative induction. There are per- 
ha})S three methods, more or less distinct, by which we 
may hope to obtain an answer : 

(1) By purely haphazard trial. 

(2) By noting the general character of the variation of 
the quantities, and trying by preference functions which 
give a similar form of variation. 

( 3 ) By deducing from previous knowledge the form of 
the function which is most likely to suit. 

Having , numerical results we are always at liberty 
to invent any kind of mathematical formula we like, and 
tlien try whether, by the suitable selection of values for 
the unknown constant quantities, we can make it give the 
required results. If ever we, fall upon a formula which 
does so, to a lair degree of approximation, there is a pre- 
sumption in favour of its being the true function, although 
there is no certainty whatever in the matter. In this way 
I discovered a simple mathematical law which closely 
agreed with the results of my experiments on muscular 
exertion. This law was afterwards shown by Professor 
Haughton to be the true rational law according to his 
theory of muscular action.^ 

But the chance of succeeding in this manner is small. 
The number of possible functions is infinite, and even the 
number of comparatively simple functions is so large 
that the probability of falling upon the correct one by 
mere chance is very slight. Even when we obtain the 
law it is by a deductive process, not by showing that the 
numbers give the law, but that the law gives the numbers. 

In the second way, we may, by a survey of the 
numbers, gain a general notion of the kind of law they 
are likely to obey, and we may be much assisted in this 

^ Haughton, Princqiles of Animal Mechanics^ 1B73, pp. 444 — 450. 
Jevons, NaiurCy 30th of June, 1870, vol. ii. p. 158. See also the 
experiments of Professor Nipher, of Washington University, St. 
Louis, in Amerioam Journal of Science, vol. ix. p. 130, vol. x. p. i ; 
Nature, vol, xi. pp. 256, 276 
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process by drawing tlieru out in the form of a curve. We 
can in this way ascertain with some probability whether 
the curve is likely to return into itself, or whether it has 
iniinite branches ; wluither sucli brandies arc asymptotic, 
that is, approach infinitely towards straight lines; whether 
it is logarithmic in character, or trigonometi-ic. Tliis 
indeed we can umly do if we remember tlie results of pre- 
vious investigations. Th^ process is still inversely deduc- 
tive, and consists in noting whatlaws give particular curves, 
and then inferring inversely that such curves belong to 
such laws. If v/e can in this way discover the class of 
functions to v/hi(;li tlie required law belongs, our chances 
of success are much increased, because our haphazard 
trials are now reduced within a narrower 8])here. But, 
unless we have almost the whole curve bcdcrc u:'*,, the 
identification of its character must bo a matter of great 
uncertainty ; and if, as in most physical investigations, 
we have a mere fmgmcnt of the curve, the assistance 
given would be quite illusory. Curves of almost any 
character can be made to ajiproximate to each other for 
a limited extent, so tliat it is only by a kind of divina- 
tion that we fall u])on tlie actual function, unless we have 
tliem etical knowledge of the kind of funcli'ui applicable 
to the case. 

When we have once obtained what we believe to be the 
correct form of function, the remainder of the work is 
mere mathematical computation to be performed infallibly 
according to fixed rules, ^ which include those employed 
in the determination of empirical forrnulm (]>. 487). The 
function will involve two or tliree or more unknown 
constants, the values of which we need to determine by 
our experimental results. Selecting some of our results 
widely apart and nearly equidistant, w^c form by means 
of them as many equations as there are constant quantities 
to be determined. The solution of these equations will 
then give us the constants required, and having now the 
actual function we can try whether it gives with sufficient 
accuracy tlie remainder of our experimental results. If 
not, we must either make a new selection of results to 
give a new set of equations, and thus obtain a new set of 
values for the constants, or we must acknowledge that our 
1 Jaiiiiu, Cowrs demt^hysiqnej vol. ii. p. 50 . 



492 


THE PRINCIPLES OF SCIENCE. 


[chap. 


form of function has been wrongly chosen. If it appears 
that the form of function has been correctly ascertained, 
we may regard the constants as only approximately accurate 
and may jproceed by the Method of Least Squares (p. 393) 
to determine the most probable, values as given by the 
whole of the experimental results. 

In most cases we shall find ourselves" obliged to fall 
back upon the third mode, that is, anticipation of the 
form of the law to be expected on the ground of previous 
knowledge. Theory and analogical reasoning must be our 
guides.^ The general nature of the phenomenon will often 
indicate the kind of law to be looked for. If one form of 
energy or one kind of substance is being converted into 
another, we may expect the law of direct simple proportion. 
In one distinct class of cases the effect already produced 
influences the amount of the ensuing effect, as for instance 
in the cooling of a heated body, when the law will be of 
an exponential form. When the direction of a force in- 
fluences its action, trigonometrical functions enter. Any 
influence which spreads freely through tridimensional 
space will be subject to the law of the inverse square 
of the distance. From such considerations we may some- 
times arrive deductively and analogically at the general 
nature of the mathen^atical law required. 

The Gro'pliical Method. 

In endeavouring to discover the mathematical law 
obeyed by experimental results it is often desirable to 
call in the aid of space-representations. Every equation 
involving two variable quantities corresponds to some kind 
of plane curve, and every plane curve may be represented 
symbolically in an equation containing two unknown 
quantities. FTow in an experimental research we obtain 
a number of values of the variant corresponding to an 
equal number of values of the variable; but all the 
numbers are affected by more or less error, and the values 
of the variable will often be irregularly disposed. Even 
if the numbers were absolutely correct and disposed at 
- regrdar intervals, there is, as we have seen, no direct mode 
of discovering the law, but the difficulty of discovery is much 
increased by the uncertainty anjJ irregularity of the reaulta. 
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Under such circumstances, the best mode of proceeding 
is to prepare a paper divided into equal rectangular spaces, 
a convenient size for the spaces being one-tenth of an 
inch square. The values of the variable being marked 
off on the lowest horizontal line, a point is marked for 
each corresponding value of the variant perpendicularly 
above that of tlje variable, and at such a height as cor- 
responds to the value of the variant. 

The exact scale of the drawing is not of much import- 
ance, but it may require to be adjusted according to 
circumstances, and difierent values must often be attri 
buted to the upright and horizontal divisions, so as to 
make the variations conspicuous but not excessive. If 
a curved line be drawn through all the points or ends 
of the ordinates, it will probably cxliibit irreg\ilar inllec- 
tions, owing to the errors which affect the numbers. But, 
when the results are numerous, it becomes apparent which 
results are more divergent than others, and guided by a 
so-called sense of continuity , it is possible to trace a line 
among the points which will approximate to the true law 
more nearly than the points themselves. The accompany- 
ing figure sufficiently explains itself. 



VARIABLE 


Perkins employed this graphical method with much 
care in exhibiting the results of his experiments on -the 
compression of water,^ The numerical results were marked 


^ Philosophical Transaciiom, 1826, p. 544. 
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upon a sheet of paper very exactly ruled at intervals of 
one- tenth of an inch, and the original marks were left 
in order that the reader might judge of the correctness of 
the curve ,drawn^ or choose another for himself. Eegnault 
carried the method to perfection by laying off‘ the points 
with a screw dividing engine ; ^ and he then formed a 
table of results by drawing a continuj^us curve, and 
measuring its height for equidistant values of the variable. 
Not only does a curve drawn in this manner enable us to 
infer numerical results more free from accidental errors 
than any of the numbers obtained directly from experiment, 
but the form of the curve sometimes indicates the class of 
functions to which our results belong. 

Engraved sheets of paper prepared for the drawing of 
curves may be obtained from Mr. Stanford at Charing 
Cross, Messrs. W. and A. K. Johnston, of London and 
Edinburgh, Waterlow and Sons, Letts and Co., and probably 
other publishers. When we do not require great accuracy, 
paper ruled by the common machine-ruler into equal 
squares of about one-fifth or one-sixth of an inch square 
will serve well enough. I have met with engineers’ and 
surveyors’ memorandum books ruled with one-twelfth inch 
squares. When a number of curves have to be drawn, I 
have found it best to rule a good sheet of d^xwing paper 
with lines carefully adjusted at the most convenient 
distances, and then to prick the points of the curve 
through it upon another sheet fixed underneath. In this 
way we obtain an accurate curve upon a blank sheet, 
and need only introduce such division lines as are requisite 
to the understanding of the curve. 

In some cases our numerical results will correspond, 
not to the height of single^ ordinates, but to the area of 
the curve between two ordinates, or the average height of 
ordinates between certain limits. If we measure, for in- 
stance, the quantities of heat absorbed by water when 
raised in temperature from o° to 5°, from 5® to 10°, and so 
on, these quantities will really be represented by areas of 
the curve denoting the specific heat of water ; and since 
thq specific heat varies continuously between every two 
points of tqjpperature, we shall not get the correct curve 

^ Jamin, Cour$ de Physique^ voL il. p. 24, ^c. 
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by simply laying off the quantities of heat at the mean tem- 
peratures, namely 2^®, and and so on. Lord Eayleigh 
has shown that if we have drawn such an incorrect curve, 
we can with little trouble correct it by a sipaple geo- 
metrical process, and obtain to a close approximation the 
true ordinates instead of those denoting arcas.^ 

Interpolation and Extrapolation. 

• 

When we have by experiment obtained two or more 
numerical results, and endeavour, without further experi- 
ment, to calculate intermediate results, we are .mid to 
interpolate. If we wish to assign by reasoning results 
lying beyond the limits of experiment, we may be said, 
using an expression of Sir George Airy, to extrapolate. 
These two operations are the same in principle, but differ 
in practicability. It is a matter of great scientific im- 
portance to apprehend precisely how far we can practise 
interpolation or extrapolation, and on what grounds we 
proceed. 

In the first place, if tlie interpolation is to be more tlian 
empirical, we must have not only the experimental results, 
but the laws which they obey — we must i’ fact go through 
the complete process of scientific investigaLun. Havitig 
discovered the laws of nature applying to the case, and 
verified them by showing that they agree with the experi- 
ments in question, w^e are then in a position to anticipate 
the results of similar experiments. Our knowledge even 
now is not certain, because we cannot completely prove 
the truth of any assumed law, and we cannot possibly 
exhaust all the circumstances which may affect the result. 
At the best then our interpolations will partake of the 
want of certainty and precision attaching to all our know- 
ledge of nature. Yet, having the supposed laws, our results 
will be as sure and accurate as any we can attain to. But 
such a complete procedure is more than we commonly 
mean by interpolation, which usually denotes some method 
of estimating in a merely approximate manner the results 


* J. W. Stinitt, On a correction iometi/mes required in curves pro^ 
fessing to represent the connexion between two physical magn 'tudes. 
Philosophical Magazine, 4th Series, vob xliL p. 441 . 
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which might have been expected independently of a the- 
oretical investigation. ^ 

Regarded in this light, interpolation is in reality an inde- 
terminate;,problem. From given values of a function it is 
impossible to determine that function ; for we can invent 
an infinite number of functions which will give those 
values if we are not restricted by any conditions, just as 
through a given series of points we can iraw an infinite 
number of curves, if we may diverge between or beyond 
the points into bends and cusps as we think fit.^ In inter- 
polation we must in fact be guided more or less by d priori 
considerations; we must know, for instance, whether or not 
periodical fluctuations are to be expected. Supposing that 
the phenomenon is non-periodic, we proceed to assume that 
the function can be expressed in a limited series of the 
powers of the variable. The number of powers which can 
be included depends upon the number of experimental 
results available, and must be at least one less than this 
number. By processes of calculation, which have been 
already alluded to in the section on empirical formulae, we 
then calculate the coefficients of the powers, and obtain an 
empirical formula which will give the required intermediate 
results. In reality, then, we return to the methods treated 
under the head of approximation and empirical formulae ; 
and interpolation, as commonly understood, consists in 
assuming that a curve of simple character is to pass through 
certain determined points. If we have, for instance, two 
experimental results, and only two, we assume that the 
curve is a straight line ; for the parabolas which can be 
passed through two points are infinitely various in mag- 
nitude, and quite indeterminate. One straight line alone 
can pass through two points, and it will have an equation 
of the form, y mx + n, the constant quantities of which 
can be determined from two results. Thus, if the two 
values for x, 7 and ii, give the values for y, 35 and 53, 
the solution of two equations gives y = 4*5 x a; 4 3 5 
as the equation, and for any other value of x, for instance 
10, we get a value of y, that is 48*5. When we take 
a mean value of x, namely 9, this process yields a simple 
mean resuli^ namely 44. Three experimental results 


1 Hersehel : Differential Calculus^ P* 55i* 
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being given, we assume that they fall upon a portion of a 
parabola and algebraic cfllculatiou gives the position of 
any intermediate point upon the parabola. Concerning 
the process of interpolation as practised in thp science 
of meteorology the reader will find some directions in the 
French edition of KaemtLS Meteorology.^ 

When we have, either by direct experiment or by 
the use of a curve, a series of values of the variant for 
•equidistant valiuis of the variable, it is instructive to take 
the difterences between each value of the variant and the 
next, and then tlie differences between those differences, 
and so on. If any series of differences approaclies olosely 
to zero it is an indication that tlie numbers may be 
correctly represented by a finite empirical formula ; if 
the ?ith differences are zero, then the formula will contain 
only the first n — i powers of the variable. Indeed we 
may sometimes obtain by the calculus of differences a 
correct empirical formula ; for if p be the first term of 
the series of values, and Ap, AV> bo the first num - 
ber in each column of differences, then the mth term of 
the series of values will be 

p 4 Ap + ^ A 7 ^ + w - ^ — Apt- 

2 2 j 

A closely equivalent but more practicable formula for 
interpolation by differences, as devised by Lagrange, will 
be found in Thomson and Tait’s Elements of Natural 
Philosophy, p. 1 15. 

If no column of differences shows any tendency to 
become zero throughout, it is an indication that the law 
is of a more complicated, for instance of an exponential 
character, so that it requires different treatment. Dr. J. 
Hopkinson has suggested a method of arithmetical inter- 
polation, ^ which is intended to avoid much that is 
arbitrary in the graphical method. His process will yield 
the same results in all hands. 

So far as we can infer the results likely to be obtained . 
by variations beyond the limits of experiment, we must 

* Cours complet de Mdtiorologie, Note A, p. 449. 

2 On the Calculation of Empirical Formuke. The Messernff^r of 
MaihematicH, New Series, No. 17, 1872. 
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proceed upon the same principh^s. If possible we must 
detect the exact laws in action, and then trust to them as 
a guide when we have no experience. If not, an empirical 
formula of the same character as those employed in inter- 
polation is our only resource. But to extend our inference 
far beyond the limits of experience is exceedingly unsafe. 
Our knowledge is at the best only approximate, and 
takes no account of small tendencies. Now it usually 
happens that tendencies small within our limits of ob-' 
servation become perceptible or great under extreme 
circumstances. When the variable in our empirical 
formula is small, we are justified in overlooking the higher 
powers, and taking only two or three lower powers. But 
as the variable increases, the higher powers gain in impor- 
tance, andjn time yield the principal part of the value of 
the function. 

This is no mere theoretical inference. Excepting the 
few primary laws of nature, such as the law of gravity, 
of the conservation of energy, &c., there is hardly any 
natural law which we can trust in circumstances widely 
different from those with which we are practically ac- 
quainted. From the expansion or contraction, fusion or 
vaporisation of substances by heat at the surface of the 
earth, we can form a most imperfect notion of what would 
happen near the centre of the earth, where the pressure 
almost infinitely exceeds anything possible in our experi- 
ments. The physics of the earth give us a feeble, and pro- 
bably a misleading, notion of a body like the sun, in 
which an inconceivably high temperature is united with an 
inconceivably high pressure. If there are in the realms of 
space nebul® consisting of incandescent and unoxidised 
vapours of metals and other elements, so highly heated 
perhaps that chemical composition is out of the question, 
we are hardly able to treat them as subjects of scientific 
inference. Hence arises the great importance of experi- 
ments in which we investigate the properties of substances 
under extreme circumstances of cold or heat, density or 
rarity, intense electric excitation, &c. This insecurity 
in extending our inferences arises from the approximate 
character of our measurements. Had we the power of 
appreciating infinitely small quantities, we should by 
the principle of continuity discover some trace of every 
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change which a substance could undergo under unattain- 
able circumstances. By observing, for instance, the ten- 
sion of aqueous vapour between o'" and ICX)° C., we ouglit 
theoretically to be able to infer its tension at evtry other 
temperature ; but this is out of the question practically 
because we cannot really ascertain the law precisely b(^- 
twcen those temperatures. 

Many instances might be given to show tliat laws 
which appear to represent con-ectly the results of experi- 
ments within certain limits altogether fail beyond those 
limits. The experiments of Itoscoe and Dittmar, on the 
absorption of gases in water ^ atlbrd interesting illustrations, 
especially in the case of hydrochloric acid, tlie quantity of 
which dissolved in water under different pressures follows 
very closely a linear law of variation, from which however 
it diverges widely at low pressures.^ Jlerscliel, having 
deduced from observations of the double star 7 Virginis 
an elliptic orbit for the motion of one component round 
the centre of gravity of both, found that for a time 
the motion of the star agreed very well with this orbit. 
Nevertheless divergence began to ap])car and after a time 
became so great that an entirely new orbit, of more than 
double the dimensions of the old one, had ultimately to be 
adopted.^ 


Illustrations of Enijnrical Quantitative Laws, 


Although our object in quantitative inquiry is to discover 
the exact or rational formulae, expressing the laws which 
apply to the subject, it is instructive to observe in how 
many important branches of science, no precise laws liave 
yet been detected. The tension of aqueous vapour at 
different temperatures has been determined by a succession 
of eminent experimentalists — Dalton, Kaiimtz, Dulong, 
Arago, Magnus, and Regnault — and by the last mentioned 
the measurements were conducted with extraordinary care 


1 Watts’ Dictionai'y of Chemistry y \oI. ii. p. 790. 

2 Qiiarterly Journal of the Chemical Society y vol. Viii. p. 15. 
5 Uesult^ of Ohservalwns at the Cape of Good Hope, p. 293. 
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Yet no incontestable general law has been established. 
Several functions liave been proj)ose(l to express the 
elastic force of the v^aponr as depending on the tem- 
perature.* The first form is that of Young, namely 
F = (a -h & t)^y in wliich a, &, and m are unknown quan- 
tities to be determined by obseWation. Eoche proposed, 
on theoretical grounds, a complicated fqrmula of an ex- 
ponential form, and a third form of function is that of 
Biot,^ as follows — log F = a ‘-f ha^ + c I mention 
these formulae, because they well illustrate the feeble 
powers of empirical inquiry. None of the formulae can be 
made 'to correspond closely with experimental results, and 
the two last forms correspond almost equally well. There is 
very little probability that the real law has been reached, 
and it is , unlikely that it will be discovered except by 
deduction from mechanical theory. 

Much ingenious labour has been spent upon the dis- 
covery of some general law of atmospheric refraction. 
Tycho Brahe and Kepler commenced the inquiry: Cassini 
first formed a table of refractions, calculated on theoretical 
grounds : Newton entered into some profound investiga- 
tions upon the subject : Brooke Taylor, Bouguer, Simpson, 
Bradley, Mayer, and Kramp successively attacked the 
question, which is of the highest practical importance 
as regards the correction of astronomical observations. 
Laplace next laboured on the subject without exhausting 
it, and Brinkley and Ivory have also treated it. The true 
law is yet undiscovered. A closely connected pinblem, 
that regarding the relation between the pressure and 
elevation in different strata of the atmosphere, has received 
the attention of a long succession of physicists and was 
most carefully investigated by Laplace. Yet no invariable 
and general law has been detected. Tlie same may be 
said concerning the law of human mortality; abundant 
statistics on this subject are available, and many hypotheses 
more or less satisfactory have been put forward as to the 
form of the curve of mortality, but it seems to be im- 
possible to discover more than an approximate law. 

It may perhaps be urged that in such subjects no single 
invariable law can be expected. The atmosphere may be 


* Jamini Cours de Physique, vol. ii. p. 138 . 
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divided into several variable strata which by their uncon- 
nected changes frustrate the exact calculations of astro- 
nomers. Human life may be subject at different ages to 
a succession of different influences incapable of ceduction 
under any one law. The results observed may in fact be 
aggregates of an immense number of separate results each 
governed by its *own separate laws, so that the subjects 
may be complicated beyond the possibility of complete 
resolution by empirical methods. This is certainly true 
of the mathematical functions which must some time or 
other be introduced into the science of political economy. 


Simple Proportional Variation. 

When we first treat numerical results in any novel kind 
of investigation, our impression will probably Be lliat one 
quantity varies in simple proportion to anotlier, so as to 
obey the law y = mx 4- ri. We must learn to distinguisJi 
carefully between the cases where this proportionality is 
mally, and where it is only apparently true. In con- 
sidering the principles of aj^proximation we found that a 
small portion of any curve will appear to L a straight line. 
When our modes of measurement arc comijaiatively rude, 
we must expect to be unable to detect the curvature. 
Kepler made meritorious attempts to discover the law ol 
refraction, and he approximated to it when he observed 
that the angles of incidence and refraction if small bear 
a constant ratio to each other. Angles when small are 
nearly as their sines, so that he reached an ajiproxiniate 
result of the true law. Cardan assumed, probably as a 
mere guess, tliat the force required to sustain a body on 
an inclined plane was simply proportional to the angle of 
elevation of the plane. This is approximately the case 
when the angle is small, but in reality the law is much 
more complicated, the power required being proportional 
to the sine of the angle. The early thermometer-makers 
were unaware whether the expansion of mercury was 
proportional or not to the heat communicated to it, and 
it is only in the present century that we have learnt it 
to be not so. We now know that even gases obey the 
law of uniform expansion by heat only in an approximate 
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manner. Until reason to the contrary is shown, we should 
do well to look upon every law of simple proportion as 
only provisionally true. 

Nevertheless many important laws of nature are in the 
form of simple proportions. Wherever a cause acts in 
independence of its previous effects, we may expect this 
relation. An accelerating force acts equally upon a 
moving and a motionless body. Hence the velocity 
produced is in simple proportion to the force, and to the 
duration of its uniform action. As gravitating bodies 
never interfere with each other's gravity, this force is in 
direct' simple proportion to the mass of each of the at- 
tracting bodies, the mass being measured by, or proportional 
to inertia. Similarly, in all cases of “ direct unimpeded 
action,” as Herschel has remarked,^ we may expect simple 
proportion to manifest itself. In such cases the equation 
expressing the I’clation may have the simple form y ~ mx. 

A similar I'elation holds true when there is conversion 
of one substance or form of energy into another. The 
quantity of a compound is equal to the quantity of tlie 
elements which combine. The heat produced in friction 
is exactly proportional to the mechanical energy absorbed. 
It was experimentally proved by Faraday that “ the chemi- 
cal 1)0 wer of the current of electricity is in direct pro- 
portion to the quantity of electricity which passes.” When 
an electric current is produced, the quantity of electric 
energy is simply proportional to the weight of metal 
dissolved. If electricity is turned into heat, there is 
again simple proportion. Wherever, in fact, one thing 
is but another thing with a new aspect, we may expect 
to find the law of simple proportion. But it is only in 
the most elementary cases that this simple relation will 
hold true. Simple conditions do not, generally speaking, 
produce simple results. The planets move in approximate 
circles round the sun, but the apparent motions, as seen 
from the earth, are very various. All those motions, again, 
are summed up in the law of gravity, of no great com- 
plexity; yet men never have been, and never will be, able 
to exhaust the complications of action and reaction arising 
from that law, even among a small number of planets 


> Prellmmarif Discourse, &c., p. 1 52 . 
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We should be on our fijuard against a tendency to assume 
that the connection of cause and effect is one of direct 
proportion. Bacon reminds us of the woman in .lEsop’s 
fable, who expected that her hen, with a doublp measure 
of barley, would lay two eggs a day instead of one, whereas 
it grew fat, and ceased to lay any eggs at all. It is a 
wise maxim that the half is often better than the whole. 



CHAPTER XXIII. 

THE USE OF HYPOTHESIS. 

If the vie,ws upheld in this work be correct, all inductive 
investigation consists in the marriage of hypothesis and 
experiment. When facts are in our possession, we frame 
an hypothesis to explain their relations, and by the success 
of this explanation is the value of the •liypothesis to be 
judged. In the invention and treatment of such hypotheses, 
we must avail, ourselves of the whole body of science 
alieady accumulated, and when once we have obtained a 
probable hypothesis, we must not rest until we have verified 
it by comparison with new facts. Wc must endeavour, by 
deductive reasoning to anticipate such phenomena, espe- 
cially tho^e of a singular and exceptional nature, as would 
happen if the hypothesis be true. Out of the infinite 
number of experiments which are possible, theory must 
lead us to select those critical ones which are suitable for 
confirming or negativing our anticipations. 

This work of inductive investigation cannot be guided 
by any system of precise and infallible rules, like those of 
deductive reasoning. There is, in fact, nothing to which 
we can apply rules of method, because the laws of nature 
must be in our possession before we can treat them. If 
there were any rule of inductive method, it would direct 
us to make an exhaustive arrangement of facts in all 
possible orders. Given the specimens in a museum, we 
might arrive at the best classification by going systematically 
through all possible classifications, and, were we endowed • 
with infinite time and patience, this would be an effective 
method. It is the method by which the first simple steps 
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are taken in an incipient ^ranch of science. Before the dig- 
nified name of science is applicable, some coincidences wQl 
force themselves upon the attention. Before there was a 
science of meteorology observant persons learned to asso- 
ciate clearness of the atmosphere with coming rain, and a 
colourless sunset with fine weather. Knowledge of this 
kind is called empirical, as seeming to come directly from 
experience ; an 5 there is a considerable portion of know- 
ledge which bears this character. 

We may be obliged to trust to the casual detection 
of coincidences in those branches of knowledge wliere 
we are deprived of the aid of any guiding notioris ; but 
a little reflection will show the utter insufficiency of 
haphazard experiment, when apyilied to investigations of 
a complicated nature. At the best, it will be the simple 
identity, or partial identity, of classes, as illustrated 
in pages 127 or 134, which can be thus detected. It was 
pointed out that, even when a law of nature involves only 
two circumstances, and there are one hundred distinct cir- 
cumstances which may possibly be connected, there will 
be no less than 4,950 pairs of circumstances between 
which coincidence may exist. When a law involves three 
or more circumstances, the possible nu. ber of i-olations 
becomes vastly greater. When considering the subject 
of combinations and permutations, it became apparent 
that we could never coi)e with the possible variety of 
nature. An exhaustive examination of the possible me- 
tallic alloys, or chemical compounds, was found to be out 
of the question (p. 19 1). 

It is on such considerations that we can explain the 
very small additions made to our knowledge by the al- 
chemists. Many of them were men of the greatest acute- 
ness, and their indefatigable labours were pursued through 
many centuries. A few things were discovered by them, 
but a true insight into nature, now enables chemists to 
discover more u.seful facts in a year than were yielded by 
the alchemists during many centuries. There can be no 
doubt that Newton was an alchemist, and that he often 
laboured night and day at alchemical experiments. But 
in trying to discover the secret by which gross metals 
might be rendered noble, his lofty powers of deduc- 
tive investigation were wholly useless. Deprived of all 
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guiding clues, his experiments were like those of all the 
alchemists, purely tentative and haphazard. While his 
hypothetical and deductive investigations have given us 
the true system of the Universe, and opened the way in 
almost all the great branches of natural philosophy, the 
whole results of his tentative experiments are compre- 
hended in a few happy guesses, given in his celebrated 
'' Queries.” 

Even when we are engaged in apparently passive 
observation of a phenomenon, whicli we cannot modify 
experimentally, it is advantageous that our attention 
should* be guided by theoretical anticipations. A pheno- 
menon which seems simple is, in all probability, really 
complex, and unless the mind is actively engaged in 
looking for particular details, it is likely that the critical 
circumstances will be passed over. Bessel regretted that 
no distinct’ theory of the constitution of comets had 
guided his observations of Halley’s cornet;^ in attempting 
to verify or refute a hypothesis, not only would there be 
a chance of establishing a true theory, but if confuted, 
the confutation would involve a store of useful observa- 
tions. 

It would be an interesting work, but one which I can- 
not undertake, to trace out the gradual reaction which has 
taken place in recent times against the purely empirical 
or Baconian theory of induction. Francis Bacon, seeing 
the futility of the scliolastic logic, which had long been 
predominant, asserted that the accumulation of facts and 
the orderly abstraction of axioms, or general laws from 
them, constituted the true method of induction. Even 
Bacon was not wholly unaware of the value of hypothe- 
tical anticipation. In one or two places he incidentally 
acknowledges it, as when lie remarks that the subtlety of 
nature surpasses that of reason, adding that “ axioms ab- 
stracted from particular facts in a careful and orderly 
manner, readily suggest and mark out new particulars.” 

Nevertheless Bacon’s method, as far as we can gather 
the meaning of the main portions of his writings, would 
correspond to the process of empirically collecting facts 

* Tyndall, On Coiaetary Theory, PhUosopliical Magazine, April 
1869. 4th Series, vol. xxxvii. p. 243. 



'xxm.J 


rHE USE OF HYPOTHESIS. 


507 


and exhaustively classifying them, to which I alluded. 
The value of this methbd may be estimated historically 
by the fact that it has not been followed by any of 
tiie great masters of science. Whether we look^to Galileo 
who preceded Bacon, to Gilbert, his contemporary, or 
to Kewton and Descartes, Leibnitz and Huyghens, his 
successors, we find that discovery was achieved by the 
opposite method to that advocated by Bacon. Through- 
out Newton’s works, as 1 shall show, we find deductive 
reasoning wholly predominant, and experiments are em- 
ployed, as they should be, to confirm or rei’ute hypothe- 
tical anticipations of nature. In my “ Elementary Lessons 
in Logic” (p. 258 ), I stated my belief that there \vas no 
kind of reference to Bacon in Newton’s works. I have 
since found that Newton does once or twice emjdoy the 
expression expcrimcntum a'ucis in his “ OpticJvs,” but this 
is the only expression, so far as I am aware,' which could 
indicate on the part of Newton direct or indirect ac- 
quaintance with Bacon’s writings.^ 

Other great physicists of the same age were equally 
prone to the use of hypotheses rather than the blind 
accumulation of facts in the Baconian manner. Hooke 
emplailically asserts in bis posthumou,^ work on ITiilo- 
sophical Method, that the first requisite •h the Natural 
riiilosopher is readiness at guessing the solution of pheno- 
mena and making quciaes. lie ought to be very well 
skilled in those several kinds of philoso])hy already 
known, to understand their several hypotheses, sup- 
positions, collections, observations, &c., their various ways 
of ratiocinations and proceedings, the several failings and 
defects, both in their way of raising and in their way of 
managing their several theories : for by this means the 
mind will be somewhat more ready at guessing at the 
solution of many phenomena almost at first sight, and 
thereby be much more prompt at making queries, and at 
tracing the subtlety of Nature, and in discovering and 
searching into the true reiison of things.” 

We find Horrocks, again, than whom no one was more 

^ Sec Fhilosopkical Transactions^ {ibiidgod by Lowthurp. 4th edit, 
vol. i. p. 130. I find that opinions similar to those in the text have 
l)eeii briefly expressed by De Morgan in his remarkable preiacc to 
From Matter to Spirit by C.l>., pp. xxi. xxii. 
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filled with the scientific spirit, ,telling ns how he tried 
theory after theory in order to discovei one which was in 
accordance with the motions of Mars.^ Hnyghens, who 
possessed -one of the most perfect philosophical intellects, 
followed the deductive process combined with continual 
appeal to experiment, with a skill closely analogous to 
that of Newton. As to Descartes and Leibnitz, they fell 
into excess in tlie use of hypothesis, since they sometimes 
adopted hypothetical reasoning to the exclusion of ex- 
perimental verification. Throughout the eighteenth cen- 
tury science was supposed to be advancing by the pur- 
suance of tlie Baconian method, but in reality hypothetical 
investigation was the main instrument of progress. It is 
only in the present century that physicists began to recog- 
nise this truth. So much opprobrium had been attached 
by Bacon to the use of hypotheses, that we find Young 
speaking of them in an apologetic tone. ‘‘ The practice of 
advancing general principles and applying them to par- 
ticular instances is so far from being fatal to truth in all 
sciences, that when tliose principles are advanced on suf- 
ficient ground^ it constitutes the essence of true phi- 
losophy;”* and he quotes cases in which Davy trusted 
to his theories rather than his experiments. 

Herschel, who was both a practical physicist and an 
abstract logician, entertained the deepest respect for 
Bacon, and made the “ Novum Organum ” as far as 
possible the basis of his own admirable Discourse on 
the Study of Natural Philosophy. Yet we find him in 
Chapter VII. recognising the part which tlie formation 
and verification of theories talces in the higher and more 
general investigations of physical science. J. S. Mill 
carried on the reaction by describing the Deductive 
Method in which ratiocination, that is deductive rea- 
soning, is employed for the discovery of new oppor- 
tunities of testing and verifying an hypothesis. Never- 
theless throughout the other parts of his system he 
inveighed against the value of the deductive process, 
and even asserted that empirical inference from par- 
ticulars to particulars is the true type of reasoning. 


‘ Horrocks, Optra Posthuma (1673), p. 276, 
^ Young's Works, vol, i. p. 593. 
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The irony of fate will ^ probably decide that the most 
original and valuable part of Mill's System of Logic is 
irreconcilable with those views of the syllogism and ol 
the nature of inference whicli occupy the majii ]>art of 
the treatise, and are said to have effected a revolution 
in logical science. Mill would have been saved from 
much confusion of thought had he not failed to observe 
that the invers(^ use of deduction constitutes induction. 
In later years rrofessot Huxley has strongly insisted 
upon the value of hypothesis. When he advocates the 
use of working hypotheses " he means no doubt that 
any hypothesis is better that none, and that we cannot 
avoid being guided in our observations by some hypo- 
thesis or other. Professor Tyndall’s views as to the 
use of the Imagination in the pursuit of Science put the 
same truth in another light. 

It ought to be pointed out that Neil in his A 9 i oj 
Eca^soning, a popular hut able exposition of the principles 
of Logic, piildished in 1853, fully recognises in Chapter 
XT. the value and position of hypothesis in the discovery 
of truth. He endeavours to show, too (p. 109), that 
Francis Paeon did not object to the use of hypothesis. 

The true courki of inductive proced; 'o is that which 
has yielded all the more lofty results of science. It 
consists ill Anticipating Nature, in the sense of forming 
hypotheses as to the Jaws which are probably in opera- 
tion; and then ol)serving wdiether the combinations of 
phenomena are such as would follow from the laws 
supposed. The investigator begins with facts and ends 
with them. He uses facts to suggest probable hypotheses ; 
deducing other facts which would happen, if a parti- 
cular hypothesis is true, he proceeds to test the truth 
of his notion by fresh observations. If any result prove 
different from what he expects, it leads him to modify 
or to abandon his hypothesis ; hut every new fact may 
give some new suggestion as to the laws in action. 
'Even if the result iu any case agrees wdth his anticipa- 
tions, he does not regard it as finally confirmatory of his 
theory, hut proceeds to test the truth of the theory by new 
deductions and new trials. 

In such a process the investigator is assisted by the 
whole body of science previously accumulated. He may 
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employ analogy, as I shall point..out, to guide him in the 
choice of hypotheses. The manifold connections between 
one science and another give him clues to the kind of laws 
to be expected, and out of the infinite number of possible 
hypotheses he selects those which are, as far as can be 
foreseen at the moment, most probable. Each experiment, 
therefore, which he performs is that most likely to throw 
light upon his subject, and even if it frustrate his first 
views, it tends to put him in possession of the correct 
clue. 

^ Requisites of a good Hypothesis, 

There is little difficulty in pointing out to what condi- 
tion an hypothesis must conform in order to be accepted 
as probable and valid. That condition, as I conceive, is 
the single one of enabling us to infer tlie existence of 
phenomena which occur in our experience. Agreement 
with fact is the sole and sufficient test of a true hypothesis. 

Hobbes has named two conditions which he considers 
requisite in an hypothesis, namely (i) That it should be 
conceivable and not absurd ; (2) That it should allow of 
phenomena being necessarily inferred. Boyle, in noticing 
Hobbes’ views, proposed to add a third’ condition, to the 
effect that the hypothesis should not be inconsistent with 
anv other truth on phenomenon of nature.^ I think that 
of these three conditions, the first cannot be accepted, 
unless by inconceivable and absurd we mean self-contra- 
dictory or inconsistent with the laws of thought and 
nature. I shall have to point out that some satisfactory 
theories involve suppositions which are wholly inconceiv- 
able in a cei;tain sense of the word, because the mind can- 
not sufficiently extend its ideas to frame a notion of the 
actions supposed to take place. That the force of gravity 
should act instantaneously between the most distant parts* 
of the planetary system, or that a ray of violet light 
should consist of about 700 billions of vibrations in a 
second, are statements of an inconceivable and absurd 
character in one sense; but they are so far from being 
opposed to fact that we cannot on any other suppositions 
account for phenomena observed. But if an hypothesis 
involve self-contradiction, or is inconsistent with known 
‘ Boyle’s Physical Exa/mm, p. 8^ 
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laws of nature, it is sel|-condenined. We cannot even 
apply deductive reasoning to a self-contradictory notion ; 
and being op})Osed to the most general and certain laws 
known to us, the primary laws of tliouglit, it thoi*eby con- 
spicuously fails to agree witli facts. Since nature, again, 
is never self- contradictor}", we cannot at the same time 
accept two theoj'ies which lead to contradictory results. 
If the one agrees with nature, the other cannot. Hence if 
there be a law which we believe with high probability to 
be verified by observation, we must not frame an hypotliesis 
in conflict with it, otherwise the liypothesis will necessarily 
be in disagreement with observation. Since no law or 
hypothesis is proved, indeed, with absolute certainty, there 
is always a chance, however slight, that the new hypo- 
thesis may displace the old one ; but the greater the pro- 
bability which we assign to that old hy])othesis^the greater 
must be the evidence required in favour of the new and 
conflicting one. 

I assert, then, that there is but one test of a good 
hypothesis, namely, its conformitjf with obsemd facts ; but 
this condition may be said to involve three constituent 
conditions, nearly equivalent to those suggested by Hobbes 
and Ihjyle, namely : — 

(1) That it allow of the application of dediiCtive reason- 
ing and the inference of consequences capable of com- 
parison with the results of observation. 

(2) That it do not conflict with any laws of nature, or 
of mind, which we hold to be true. 

(3) That the consequences inferred do agree with facts 
of observation. 

Possibility of Deductive Beasoniny. 

As the truth of an hypothesis is to be proved by its 
conformity with fact, the first condition is that we be able 
to apply methods of deductive reasoning, and learn what 
should happen according to such an hypothesis. Even 
if we could imagine an object acting according to laws 
hitherto wholly unknown it would be useless to do so, 
because we could never decide whether it existed or not. 
We can only infer what would happen under supposed 
conditions by applying the knowledge of nature we possess 
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to those conditions. Hence, as Boscovich trnly said, we 
are to understand by liypothesds ''not fictions altogether 
arbitrary, but suppositions conformable to experience or 
analogy.’' It follows that every hypothesis worthy of 
consideration must suggest some likeness, analogy, or 
common law, acting in two or more things. If, in order 
to explain certain facts, a, a\ a", <fec., we invent a cause A, 
then we must in some degree appeal to*' experience as to 
the mode in which A will act. ^As the laws of nature are 
not known to the mind intuitively, we must point out 
some other cause, B, which supplies the requisite notions, 
and a!l we do is to invent a fourth term to an analogy. 
As B is to its effects &, h\ 5", &c., so is A to its effects a, 
a'y a", &G. When we attempt to explain the passage of 
light and heat radiations through space unoccupied by 
matter, we imagine the existence of the so-called ether. 
But if this ether were wholly different from anything 
else known to us, we should in vain try to reason about it. 
We must apply to it at least the laws of motion, that is 
we must so far liken it to matter. And as, when applying 
those laws to the elastic medium air, we are able to infer 
the phenomena of sound, so by arguing in a similar manner 
concerning ether we are able to infer the existence of light 
phenomena corresponding to what do occur. All that we 
do is to take an elastic substance, increase its elasticity 
immensely, and denude it of gravity and some other 
properties of matter, but we must retain sufficient likeness 
to matter to allow of deductive calculations. 

The force of gravity is in some respects an incompre- 
hensible existence, but in other respects entirely con- 
formable to experience. We observe that the force is 
proportional to mass, and that it acts in entire indepen- 
dence of other matter which may be present or intervening. 
The law of the decrease of intensity, as the square of the 
distance increases, is observed to hold true of light, sound, 
and other influences emanating from a point, and spreading 
uniformly through space. The law is doubtless connected 
with the properties of space, and is so far in agreement 
with our necessary ideas. 

It may be said, however, that no hypothesis can be so 
much as framed in the mind unless it be more or less 
conformable to experience. As the material of our ideas 
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is derived from sensation we cannot figure to ourselves 
any agent, but as endowed with some of the properties of 
matter. All that the mind can do in the creation of new 
existences is to alter combinations, or the intensity of 
sensuous properties. The phenomenon of motion is 
familiar to sight and touch, and different degrees of rapidity 
are also familiar ; we can pass beyond the limits of sense, 
and imagine the existence of rapid motion, such as our 
senses could not observe. We know what is elasticity, 
and we can therefore in a way figure to ourselves elasticity 
a thousand or a million times greater than any which is 
sensuously known to us. The waves of the ocean ara many 
times higher than our own bodies ; other waves, are many 
times less ; continue the proportion, and we ultimately 
arrive at waves as small as those of light. Thus it is that 
the powers of mind enable us from a sensuous basis to 
reason concerning agents and phenomena different in an 
unlimited degree. If no hypothesis then can be absolutely 
opposed to sense, accordance with experience must always 
be a question of degree. 

In order that an hypothesis may allow of satisfactoiy 
comparison with experience, it must possess definiteness 
and in many cases mathematical exactness allowing of 
the precise calculation of results. We mu.st bo able to 
ascertain whether it does or does not agree with facts. 
The theory of vortices is an instance to the contrary, for 
it did not present any mode of calculating the exact 
relations between the distances and periods of the planets 
and satellites ; it could not, therefore, undergo that rigorous 
testing to which Newton scrupulously submitted his theory 
of gravity before its promulgation. Vagueness and in- 
capability of precise proof or disproof often enable a false 
theory to live ; but with those who love truth, vagueness 
should excite suspicion. The upholders of the ancient 
doctrine of Nature's abhorrence of a vacuum, had been 
unable to anticipate the important fact that water would 
not rise more than 33 feet in a common suction pump. 
Nor when the fact was pointed out could they explain it, 
except by introducing a special alteration of the theoiy to 
the effect that Nature's abhorrence of a vacuum was 
limited to 33 feet. 
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Consistency with the Laws of Nature. 

In the second place an hypothesis must not he contra- 
dictory to what we believe to he true concerning Nature. 
It must not involve self-inconsistpency which is opposed to 
the highest and .simplest laws, namely, those of Logic. 
Neither ought it to be irreconcilable with the simple 
laws of motion, of gravity, of the conservation of energy, 
nor any parts of physical science which we consider to be 
established beyond reasonable doubt. Not that we are 
absolutely forbidden to entertain such an hypothesis, but 
if we do so we must be prepared to disprove some of the 
best demonstrated truths in the possession of mankind. 
The fact that conflict exists means that the consequences 
of the theory are not verified if previous discoveries are 
correct, and we must therefore show that previous dis- 
coveries are incorrect before we can verify our theory. 

An hypothesis will be exceedingly improbable, not to 
say absurd, if it supposes a substance to act in a manner 
unknown in other cases ; for it then fails to be verified in 
our knowledge of that substance. Several physicists, 
especially Euler and Grove, have supposed that we might 
dispense with an ethereal basis of light, and infer from 
the interstellar passage of rays that tlxere was a kind of 
rare gas occupying space. But if so, that gas must be 
excessively rare, as we may infer from tlie apparent 
absence of an atmosphere around the moon, and from 
other facts Icnown to us concerning gases and the atmo- 
sphere ; yet it must possess an elastic force at least a 
billion times as great as atmospheric air at the earth's 
surface, in order to account for the extreme rapidity of 
light rays. Such an hypothesis then is inconsistent with 
our knowledge concerning gases. 

Provided that there be no clear and absolute conflict 
with known laws of nature, there is no hypothesis so 
improbable or apparently inconceivable that it may not 
be rendered probable, or even approximately certain, by 
a sufficient number of; concordances. In fact tJie two best 
founded and most successful theories in physical science 
involve the most absurd suppositions. Gravity is a force 
which appears to act between bodies through vacuous 
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space ; it is in positive contradiction to tlie old dictum 
that nothing can act but through some medium. It is 
even more puzzling that the force acts in perfect indiffer- 
ence to intervening obstacles. Liglit in spil^ of its 
extreme velocity shows much respect to matter, for it is 
almost instantaneously stopped by opaque su])stances, and 
to a considerable extent absorbed and deflected by trans- 
parent ones. But to gravity all media are, as it were, 
absolutely transparent, nay non-existent ; and two particles 
at opposite points of the earth affect each other exactly as 
if the globe were not between. The action is, so far as 
we can observe, instantaneous, so that every particle of the 
universe is at every moment in separate cognisance, as it 
were, of the relative position of every other particle througli- 
out the universe at that same moment of time. Gompored 
with such incomprehensible conditions, the .theory of 
vortices deals with commonplace realities. Newton’s 
celebrated saying hypotheses non fingOy bears the appearance 
of irony; and it was not without apparent grounds that 
Leibnitz and the continental philosophers charged Newton 
with re-introducing occult powers and qualities. 

The undulatory theor}'’ of light presents almost equal 
difficulties of conception. We are aske>v bv physical 
philosophers to give up our prepossessions, and to believe 
that interstellar space which seems empty is not empty at 
all, but filled with something immensely more solid and 
elastic than steel. As Young himself remarked,^ “ the 
luminiferous ether, pervading all space, and penetrating 
almost all substances, is not only highly elastic, but 
absolutely solid 1 ! ! ” Herschel calculated the force which 
may be supposed, according to the undulatory theory of 
light, to be constantly exerted at each point in space, and 
finds it to be i,i48,000,C)00,0(X> times the elastic force ot 
ordinary air at the earth’s surface, so that the pressure 
of etlier per square inch must be about seventeen billions 
of pounds.2 Yet we live and move without appreciable 
resistance through this medium, immensely harder and 
more elastic than adamant. All our ordinary notions 
must be laid aside in contemplating such an hypothesis ; 

‘ Young’s Worh^, vol. i. p. 41 J. 

* FamUiar Lecturer on SewnHfio Subjects, p. 282. 

L 1. 2 
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yet it is no more than the observed phenomena of light 
and heat force us to accept. We cannot deny even the 
strange suggestion of Young, that there may be independent 
worlds, some possibly existing in different parts of space, 
but others perhaps pervading each other unseen and 
unknown in the same space.^ ^For if we are bound to 
admit the conception of this adamantine firmament, it is 
equally easy to admit a plurality of such. We see, then, 
that mere difficulties of conception must not disc]‘edit a 
theory which otherwise agrees with facts, and we must 
only reject hypotheses which are inconceivable in the 
sense of breaking distinctly the primary laws of thought 
and nature. 


Conformity with Facts. 

Before we accept a new hypothesis it must be shown 
to agree not only with the previously known laws of na- 
ture, but also with the particular facts which it is framed 
to explain. Assuming that these facts are properly 
established, it must agree with all of them. A single 
absolute conflict between^act and hypothesis, is fatal to 
the hypothesis ; falsa in uno, falsa in omnibus. 

Seldom, indeed, snail we have a theory free from 
difficulties and apparent inconsistency with facts. Thougli 
one real inconsistency would overturn the most plausible 
theory, yet there is usually some probability that the fact 
may be misinterpreted, or that some supposed law of 
nature, on which we are relying, may not be true. It may 
be expected, moreover, that a good hypothesis, besides 
agreeing with facts already noticed, will furnish us with 
distinct credentials by enabling us to anticipate deductively 
series of facts which are not already connected and 
accounted for by any equally probable hypothesis. We 
caimot lay down any precise rule as to the number of 
accordances which can establish the truth of an hypothesis, 
because the accordances will vary much in value. While, 
on the one hand, no finite number of accordances wiU 
give entire certainty, the probability of the hypothesis 
will increase very rapidly with the number of accordances. 


^ foong’s Worki^ vol. i. p. 417. 
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Almost every problem in science thus takes the form of 
a balance of probabilities. It is only when difficulty 
after difficulty has been successfully explained away, and 
decisive experimentq, crncis have, time after time, resulted 
ill favour of our theory, that we can venture to assert the 
falsity of all objections. 

The sole real test of an hypothesis is its accordance 
with fact. Descartes’ celebrated system of vortices is 
exploded, not because it was intrinsically absurd and 
inconceivable, but because it could not give results in 
accordance with the actual motions of the heavenly bodies. 
The difficulties of conception involved in the apparatus 
of vortices, are child’s play compared with those of gravi- 
tation and the undulatoiy theory already describcHl. 
Vortices are on the whole plausible su])positious ; lor 
planets and satellites bear at first siglit much rescmldaiice 
to objects carried round in whirlpools, an analogy which 
doubtless suggested the theory. The failure was in the 
first and third requisites ; for, as already remarked, the 
theory did not allow of precise calculation of planetary 
motions, and was thus incapable of rigorous veriticatiou. 
Hut so far as we can institute a comparison, facts are en- 
tirely against the vortices. Newton did ot ridicule the 
theory as absurd, but showed ^ that it was “ pressed with 
many difficulties.” He carefully pointed out that the 
Cartesian theory was ‘inconsistent with the lav^s of Kepler, 
and would represent the planets as moving more rapidly 
at their aphelia than at their perihelia.*-* The rotatory 
motion of the sun and planets on their own axes is in 
striking conflict with the revolutions of the satellites 
carried round them ; and comets, the most flimsy of bodies, 
calmly pursue their courses in elliptic paths, irrespective 
of the vortices which they pass through. We may now 
also point to the interlacing orbits of the minor planets 
as a new and insuperable difficulty in the way of the 
Cartesian ideas. 

Newton, though he established the best of theories, was 
also capable of proposing one of the worst ; and if we 
want an instance of a theory decisively contradicted by 

* rrincipiay bk. iii. Prop. 43. General Scholionu 
Ibid. bk. ii. Sect. ix. Prop, 
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facts, we have only to turn to his views concerning the 
origin of natural colours. Having analysed, witli incom- 
parable skill, the origin of the colours of thin plates, he 
suggests^ that the colours of all bodies are determined 
in like manner by the size of their ultimate particles. 
A thin plate of a definite thickness will reflect a de- 
finite colour; hence, if broken up into fragments it will 
form a powder of the same colour. Hut, if this be a 
sufficient explanation of coloured substances, then every 
coloured fluid ought to reflect the complementary colour of 
that which it transmits. Colourless transparency arises, 
accoitJing to Newton, tVom particles being too minute to 
reflect liglit ; but if so, every black substance should be 
transparent. Newton himself so acutely felt this last dif- 
ficulty as to suggest that true blackness is due to some 
internal refraction of tlie rays to and fro, and an ultimate 
stifling of' them, which he did not attempt to explain 
further. Unless some other process comes into operation, 
neither refraction nor reflection, however often repeated, 
will destroy the energy of light. The theory therefore 
gives no account, as Brewster shows, of 24 parts out of 
25 of the light which falls upon a black coal, and the re- 
maining part which is reflected from the lustrous surface 
is equally inconsistent witli the theory, because fine coal- 
dust is almost entirely devoid of reflective power.^ It is 
now generally believed that the colours of natural bodies 
arc due to the unequal absorption of rays of light of dif- 
ferent refrangibility. 

Experivicnium Crucis. 

As we deduce more and more conclusions from a theory, 
and find them verified by trial, the probability of the 
Theory increases in a rapid manner; but we never escape 
the risk of error altogether. Absolute certainty is be- 
yond the powers of inductive investigation, and the most 
plausible supposition may ultimately be proved false. 
Such is the groundwork of similarity in nature, that 
two very different conditions may often give closely 
similar results. We sometimes find ourselves therefore 

* BrewsteFs Lije of Etwton, ist edit.. chai>. vii. 
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ill possession of two or more hypotheses which both agree 
with so many experimental facts as to have great appear- 
ance of truth. Under such circumstances we have need 
of some new experiment, whicli shall give results agreeing 
with one hypothesis but not Avitli the.otlier. 

Any such experiment which decides between two rival 
theories may be called an Experimcniuiyi Criicis, an 
Experiment of*the Finger Post. Whenever the mind 
stands, as it were, at cross-roads and knows not which 
way to select, it needs some decisive guide, and Bacon 
therefore assigned great importance and authority to in- 
stances which serve in this capacity. The name gfveu by 
Bacon has become familiar ; it is almost the only one of 
Bacon’s figurative expressions which has passed into com- 
mon use. F>en Newton, as 1 have mentioned (p. 507 ), 
used the name. 

I do not think, indeed, that the common use of the 
word at all agrees with that intended by Bacon, llcr- 
schel says that “ we make an expciiment of the crucial 
kind when we form combinations, and ])ut in action 
causes from which some particular one shall be deliberately 
excluded, and some other purposely admitted.” ^ This, 
however, seems to be the description of iny special ex- 
perinient not made at liaphazard. Pascal's experiment 
of causing a barometer to be carried to the top of 
the Puy-de-l) 6 me has often been considered as a per- 
fect cx'pcrimxntum crucis, if not tlie first distinct one on 
record ; “ but if so, we must dignify the doctrine of 
Nature s abhorrence of a vacuum with the position of a 
rival theory. A crucial experiment must not simply 
confirm oue theory, but must negative another ; it must 
decide a mind whicli is in equilibrium, as Bacon, says,* 
between two equally plausible views. “ When in search 
of any nature, the understanding comes to an equilibrium, 
as it were, or stands suspended as to whicli of two or 
more natures the cause of nature inquired after should 
be attributed or assigned, by reason of the frequent and 
common occurrence of several natures, then these Crucial 
Instances show the true and inviolable association of one 

^ Discourse on the Study of Natural Philosophy, p. 1 5 1 . 

2 Ibid. p. 229. 

3 Novum Orgauum, bk. iL Aphurisni 36 
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of these natures to the nature ^’ought, and the uncertain 
and separable alliance of the other, whereby the question 
is decided, the former nature admitted for the cause, 
and the other rejected. Tlicse instances, therefore, afford 
great light, and have a kind of overruling authority, so 
that the course of interpretation will sometimes terminate 
in them, or be finished by them.” , 

The long-continued strife bet)veen the Corpuscular and 
Undulatory theories of light forms the best possible illus- 
tration of an Experimentum Crucis. It is remarkable in 
how jjjlausible a manner both these theories agreed with 
the ordinary laws of geometrical optics, relating to reflec- 
tion and refraction. According to the first law of motion 
a moving particle proceeds in a perfectly straight line, 
when undisturbed by extraneous forces. If the particle 
being perfectly elastic, strike a perfectly elastic plane, it 
will bound off in such a path that the angles of incidence 
and reflection will be equal. Now a ray of light proceeds 
in a straight line, or appears to do so, uqtil it meets a re- 
flecting body, when its path is altered in a manner exactly 
similar to that of the elastic particle. Here is a remark- 
able correspondence which probably suggested to Newton’s 
mind the hypothesis that light consists of minute elastic 
particles moving with excessive rapidity in straight lines. 
The correspondence was found to extend also to the law 
of simple refraction ; for if particles of light be supposed 
capable of attracting matter, and being attracted by it at 
insensibly small distances, then a ray of light, falling on 
the surface of a transparent medium, will suffer an increase 
in its velocity perpendicular to the surface, and the law 
of sines is the consequence. This remarkable explanation 
of the law of refraction had doubtless a very strong 
effect in leading Newton to entertain the corpuscular 
theory, and he appears to have thought that the analogy 
between the propagation of rays of light and the motion 
of bodies was perfectly exact, whatever might be the 
actual nature of light It is highly remarkable, again, 
that Newton was able to give by his corpuscular theory, 
a plausible explanation of the inflection of light as dis- 

* Principia, bk. i. Sect. xiv. Prop. 96. Scholium. Opticks, Prop. vi. 
3rd edit. D. 7a 
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covered by Grimaldi. The theory would indeed have been 
a very probable one coiilcl Newton’s own law of gravity 
have applied ; but this was out of the question, because the 
particles of light, in order that they may move iji straight 
lilies, must be devoid of any influence upon each other. 

The Huyghenian or U Adulatory theory of light was also 
able to explain the same phenomena, but with one re- 
markable differe*nce. If the undulatory theory be true, 
light must move more slo\Hyin a dense refracting medium 
than in a rarer one ; but the Newtonian theory assumed 
that the attraction of the dense medium caused the par- 
ticles of light to move more rapidly than in tl?e rare 
medium. On this point, then, tliere was complete discre- 
pancy between the theories, and observation was required 
to show which theory was to be preferred. , Now liy 
simply cutting a uniform 'plate of glass into two pieces, 
and slightly inclining one piece so as to increase the 
length of the path of a ray passing through it, experi- 
menters were able to show that light does move more 
slowly in glass than in air.‘ More recently Fizeau and 
Foucault independently measured the velocity of light in 
air and in water, and found that the velocity is greater in 
air.^ 

There are a number of other points at ^viiich experi- 
ence decides against Newton, and in favour of Huyghens 
and Young. Laplace pointed out that the attraction sup- 
posed to exist between matter and the corpuscular parti- 
cles of light would cause the velocity of light to vary 
with the size of the emitting body, so that if a star were 
250 times as great in diameter as our sun, its attraction 
would prevent the emanation of liglit altogether.^ But 
experience shows that the velocity of light is uniform, 
and independent of the magnitude of the emitting body, as 
it should b© according to the undulatory theory. Lastly, 
Newton’s explanation of diffraction or inflection fringes 
of colours was only plamihle, and not true; for Fresnel 
ascertained that the dimensions of the fringes are not what 
they would be according to Newton’s theory. 

Although the Science of Light presents us witli the 

* Airy^s Mathematical Tracts, 3rd edit, pp. 286—288. 

2 Jamin, Coun de Physique, voi. iii. p. 372. 

^ Youngfs Lectures m Nattural Philosophy (1845), roL i. p. 361. 
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most beautiful examples of crucial experiments and ob- 
servations, instances are not wanting in other branches of 
science. Copernicus asserted, in opposition to the ancient 
Ptolemaip theory, that the earth moved round the sun, and 
he predicted that if ever the sense of sight could be 
rendered sufliciently acute and 'powerful, we should see 
phases in Mercury and Venus. Galileo with his telescope 
was able, in i6io to verify the prediction as regards Venus, 
and subsequent observations of ‘Mercury led to a like con- 
clusion. The discovery of the aberration of light added a 
new proof, still further strengthened by the more recent 
deterihination of tlie parallax of fixed stars. Hooke pro- 
posed to prove the existence of the earth’s diurnal motion 
by observing the deviation of a falling body, an experi- 
ment successfully accomplished by Benzenberg ; and 
Foucault’s pendulum has since furnished an additional 
indication of the same motion, which is indeed also 
apparent in the trade winds. All tliese are crucial facts in 
favour of the Copernican theory. 

Descriptive Hypotheses, 

There are hypotheses which we may call descriptive 
hypotheses, and which serve for little else than to furnish 
convenient names. When a phenomenon is of an unusual 
kind, we cannot even speak of it without using some 
analogy. Every word implies some resemblance b^etween 
the thing to which it is applied, and some other thing, 
which fixes the meaning of the word. If we are to speak 
of what constitutes electricity, we must search for the 
nearest analogy, and as electricity is characterised by the 
rapidity and facility of its movements, the notion of a fiuid 
of a very subtle character presents itself as appropriate. 
There is the single-fluid and the double-fluid theory of 
electricity, and a great deal of discussion has been uselessly 
spent upon them. The fact is, that if these theories be 
understood as more than convenient modes of describing 
the phenomena, they are altogether invalid. The analogy 
extends only to the rapidity of motion, or rather the fact 
that a phenomenon occurs successively at different points 
of the body. The so-called electric fluid adds nothing to 
the weight of the conductor, and to suppose that it really 
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consists of particles of matter is even more absurd than to 
reinstate the corpiiscula'i- theory of li^j^lit. A far closer 
analogy exists between electricity and light undulations, 
wliicli are about equally rapid iq propagation. We shall 
probably continue for a long tina*, to talk of flic cledric 
Jitiid. but there can be no doubt that this exp^’ession 
represents merely a ])hasc of molecular motion, a wave of 
disturbance. Tbe invalidity of these fluid theories is 
shown moreover in the fa 'it that they liave not led to the 
invention of a single new experiment. 

Among these merely descriptive liypotheses T should 
place Newton’s theory of Fits of Ejisy Jiellectirui ami 
Itefractioii. 'I'hat theory did not do more than describe 
what took j)laee. It involved no analogy to oilua* pheno- 
mena of nature, for Newton could not ])oint to any other 
suhstjiiice wliieh went through these ('xtraordiuaiy lils. 
We now know that the true analogy would have been 
waves of sound, of which Newton had aeipiired in other 
respects so complete a e-om])rehen.sion. Ihit though the 
notion of interleremx* of waves haxl distinctly oe(aiiTed to 
ITooke, Newton failed to see how the ])eriodic ])heiiomena 
of light could he connected with the periodic character of 
waves, llis hypothesis fell because it was out of analogy 
with everything else in nature, and it thci' ^bio did not 
allow him, as in other cases, to descend by mathematical 
deduction to consequences which could he verilied or 
refuted. 

We are at freedom to imagine the existence of a new 
agent, and to give it an appropriate name, provided theie 
are phenomena incapable of exjdanation from known 
causes. We may speak of vital force as occasioning life, 
ju’ovided that we do not take it to be moie than a name 
for an undefined something giving rise to inexplicable 
facts, just as the French chemists called Iodine the Sub- 
stance X, so long as they were unaware of its real cha- 
racter and place in chemistry,^ Encke was quite Justifed 
in speaking of the resutiufj medium in space so long as the 
retardation of his comet could not be otherwise accounted 
for. But such hypotheses will do much harm whenever 
they divert us from atbuupts to recfuicile the facts with 


* Paris, Life of Davy, p. 274. 
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knoi?^n laws, or when they lead us to mix up discrete things. 
Because we speak of vital force we must not assume that it 
is a really existing physical force like electricity ; we do not 
know what it is. We have no right to confuse Encke's 
supposed resisting medium with the basis of light without 
distinct evidence of identity. The name protoplasm, now 
so familiarly used by physiologists, is doubtless legitimate 
so long as we do not mix up different substances under it, 
or imagine that the name gives*’ us any knowledge of the 
obscure origin of life. To name a substance protoplasm 
no more explains tlie infinite variety of forms of life which 
spring^'out of the substance, than does the vital force which 
may be supposed to reside in the protoplasm. Both ex- 
pressions are mere names for an inexplicable series of 
causes whjeh out of apparently similar conditions pro- 
duce the most diverse results. 

Hardly to be distinguished from descriptive hypotheses 
are certain imaginary objects which we frame for the 
ready comprehension of a subject. The mathematician, 
in treating abstract questions of probability, finds it con- 
venient to represent the conditions by a concrete hypo- 
thesis in the shape of a ballot-box. Poisson proved the 
principle of the inverse method of probabilities by ima- 
gining a number of ballot-boxes to have their contents 
mixed in one great ballot-box (p. 244). Many such 
devices -are used by mathematicians. The Ptolemaic 
theory of cjjcles and epi^cydes was no grotesque and use- 
less work of the imagination, but a perfectly valid mode 
of analysing the motions of the heavenly bodies ; in reality 
it is used by mathematicians at the present day. Newton 
employed the pendulum as a means of representing the 
nature of an undulation. Centres of gravity, oscillation, 
&c., poles of the magnet, lines of force, are other imaginary 
existences employed to assist our thoughts (p. 364). Such 
devices may be called Representative Hypotheses, and they 
are only permissible so far as they embody analogies. 
Their further consideration belongs either to the subject 
of Analogy, or to that of language and representation, 
founded upon analogy. 



CHAPTEll XXIV. 

'3 

EMPIRICAL KNOWLEDGE, EXPLANATION, AND PREDICTION. 

Inductive investigation, as we have seen, consists in the 
union of hypothesis and experiment, deductive reasoning 
being the link by which experimental results ‘are made to 
confirm or confute the hypothesis. Now when we consider 
this relation between hypothesis and experiment it is 
obvious that we may classify our knowledge under four 
heads. 

(1) We may be acquainted with facts which have not 
yet been brought into accordance with any hypothesis. 
Such facts constitute what is called EmjpirUu^ Knowledge, 

(2) Another extensive portion of our knowledge consists 
of facts which having been first observed empirically, 
have afterwards been brought into accordance with other 
facts by an hypothesis concerning the general laws apply- 
ing to them. This portion of our knowledge may lie said 
to be explained^ reasoned y or generalised, 

(3) In the third place comes the collection of facts, minor 
in number, but most important as regards their scientific 
interest, which have been anticipated by theory and after- 
wards verified by experiment. 

(4) Lastly, there exists knowledge which is accepted 
sol^y on the ground of theory, and is incapable of experi- 
mental confirmation, at least with the instrumental means 
in our possession. 

It is a work of much interest to compare and illustrate 
the relative extent and value of these four groups of know- 
ledge. We shall observe that as a general rule a great 
branch of science originates in facts ooserved accider. tally. 
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or without distinct consciou.^^iiess of wliat is to be expected. 
As a science progresses, its power of foresight rapidly 
increases, until the mathematician in his library acquires 
the power <of anticipating’ nature, and predicting what will 
happen in circumstances winch the eye of man has never 
examined. 


Em/pirical Knoivhdfje. 

By empirical knowledge we mean such as is derived 
directly from the examination of detached facts, and rests 
entirely on those facts, without corroboration from other 
branches of knowledge. It is contrasted with generalised 
and theoretical knowledge, which embraces many series of 
facts under ^ a few comprehensive principles, so that each 
series serves to throw light upon each other series of facts. 
Just as, in the map of a half-explored country, we see 
detached bits of rivers, isolated mountains, and undefined 
plains, not connected into any complete plan, so a new 
branch of knowledge consists of groups of facts, each group 
standing apart, so as not to allow us to reason from one to 
another. 

Before the time of De.scartes, and Newton, and Huyghcns, 
there was much empirical knowledge of the phenomena of 
light. The rainbow had always struck the attention of 
the n}ost careless observers, and there was no difficulty 
in perceiving that its conditions of occurrence consisted in 
rays of the sun shining upon falling drops of rain. It was 
impossible to overlook the resemblance of the ordinary 
rainbow to the comparatively rare lunar rainbow, to the 
bow which appears upon the spray of a waterfall, or even 
upon beads of dew suspended on grass and spiders’ webs. 
In all these cases the uniform conditions are rays of light 
and round drops of water. Roger Bacon had noticed these 
conditions, as well as the analogy of the rainbow colours 
to those produced by crystals.^ But the knowledge was 
empirical until Descartes and Newton showed how the 
phenomena were connected with facts concerning the 
refraction of light. 

There can be no better instance of an empirical truth 


‘ ()pm Majfut, Edit 1733. ^ P 4 ^ 
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than thfit (hjtec’lcHl l)y Newton concerning tlie high re- 
fractive powers of coniblist.ible substances. Newton’s 
chemical notions were {ilmost as vague as those prevalent 
in his day, but he observed that certain ‘‘fat, sulj^uireous, 
unctuous bodies,” as he calls them, such cas camphor, oils 
spirit of turpentine, amb^r, &c., have* refractive powers 
two or three tim(‘s greater than might be anticipated from 
their densities.^ 'Hie enormous refractive index of diamond, 
led him with great sagacity to regard this sul)stance as 
of the same unctuous or inflammable nature, so that he 
may be regarded as predicting the combustibility of the 
diamond, afterwards demonstrated by the Florc^ntine 
Academicians in 1694. Brewster having entered into a 
long investigation of the refractive powers of different 
substances, confirmed Newton’s assertions, and found that 
the three elementary combustible substances,^ dbamund, 
phosphorus, and sulphur, have, in comparison with their 
densities, by far the highest known refractive indices,- and 
there arc only a few substances, such as chromabi of lead 
oj‘ glass of antimony, which exceed them in al)solute power 
of refraction. The oils and hydrocarbons generally possess 
excessive indices. But all this knowledge remains to the 
present day purely empirical, no connecti^ n having been 
pointed out between this coincidence of inflam Ui ability and 
liigli refractive power, with other laws of chemistry or optics. 
It is worth notice, as pointed out by Brewster, that if 
Newton had argued concerning two minerals, Greenockite 
and Octahedrite, as he did concerning diamond, his pre- 
dictions would have proved false, showing sutliciently that 
he did not make any sure induction on tlie subject. In 
the present day, the relation of the refractive index to the 
density and atomic weight of a substance is becoming a 
matter of theory ; yet there remain specific differences of 
refracting power known only on empirical grounds, and it 
is curious that in hydrogen an abnormally high refractive 
power has been found to be joined to inflammability. 

The science of chemistry, however much its theory may 
have progressed, still presents us with a vast body of em- 
pirical knowledge. Not only is it as yet hopeless to attempt 

* Newton’s OpOcks, Third edit. p. 249. 

2 Brewster. Treatise on New Fkmsophical InetrwmenU^ p. 266, &c. 
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to account for the particular group of qualities belonging to 
each element, but there are multitudes of particular facts 
of which no further account can be given. Why should 
the sulphides of many metals be intensely black ? Why 
shoul era slight amount of phosphoric acid have so great 
a power of interference with the crystallisation of vanadic 
acid ? ^ Why should the compound silicates of alkalies and 
alkaline metals be transparent ? Why should gold be so 
highly ductile, and gold and sik’^er the only two sensibly 
translucent metals ? Why should sulphur be capable of 
so many peculiar changes into allotropic modifications ? 

There are whole branches of chemical knowledge which 
are mere collections of disconnected facts. The properties 
of alloys are often remarkable ; but no laws have yet been 
detected, and the laws of combining proportions seem to have 
no clear application.^ Not the slightest explanation can 
be given of the wonderful variations of the qualities of iron, 
according as it contains more or less carbon and silicon, nay, 
even.the facts of the case are often involved in uncertainty. 
Why, again, should the properties of steel be remarkably 
affected by the presence of a little tungsten or manganese ? 
All that was determined by Matthiessen concerning the. 
conducting powers of copper, was of a purely empirical 
character.^ Many animal substances cannot be shown to 
obey the laws of combining proportions. Thus for the most 
part chemistry is yet an empirical science occupied with 
the registration of immense numbers of disconnected facts, 
which may at some future time become the basis of a 
greatly extended theory. 

We must not indeed suppose that any science will ever 
entirely cease to be empirical. Multitudes of phenomena 
have been explained by the undulatory theory of light ; 
but there yet remain many facts to be treated. The 
natural colours of bodies and the rays given off by them 
when heated, are unexplained, and yield few empirical 
coincidences. The theory of electricity is partially under- 
stood, but the conditions of the production of frictional 
electricity defy explanation, although they have been 

* Roscoe, Bakerian Lecture, Philosophical Transaction (1868), 
vol. clviii. p. 6. 

* lAfc of Faraday^ vol. ii. p. 104. 

* Wiitts, LHctionary of Ohemiitry, vol ii* p. 39, 4 tc, 
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studied for two centuries. I shall subsequeiitiy point out 
that even the establishmeht of a wide and true law ol 
nature is but the starting-] mint for the discovery of ex- 
ceptions and divergences giving a new scope to empirical 
discovery. 

Thei’e is probably no science, 1 have said, which is 
entirely free from empirical and unexplained facts. Logic 
approaclies most *nearly to this position, as it is merely a 
deductive development of 'the laws of thought and the 
principle of substitution. Yet some of the facts established 
in tlie investigation of tlie inverse logical juoblem may be 
considered empirical. Tliat a proposition of the'.-’ form 
A— BG -I- h c possesses the least number of distinct logi(*.al 
variations, and the greatest number of logical equivalents 
of the same form among propositions involving three 
classes (p. 141), is a case in point. So also is Gic fact 
discovered by Professor Clifford that in regard to statements 
involving four classes, tljere is only one example of two 
dis.similar statements having the same distances (p. 144). 
Mathematical science often yields empirical truths. WJiy, 
for instance, should the value of tt, when expressed to a gr(^at 
number of figures, contain the digit 7 much less frequently 
than any other digit? ^ Even geometry may allow of 
empirical truths, when the matter does n, t involve 
quantities of space, but numerical results and the positive 
or negative character of quantities, as in De Morgan's 
theorem concerning negative areas. 

Accidental Discovery, 

There are not a few cases where almost pure accident 
has determined the moment when a new branch of know- 
ledge was to be created. The laws of the sti ucture of crystals 
were not discovered until Haliy happened to drop a 
beautiful crystal of calc-spar upon a stone pavement. His 
momentary regret at destroying a choice specimen was 
quickly removed when, in attempting to join the fragments 
together, he observed regular geometrical faces, which did 
not correspond with the external facets of the crystals. A 
great many more crystals were soon broken intentionally, 


* De Morgan’s Budget of Paradoxes^ p. 291. 
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to observe the planes of cleavage, and tlie discovery of the 
internal structure of cry stalline*” substances was the result. 
Here we see how much more was due to the reasoning 
power of the philosopher, than to an accident which must 
often have happened to other persons. 

In a similar manner, a fortuitous occurrence led Malus 
to discover the polarisation of light by rejection. The 
phenomena of double refraction had been long known, and 
when engaged in Paris in 1808, in investigating the cha- 
racter of light thus polarised, Malus chanced to look 
through a double refracting prism at the light of the setting 
sun, itsflected from the windows of the Luxembourg Palace. 
In turning the prism round, he was surprised to find that 
the ordinary image disappeared at two opposite positions 
of the prism. He remarked that the reflected light behaved 
lilio light which had been polarised by passing through 
another prism. He was induced to test the character of 
light reflected under other circumstances, and it was 
eventually proved that polarisation is invariably connected 
with reflection. Some of the general laws of optics, 
previously unsuspected, were thus discovered by pure 
accident. In the history of electricity, accident has had a 
large part. Por centuries some of the more common 
effects of magnetism and of frictional electricity had pre- 
sented themselves as unaccountable deviations from the 
ordinary course of Nature. Accident must have first 
directed attention to such phenomena, but Imw few of 
those who witnessed them had any conception of the all- 
pervading character of the power manifested. The very 
existence of galvanism, or electricity of low tension, was 
unsuspected until Galvani accidentally touched the leg of 
a frog with pieces of metal. The decomposition of water 
by voltaic electricity also was accidentally discovered by 
Nicholson in 1801, and Davy speaks of this discovery as 
the foundation of all that had since been done in electro- 
chemical science. 

It is otherwise with the discovery of electro-magnetism. 
Oersted, in common with many others, had suspected the 
existence of some relation between the magnet and 
electricity., and he appears to have tried to detect its exact 
nature. Once, as we are told by Hansteen, he had em^ 
ployed a strong galvanic battery during a lecture, and at 
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tlie close il occnnecl to him to iry the efiect of placiiij^ 
tlu* conducting Avirii jiarallcl to a magnetic needle, inslt'ad 
of at right angles, as he had previously done. The neetlle 
immediately moved and took iij) a position iiearlj^ at right 
angles to tlie wire ; he inverted the direction of the 
current, and the needle deviated in a*contrary direction. 
The great discovery was made, and if hy accident, it was 
such an accident* as liappens, as Lagmugc remarked of 
Ni‘\vton, only to those \»ho deserve } There was, 
in fact, nothing accidental, except that, as in all totally 
new discoveries, Oersted did not know' what to look tor. 
He could not infer from previous knowledge the i.atmi* 
of the relation, and it W'as only repeated trial in different 
modes wdiicli could lead him to the riglit comhination. 
High and happy ])ow'ers of inference, {ind not accident, 
subseciueiitly led EMraday to reverse the process, and to 
show’ that the motion of the magnet would occasion an 
electric current in the wire. 

Sutlicicnt investigation w'oidd. )>rohably show that almost 
(ixvi'y branch of art and science had an accidental begin - 
ning. In historical times almost ev’ery important new 
iiistruiuent as the telescope, t.h(‘ nucrosco})e, or the compass, 
W'as p;ol)ahly suggeHt(*d by some acidder'al (xMairrence. 
In pre-historic times the germs of tlm arts iiiust liave 
arisen still more exclusively in the same w'ay. Culti- 
vation of plants probably arose, in Mr. Darwdn’s o])inion, 
from some such accident as the seeds of a fruit falling upon 
a heap of refuse, and producing an unusually fine variety. 
p]ven the use of fire must, some time or other, have been 
discovered in an accidental manner. 

With the progress of a branch of science, the element 
of chance becomes much reduced. Not only are law's 
discovered which enable results to be predicted, as we 
shall see, but the systematic examination of pbenomciia 
and substances often leads to discoveries wdiich can in no 
sense be said to be accidental. It has been assertcMl that 
the amesthetic properties of chloroform wore disclosed by a 
little dog smelling at a saucerful of tlic liquid in a chemist’s 
shop in Linlithgow, the singular effects upon the dog being 
reported to Simpson, who turned the incident to good 


1 Life of Faraday, vol. ii p. 396. 
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account. This story, however, has been shown to be a 
fabrication, the fact being thaft Simpson liad for many 
years been endeavouring to discover a better anajstlietic 
than tliosc previously jemployed, and that he tested the 
properties of chloroform, among other substances, at the 
suggestion of Waldie, a Liverpool chemist. The valuable 
powers of chloral hydrate have since been discovered in 
a like manner, and systematic inquiries are continually 
being made into the therapeu<.ic or economic values of 
new chemical compounds. 

If we must attempt to draw a conclusion concerning 
the part which chance plays in scientihc discovery, it 
must be allowed that it more or less affects the success of 
all inductive investigation, but becomes less important 
with the ])rogress of science. Accident may bring a new 
and valuable combination to the notice of some person who 
had never "expressly searched for a discovery of tlie kind, 
and the proljabilities are certainly in favour of a discovery 
being occasionally made in this manner. But the greater 
the tact and. industry with which a physicist applies him- 
self to the study of nature, the greater is the probability 
that he will meet with fortunate accidents, and will turn 
them to good account. Thus it comes to pass that, in the 
refined investigations of the present day, genius united to 
extensive knowledge, cultivated powers, and indomitable 
industry, constitute the characteristics of the successful 
discoverer. 

Empirical Ohsicrvations suhsequently Explained, 

The second great portion of scientific knowledge consists 
of facts which have been first learnt in a purely empirical 
manner, but have afterwards been shown to follow from 
sofiie law of nature, that is, from some highly probable 
hypothesis. Facts are said to be explained when they are 
thus brought into harmony with other facts, or bodies of 
general knowledge. There are few words more familiarly 
used in scientific phraseology than this word explanation, 
and it is necessary to decide exactly what we mean by it, 
since the question touches the deepest points concerning 
the nature of science. Like most terms referring to men- 
tal actions, the verbs to explain, or. to explicate, involve 
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material similes. The action is ex plicis plam redd'ere, 
to take out the folds, and render a thing plain or even. 
Explanation thus renders a tiling clearly comprehensible 
in all its points, so that there is nothing left ouj^standing 
or obscure. , ’ 

Every act of explanation consists in pointing out a 
resemblance between facts, or in showing that similarity 
exists between ajJparently diverse phenomena. This simi- 
larity may be of any extent and depth ; it may ' be a 
general law of nature, which harmonises the motions of 
all the heavenly bodies by showing that there is a similar 
force which governs all those motions, or the explanation 
may involve notliing more than a single identity, as when 
we explain the appearance of shooting stars by showing 
that they are identical with portions of a comet. Wluirever 
we detect resemblance, there is a more or less ex}>lanation. 
The mind is disquieted when it meets a novel pheno- 
menon, one which is mi generis; it seeks at once for 
parallels which may be found iu the memory of ]>ast 
sensations. The so-called sulphurous smell which attcmls 
a stroke of lightning often excited attention, and it was 
not explained until the exact similarity of tlie smell 
to thiit of ozone was pointed out. The marks upon a 
llagstonc are explained when they are shown cori‘es[)oud 
with the feet of an extinct animal, whose bones are erse- 
where found. Explanation, iu fact, generally commenci'.s 
by the discovery of some simple resemblance ; the theory 
ol' the rainbow began as soon as Antonio de Dominis 
pointed out the resemblance between its colours and those 
presented by a ray of sunlight passing through a glass 
globe full of water. 

The nature and limits of explanation can only be fully 
considered, after we have entered upon the subjects of 
generalisation and analogy. It must suffice to remark, in 
this place, that the most important ])rocess of explanation 
consists in showing that an observed fact is one case of a 
general law or tendency. Iron is always found combined 
with sulphur, wlien it is in contact with coal, whereas in 
other parts of the carboniferous strata it always occurs as 
a carbonate. W e explain this empirical fact as being due 
to the reducing power of carbon and hydrogen, which pre- 
vents the iron from combining with oxygen, and leaves it 
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open to the affinity of sulphur. Tlie uniform strength and 
direction of the trade- winds were long familiar to mariners, 
before they were explained by Halley on hydrostatical 
principles. The winds ‘were found to arise from the action 
of gravity, which causes a heavier body to displace a lighter 
one, while the direction from east to west was explained 
as a result of the earth’s rotation. Whatever body in the 
northern hemisphere changes its latitude, wlietlicr it be a 
bird, or a railway train, ora body of air, must tend towards 
the right hand. Dove’s law of the winds is that the winds 
tend to veer in the northern hemisphere in tlie direction 
N.E.3i.W., and in tlie southern hemisphere in the direction 
N.W.S.E. This tendency was shown by him to be the 
necessary effect of the same conditions which apply to tlie 
trade wii\ds. Whenever, then, any fact is connected by 
resemblance, law, theory, or hypothesis, with other facts, it 
is explained. 

Although the great mass of recorded facts must be 
miipirical, and awaiting cxidanation, such knowledge is of 
minor value, because it does not admit of safe and extensive 
inference. Each recorded result informs us exactly what 
will be experienced again in the same circumstances, 
but has no bearing upon what will happen in other cir- 
cumstances. 


Over looked llesnlts of lliGory. 

We must by no means suppose that, when a scientific 
truth is ill our possession, all its consequences will be 
foreseen. Deduction is certain and infallible, in the sense 
that each step in deductive reasoning will lead us to some 
result, as certain as the law itself. But it does not follow 
that deduction will lead the reasoner to every result of a law 
or combination of laws. Whatever road a traveller takes, 
he is sure to arrive somewhere, but unless he proceeds in 
a systematic manner, it is unlikely that he will reach 
every place to which a network of roads will conduct him. 

In like manner there are many phenomena which were 
virtually within the reach of philosophers by inference from 
their previous knowledge, but were never discovered ..until 
accident or systematic empirical observation disclosed their 
existence. 
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Tliat light travels with a uniform high velocity was 
proved by Koerner from Observations of the eclipses of 
Jupiter's satellites. Corrections were thenceforward made 
in all astronomical observations* recpiiring it^ for the 
difference of absolute time at which an event happened, 
and that at which it would be seen on the earth. But 
no person happened to remark that the motion of light 
compounded wit!i that of the earth in its orbit would 
occasion a small a[)pareiib displacement of the greater 
part of the heavenly bodies. Fifty years elapsed before 
Bradley empirically discovered this effect, called by him 
aberration, when reducing his observations of the*’ fixed 
stars. 

When once the relation between an electric current and 
a magnet had been detected by Oersted and Faraday, it 
ought to have been possible for them to foresee^ the diverse 
results which must ensue in different circumstances. If, 
for instance, a plate of copper were placed beneath an 
oscillating magnetic needle, it should have been seen that 
the needle would induce cuiTcnts in the copper, but as 
this could not take place without a certain reaction against 
the needle, it ought to liave been seen that the needle 
woubi come to rest more rapidly than in ^ absence of the 
copper. This peculiar effect was accidentally discovered 
by Oambey in 1824. Arago acutely inferred from 
Gambey's experiment that if the copper were set iu 
rotation while the needle was stationary the motion 
would gradually be communicated to the needle. The 
phenomenou nevertheless puzzled the whole scientific 
world, and it required the deductive genius of Faraday 
to show that it was a result of the principles of electro- 
magnetism.^ 

Many other curious facts might be mentioned which 
when once noticed were explained as the effects of well- 
known laws. It was accidentally discovered that the 
navigation of canals of small depth could be facilitated 
by increasing the speed of the boats, the resistance being 
actually reduced by this increase of speed, which enables 
the boat to ride as it were upon its own forced wave. 
Now mathematical theory might have predicted tliis 


^ Ej^perimental Hesearches in Electricity, ist Serie.*?, pp. 24 - 4 .^ 
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result had the right application of the formulae occurred 
to any one.^ Giffard's injector 'for supplying steam boilers 
with water by the force of their own steam, was, I 
believe, accidentally discovered, but no new principles of 
mechanics are involved in it, so that it might have been 
theoretically invented. The same may be said of the 
curious experiment in which a stream of air or steam 
issuing from a pipe is made to hold a flee disc upon the 
end of the pipe and thus obstruct its own outlet. The 
possession then of a true theory does not by any means 
imply the foreseeing of all the results. The effects of even 
a fe\V simple laws may be manifold, and some of the 
most curious and useful elTects may remain undetected 
until accidental observation brings them to our notice. 

Fredicted Discoveries. 

The most interesting of the four classes of facts specified 
in p. 525, is probably the third, containing those the 
occurrence of which has been first predicted by theory and 
then verified by observation. There is no more convincing 
proof of the soundness of knowledge than that it confers 
the gift of foresight. Auguste Comte said that “ Prevision 
is the test of true theory ; I should say that it is one test 
of true theory, and that which is most likely to strike 
the public attention. Coincidence with fact is the test of 
true theory, but when the result of theory is announced 
before-hand, there can be no doubt as to the unprejudiced 
spirit in which the theorist interprets the results of his 
own theory. 

The earliest instance of scientific prophecy is naturally 
furnished by the science of Astronomy, which was the 
earliest in development. Herodotus ^ narrates that, in 
the midst of a battle between the Medes and Lydians, the 
day was suddenly turned into night, and the event had 
been foretold by Thales, the Father of Philosophy. A 
cessation of the combat and peace confirmed by marriages 
were the consequences of this happy scientific effort. 
Much controversy has taken place concerning the date of 

' Airy, On Tides and Waves, Encyclopeedia Metmpolitaua, p. 348'*. 

® Lib. i. cap. 74. 
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this occurrence, Baily assigning the year 6io B.c, but 
Airy has calculated that* the exact day was the 28th of 
May, 584 B.C. There can be no doubt that this and other 
predictions of eclipses attributed* to ancient pl^iosophers 
were due to a knowledge of the Metoiyc Cycle, a period of 
6,585 days, or 223 lunaf nionths, or about 19 year©, after 
which a nearly perfect recurrence of the phases and 
eclipses of the iboon takes place ; but if so, Thales must 
have had access to long Series of astronomical records of 
the Egyptians or the Chaldeans. There is a >ve)l-known 
story as to the happy use which C'olumbus made of tlie 
power of predicting eclipses in overawing the islaiMers of 
Jamaica wlio refused him necessary supplies of food for his 
lieet. He threatened to deprive them of the moon's light. 

His threat was treated at first with indifference, but 
when the eclipse actually commenced, the barbanans vied 
with each other in the production of tlie necessary supplies 
for the Spanish fleet.” 

Exactly the same kind of awe which the ancients ex- 
perienced at tlie prediction of eclipses, lias been felt in 
modern times concerning the return of comets. Seneca 
asserted in distinct terms thar comets would be found to 
revol ve in periodic orbits and return to si^/»t. The ancient 
Chaldeans and the Pythagoreans are also said to have 
entertained a like opinion. But it was not until the age 
of Newton and Halley that it became possible to calculate 
the path of a comet in future years. A great comet 
appeared in 1682, a few years before the first publication of 
the Frincipia, and Halley showed that its orbit corresponded 
with that of remarkable comets recorded to have appeared 
in the years 1531 and 1607. The intervals of time were 
not quite equal, but Halley conceived the bold idea that 
this difference might be tlua to the disturbing power of 
Ju])iter, near which the comet had passed in the interval 
1607-1683. He predicted that the comet would return 
about the end of 1758 or the beginning of 1759, and 
though Halley did not live to enjoy the sight, it was 
aqtually detected on the night of Christmas-day, 1758. 
A second return of the comet was witnessed in 1835 
nearly at the anticipated time. 

In recent times the discovery of Neptune has been the 
most remarkable instance of prevision in astronomical 
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science. A full account of this discovery may be found in 
several works, as for instance^ Herscliels Outlines of 
Astronomy, and Grant's History of Physical Astronomy, 
Chapters XU and Xtll. * 

Predictions %n the Science of Light. 

Next after astronomy the science of physical optics has 
furnished the most beautiful instances of the prophetic 
power of correct theory. These cases are the more striking 
because they proceed from the prolbuiid application of 
matheinatical analysis and show an insiglit into the myste- 
rious workings of matter which is surprising to all, but 
especially to those who are unable to comprehend the 
methods of research employed. By its power of prevision 
the truth of the undulatory theory of light has been con- 
spicuously ])roved, and the contrast in tliis respect between 
the undulatory and Corpuscular theories is remarkable. 
Even Newton could get no aid from his corpuscular theory 
in the invention of new experiments, and to his followers 
who embraced that theory we owe little or nothing in the 
science of light. Laplace did not derive from the theory a 
single discovery. As Fresnel remarks : ^ 

“ The assistance to be derived from a good tlieory is not 
to be confined to the calculation of the forces when the 
laws of the phenomena are known. There are certain 
laws so complicated and so singular, that observation alone, 
aided by analogy, could never lead to their discovery. To 
divine these enigmas we must be guided by tlieoretical 
ideas founded on a true hypothesis. The theory of lu- 
minous vibrations presents this character, and these precious 
advantages ; for to it we owe the discovery of optical laws 
the most complicated and most difficult to divine.^’ 

Physicists who embraced the corpuscular theory had 
nothing but their own quickness of observation to rely 
upon. Fresnel liaving once seized the conditions of the 
true undulatory theory, as previously stated by Young, was 
enabled by the mere manipulation of his mathematical 
symbols to foresee many of the complicated phenomena* of 
light. Who could possibly suppose, that by stopping a 


* Taylor’s Scientific Memoirs, vol, v, p, 241. 
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portion of the rays passing through a circular aperture, 
the illumination of a point u]>oii a screen beliind the aper- 
ture might he many times multiplied. Yet this paradoxical 
effect was predicted hy Fresnel, and verilied botii by him- 
self, and in a careful ro|>etition of the g;cp(!riment, by Billet. 
Few persons are aware flint in the middle of the shadow 
of an opaijue circular disc is a ]>(>int of light simsibly as 
bright as if no ^isc had been interposed. Tliis startling 
fact was deduced from Fresnel’s theory by Poisson, and 
was then verified expm-inieiitally by Arago. Airy, .again, 
was led by ])urc theory to predict that Newton’s rings 
would ]U'esent a modified a])])earau(*e if produced ifl'twiam 
a lens of glass and a ]>late of metal. This effect' ha])))ened 
to have been obsiu'ved lifteeii y(‘ars before by Arago, un- 
known to Airy. Another preiliclion of Airy, that thiu’c' 
would he a further inodilication of tlie rings wlien made 
between two substances of very ditlerent refractive indices, 
was verifieil hy siibseiiuent trial with a diamond. A 
reversal of the rings takes ])lace when the space interveming 
between the plates is filled with a substance of intermediate 
refractive power, another plienomenon predict(?d lyy theory 
and verified by experiment. There is liardly a limit to the 
niiir/oer of other complicated elfects of th interference of 
rays of liglit under difTerent circumstances w inch might he 
deduced from the mathematical expressions, if it were 
worth while, or which, being previously ob.served, can be 
Gxplaineil. An interesting case was observed by Fferscliel 
and cxidained by Airy.* 

By a somewhat different effort of scientific foresiglit, 
P'resnel discovered that any solid trans])arent medium 
might be endowed with the power of double refraction ))y 
mere compression. As he attributed tlie dijiible refiucting 
power of crystals to unequal elasticity in different direc- 
tions, he inferred that uneipial elasticity, if artifii ially 
])roduced, would give similar phenomena. With a ])ow(‘r- 
fiil screw and a piece of glass, he then produced not only 
the colours due to double refraction, but the actual duplica- 
tion of images. Thus, by a great scientific generalisation, 
are the remarkable proptu't i<js of Iceland spur shown to 
belong to all transpanmt substances under certain conditions.^ 

‘ Airy’s Mathematical Trails, 3rd edit. p. 312. 

* Young’s Works, voL i. p. 412. 
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All other predictions in optical science are, however, 
thrown into the shade by thd theoretical discovery of 
conical refraction by the late Sir W. R. Hamilton, of 
Dublin. investigating the passage of light through 
certain crystals, Hamilton found that Fresnel had slightly 
misinterpreted his own formula;; and that, when rightly 
understood, they indicated a phenomenon of a kind never 
witnessed. A small ray of light sent fnto a crystal' of 
arragonite in a particular dire(?bion, becomes spread out 
into an infinite number of rays, which form a hollow 
cone within the crystal, and a hollow cylinder when 
emerging from the opposite side. In another case, a 
different, but e([ually strange, effect is produced, a ray of 
light being spread out into a hollow cone at the point 
where it quits the crystal. These phenomena are pecu- 
liarly interesting, because cones and cylinders of light are 
not produced in any other cases. They are opposed to all 
analogy, and constitute singular exceptions, of a kind which 
we shall afterwards consider more fully. Their strangeness 
rendered them peculiarly fitted to test the truth of the 
theory by which they were discovered ; and when Professor 
Lloyd, at Hamilton’s request, succeeded, after considerable 
difficulty, in witnessing the new appearances, no further 
doubt could remain of the validity of the wave theory 
which we owe to Huyghens, Young, and Fresnel.^ 

Predictions from the Theory of Undulations, 

It is curious that the undulations of light, although in- 
conceivably rapid and small, admit of more accurate mea- 
surement than waves of any other kind. But so far as we 
can carry out exact experiments on other kinds of waves, 
we find the phenomena of interference repeated, and 
analogy gives considerable power of prediction. Herschel 
was perhaps the first to suggest that two sounds might be 
made to destroy each other by interference.^ For if one- 
half of a wave travelling through a tube could be sepa- 

^ Lloyd’s Wave Theory,, Part ii. pp. 52— 58. Babbage, Ninth 
Bridgewater Treat isCf p. 104, quoting Lloyd, Traiisactions of the 
Royal Irish Academy j vol. xvii. Clifton, Quarterly Journal of Pure 
and Applied Mathematics, January i860. 

* Encyclopaedia MetropoUtemay art. Sound, p. 753. 



XXIV.] EMPIRICAL KNOWLEDGE, EXPLANATION, &c. 541 


rated, and conducted by a longer passage, so as, on rejoin: 
iiig tlie otlier lialf, to be one-quarter of a vibration behind- 
band, the two portions would exactly neutralise each 
other. This experiment luis beeu^])erformed with success. 
The interference arising between the waves fiorti the two 
prongs of a tuning-fork was also predicted by theory, and 
proved to exist by Weber; indeed it may be observed by 
merely liolding akViluating fork close to tlie ear and turn- 
ing it round. ^ « 

It is a result of the theory of sound tluit, it we move 
rapidly towards a sounding body, or if it move rapidly 
towards us, the pitch of the sound will be a little^ more 
acute ; and, vice versa, when the relative motum is in the 
opposite direction, the pitch will be more grave. This arises 
from the less or greater intervals of time elapsing between 
the successive strokes of waves upon the aiidttx^ry nerve, 
according as the ear 'moves towards or from t he source 
of sound relatively speaking. This eftect was predicted 
by theory, and afterwards verified by the ex])eriments of 
Diiys r>all()t, on Dutch railways, and of Scott Russell, in 
England. Whenever one niiiwa}’' train passes another, 
on the locomotive of which the wliistle is being sounded, 
the drop in tlie acuteiie.ss of the sound nriy he noticed at 
the moment of passing. This clumge gives ^lic sound a 
peculiar howling character, which many persons must have 
noticed. T have calculated that with two trains travelling 
thirty miles an hour, the etfect would amount to rather 
more than half a tone, and with some express trains it 
would amount- to a tone. A corresponding effect is pro- 
duced ill the case of light undulations, when the eye and 
the luminous body approach or recede from eacli other. It 
is sliown hy a slight change in the refrangibility of the 
rays of liglit, mid a consequent change in the place of the 
lines of the spectrum, which has been made to give impor- 
tant and unexpected information concerning the relative 
approach or recession of stars. 

Tides are vast waves, and were the earth's surface en- 
tirely covered by an ocean of uniform depth, they \vould 
admit of exact theoretical investigation. The irregular 
form of the seas introduces unknown quantities and com- 


* Tyndairs Sound, pp. 261, 273. 
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plexitios with wliicli theory cannot co|)e. Nevertheless, 
Whewell, observing that the tides of the German Ocean 
consist of interfering waves, wliich arrive partly round the 
North of Scotland and pp-rtly through the British Channel, 
was enabred to predict that at a point about midway be- 
tween Brill on the coast of Holland, and Lowestoft no tides 
would be found to exist. At that point the two waves 
would be of the same amount, but in opposite phases, so 
as to neutralise each other. Tlds prediction was verified 
by a surveying vessed of the British na,vy.^ 

t, Prediction in other Sciences, 

Generations, or even centuries, may elapse before man- 
kind are in possession of a mathematical theory of the con- 
stitution of matter as complete as the theory of gravitation. 
Nevertheless, mathematical physicists have in recent years 
acipiired a hold of some of the relations of the pliysical 
forces, and the proof is found in anticipations of curious 
plienomena which liad never been observed. Professor 
James Thomson deduced from (>arnot’s theory of“ heat that 
the application of pressure would lower the melting-point 
of ice. He even ventured to assign the amount of this 
effect, and his statement was afterwards verified by Sir W. 
Thomson.''^ In this very remarkable speculation, an en- 
tirely novel physical phenomenon was 'predicted, in antici- 
pation of any direct experiments on the subject ; and 
the actual observation of the phenomenon was pointed out 
as a highly intere.sling object for experimental research.” 
Just as liquids which expand in solidifying will have the 
temperature of solidification lowered by pressure, so liquids 
which contract in solidifying will exhibit the reverse effect. 
They will be assisted in solidifying, as it were, by pressure, 
so as to become solid at a higher temperature, as the pres- 
sure is greater. This latter result was verified by Bunsen 
and Hopkins, in the case of paraffin, spermaceti, wax, and 
stearin. The effect upon water has more recently been 
carried to such an extent by Mousson, that under the vast 

* WhewelPs History of the Inductive Sciences, vol. ii. p. 471. 
Herschel’s Physical Geography, § 77. 

2 Maxwell’s Theory of Heat, p. 174. Philosophical Magazine, 
August 1850. Third Serie.<, vol. xixvii. p. 123. 
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pressure of 1300 atiuosplieres, water did not lreez (3 until 
cooled down to — 18'' 0. » Another remarkable prediction 
of Professor Thomson was to the effect that, if ft metallic 
spring be weakened by a rise of « temperature, Wv^rk done 
against the spring in bending it will cause a c(/afing effect. 
Although the effect to be*expected in certain apparatus 
was only about four-thousandths of a degree (/ontigrade, 
Dr. Joule ^ Rucee<^(led in measuring it to the extent of three- 
thousandllis of a dc'gree, «uch is the delica(‘.y of modein 
i'.eat measurements. 1 cannot refrain from fpiot i ng 1 )r. Jouhf s 
reflections upon this fact. “ Thus even in the above de- 
licate case,” he says, “ is the formula of Professor Thomson 
completely verilied. The mathematical investigation of tlu^ 
thermo-elastic qualities of metals has enabled my illustrious 
friend to predict with certainty a whole class of bigbly in- 
teresting ])bcnoniena. To him especially do \Ve the 
important advance which lias been recently machito a new 
era in tl)e liistory of science, when the famous [)])ih)so])hiea] 
system of Paeon will be to a great extent supersiuli^d, 
and wdien, in.stead of arriving at discovery ]>y induction 
from ex])erinient, we shall obtain our larg(‘st ac'ci's.sions of 
new facts by reasoning deductively from fiindaniental 
princijdes.” 

The theory of electricity is a nece.ssaiy part: of th(‘ 
general theory of matter, and is ra[)idly acajuiring tlu^ 
power of jirevision. As soon as Wheatstone bad ]»rovcd 
experimentally that the conduction of electricity occiqiies 
time, Faraday remarked in 1838, with 'wonderful sagacity, 
that if the conducting wires w(‘re connected xvith tlie 
coatings of a large Leyden jar, the rapidity of eonduction 
would he l(‘ssened. Thi.s y^rediction remained unverili(al 
for sixteen years, until the submarine ealile was laid be- 
neath the Channel. A considerable retardation of the 
electiic spark was thcui detected, and Faraday at "nice 
pointed out tliat the wire surrounded by water resemhle.s 
a Leyihni jar on a larg(; seah^, so that each message sent 
througli the c«ahle verilied ]\is remark of 1838.^ 

Tlie joint relations of lieat and electricity to the metals 
coiKStitute a new science ot thermo-electricity by wliieh 

^ Philosophical Tranaactiov.^, 1858, vol. cxlviii. p. 127. 

= TynJalrs Faraday^pp. 73, 74 ; Lijeof Faraday^yol. ii. [ip. 82,83. 
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Sir W. Thomson was enabled to anticipate the following 
curious effect, namely, tliat an electric current passing in 
an iron bar from a hot to a cold part produces a cooling 
effect, but in a copper bar the effect is exactly opposite in 
character, that is, the bar becomes heated.^ The action 
of crystals with regard to heat and electricity was partly 
foreseen on the grounds of theory by Poisson. 

.Chemistry, although to a great extent an empirical 
science, has not been without prophetic triuMUphs. The' 
existence of the metals potassium and sodimm was fore- 
seen by Lavoisier, and their elimination by = Davy was one 
of the chief experimenta crttcis which esti iblished Lavoi- 
sier’s system. The existence of n'any other metals 
which eye had never seen was a natural inference, and 
theory has not been at fault. In the a bove cases the 
compounds of the metal were well kno\ vn, and it was 
the result of decomposition that was fore itold. The dis- 
covery in 1876 of the metal gallium is ] peculiarly inter- 
esting because the existence of this m etal, previously 
wholly unknown, had been inferred from i:beoretical con- 
siderations by M. Mendelief, and some of its pprqperties 
had been correctly predicted. No sooner, too, had a 
theory of organic compounds been conceived by Professor 
A. W. Williamson than lie foretold the formation of a 
complex substance consisting of water in which both 
atoms of hydrogen are replaced by atoms of acetyle. 
This substance, known as the acetic anhydride, was after- 
v/ards produced by Gerhardt. In the subsequent progress 
of organic chemistry occurrences of this kind have become 
common. The theoretical chemist by the classification of 
his specimens and the manipulation of his formulae can 
plan out whole series of unknown oils, acids, and alcohols, 
just as a designer might draw out a multitude of patterns. 
Professor Cayley has even calculated for certain cases the 
possible numbers of chemical compounds.^ The formation 
of many such substances is a matter of course ; but there 
is an interesting prediction given by Hofmton, concerning 
the possible existence of new compounds of sulphur and 

• Tail’s ThermodynantieSf p. 77 . 

^ On the A'tialytical Forms called Trees, with Application to the 
'Theory of Chemical Combinations. Report of tlie British As««ociation, 

1875, P* 257- 
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selenium, and even oxides of ammoniuin, which it remains 
for chemists to verify.^ • 

Prediction hy Inversion of Qa\m and Effect, 

There is one process of experiment which has so often led 
to. important discoveries *as to deserve separate illustra- 
tion — I mean the inversion of Cause and Effect. Thus if 
A and B in one^experiment produce C as a consequent, 
then antecedents of the nature of B and C may usually be 
made to produce a consequent of the nature of A inverted 
in direction. When we apply heat to a gas it tends to 
expand ; hence if we allow the gas to expand by its own 
elastic force, cold is the result; that is, B (air) and C 
(expansion) produce the negative of A (heat). Again, B 
(air) and compression, the negative of C, produce .A (heat). 
Similar results may be expected in a multitude of cases. 
It is a familiar law that heat expands iron. What may be 
expected, then, if instead of increasing the length of an 
iron bar by heat we use mechanical force and stretch the 
bar ? Having the bar and the former consequent, expan- 
sion, we should expect the negative of the former anteced- 
ent, namely cold. The truth of this inference was proved 
by Hi. Joule, who investigated the ainou. t of the effect 
with his usual skill. 

This inversion of cause and effect in the case of heat 
may be itself inverted in a highly curious manner. It 
happens that there are a few substances which are unex- 
plained exceptions to the general law of expansion by heat. 
India-rubber especially is remarkable for contrachny when 
heated. Since, then, iron and india-rubber are oppositely 
related to heat, we may expect that as distension of the 
iron produced cold, distension of the india-rubber will 
produce heat. This is actually found to be the case, and 
anyone may detect the effect by suddenly stretching an 
india-rubber band while the middle part is in the mouth. 
When being stretched it grows sliglitly warm, and when 
relaxed cold. 

The reader will see that some of the scientific predictions 
mentioned in preceding sections were due to the principle 

1 Hofmann’s Introduction to Chemxstryy pp. 224, 225. 

2 Philosophical Transactions (1855), vol. cxlv. pp. 100, o:c. 
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of inversion ; for instance, Thomson’s speculations on the 
relation between pressure and the melting-point. But 
many other illustrations could be adduced. The usual 
agent by which we melt a substance is heat ; but if we can 
melt a substance without heat, then we may expect the 
negative of heat a^ an eifect. This is the foundation of all 
freezing mixtures. The affinity of salt for water causefe it 
to molt ice, and we may thus reduce the temperature to 
Fahrenheit’s zero. Calcium clJ.oride has so much higher 
an attraction for water that a temperature of — 45° 0. may 
be attained by its use. Even the solution of a certain 
alloy t)f lead, tin, and bismuth in mercury, may be made 
to reduce the temperature through 27° C. All the other 
modes of producing cold are inversions of more familiar 
uses of heat. Carr( 5 ’s freezing machine is an inverted 
distilling apparatus, the distillation being occasioned by 
chemical affinity instead of heat. Another kind of freezing 
machine is the exact inverse of the steam-engine. 

A very paradoxical effect is due to another inversion. 
It is hard to believe that a current of steam at 100° C. can 
raise a body of liquid to a higher temperature than the 
steam itself possesses. But Mr. Spence has pointed out 
that if the boiling-point of a saline solution be above 100°, 
it will continue, on account of its affinity for water, to con- 
dense steam when above 100'’ in temperature. It will con- 
dense the steam until heated to the point at which the ten- 
sion of its vapour is equal to that of the atmosphere, that 
is, its owm boiling-] )oint.^ Again, since heat melts ice, we 
might expect to produce heat by the inverse change from 
water into ice. This is accomplished in the phenomenon 
of suspended freezing. Water may be cooled in a clean 
glass vessel many degrees below the freezing-point, and 
yet retained in the liquid condition. But if disturbed, and 
e.s]^ecially if brought into contact with a small particle of 
ice, it instantly sohdifies and rises in temperature to 0° C. 
The effect is still better displayed in the lecture-room 
experiment of the suspended crystallisation of a solution 
of sodium sulphate, in which a sudden rise of temperature 
of 15° or 20° C. is often manifested. 

The science of electricity is full of most interesting cases 

* Proi^edings of the Manchester philosophical Society^ Feb. 1 870, 
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of inversion. As Professor Tyndall lias remarked, Faraday 
had a profound belief in* the reciprocal relations of the 
physical forces. The great starting-point of his researches, 
the discovery of electro-magnetism* was clearly aryiiversion, 
Oersted and Arnp^^re had proved that with an electric cur- 
rent and a magnet in a jnirticular position as antecedents, 
motion is the consequent. If then a magnet, a wire and 
jnotioii be the ani^cedents, an 02)po^it6 electric current will 
be the consequent. It would be an endless task to trace 
out the results of this fertile relationship. Another part of 
Faraday’s researches was occupied in ascertaining the direct 
and inverse relations of magnetic and diamagnetic, arrior- 
])hous and crystalline substances in various circumstances. 
In all other relations of electricity tlie principle of inver- 
sion holds. The voltameter or the electro-plajbing cell is 
tlie inverse of the galvanic battery. As heat ^jpplied to a 
junction of antimony and bismuth bars produces electricity, 
it follows that an electric current passed tliroiigh such, 
a junetioii will produce cold. But it is now sutliciently ap- 
parent that inversion of cause and effect is a most fertile 
means of discovery and prediction. 

Facts known only hj Theory, 

Of the four classes of facts enumerated in p. 525 the 
last remains unconsidered. It includes the unverilied pre- 
dictions of science. Scientific prophecy arrests the atten- 
tion of the world when it refers to such striking events as 
an eclipse, the appearance of a great comet, or any pheno- 
menon which people can verify with their own eyes. But 
it is surely a matter for greater wonder that a 'physicist 
describes and measures phenomena wliich eye cannot see, 
nor sense of any kind detect. In most cases this arises 
from the effect being too small in amount to affect our 
organs of sense, or come within the powers of our instru- 
ments as at present constructed. But there is a class of 
yet more remarkable cases, in which a phenomenon cannot 
possibly be observed, and yet we can say what it would be 
if it were observed. 

In astronomy, systematic aberration is an effect of the 
sun’s proper motion almost certainly known to exist, but 
which we have no hope of detecting by observation in the 

N N 2 
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present age of the world. As the earth's motion round the 
sun combined with the motion otf light causes the stars to 
deviate apparently from tlieir true positions to the extent 
of about 1 8" at the most, so the motion of the whole plane- 
tary systeni through space must occasion a similar displace- 
ment of at most 5". • The ordinary aberration can be readily 
detected with modern astronomical instruments, because "it 
goes through a yearly change in directioK* or amount ; but 
systematic aberration is constani so long as the planetary 
system moves uniformly in a sensibly straight line. Only 
then in the course of ages, when the curvature of the sun’s ► 
path llecomes apparent, can we hope to verify the existence 
of this kind of aberration. A curious effect must also be 
produced by the sun’s proper motion upon the apparent 
periods of revolution of the binary stars. 

To my mind, some of the most interesting truths in the 
whole range of science are those which have not been, and 
in many cases probably never can be, verified by trial. 
Tluis the chemist assigns, with a very high degree of pro- 
bability, the vapour densities of such elements as carbon 
and silicon, which Jiave never been observed separately in 
a state of vapour. The chemist is also familiar with the 
vajiour densities of elements at temperatures at which the 
elements in question nevOr have been, and probably never 
can be, submitted to experiment in the form of vapour. 

Joule and othei's have calculated the actual velocity of 
the molecules of a gas, and even the number of collisions 
which must take place per second during their constant 
circulation. Physicists have not yet given us the exact 
magnitudes of the particles of matter, but they have ascer- 
tained by several methods the limits within which their 
magiiitudes must lie. Such scientific results must be for 
ever beyond the power of verification by the senses. I 
have elsewhere had occasion to remark that waves of light, 
the intimate processes of electrical changes, the properties 
of the ether which is the base of all phenomena, are neces- 
sarily determined in a hypothetical, but not therefore a 
less certain manner. 

Though only tvro of the metals, gold and silver, have 
ever been observed to be transparent, we know on the 
grounds of theory that they are all more or less so ; we 
can even estimate by theory their refractive indices, and 
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prove that tliey are excejedingjy high. The phenomena 
of elliptic polarisation, and perhaps also those of internal 
radiation,^ depend upon the refractive index, and thus, even 
when we cannot observe any refracted rays, wl3 can in- 
directly learn how they v^ould be refra«ted. 

•In many cases large quantities of electricity must he 
produced, which we cannot observe because it is instantly 
discharged. In ttie common electric machine the cylinder 
and rubber are made of non-conductors, so that we ^ can 
separate and accumulate the electricity. But a little damp, 
by serving as a conductor, prevents this separation from 
enduring any sensible time. Hence there is no doubt that 
when we rub two good conductors against each other, for 
instance two pieces of metals, much electricity is produced, 
but instantaneously converted into some other form of 
energy. Joule believes that all the heat of friction is 
transmuted electricity. 

As regards ^^henomeiia of insensible amount, nature is 
absolutely full of them. We must regard those changes 
which we can observe as the comparatively rare aggregates 
of minuter changes. On a little reflection we must allow 
that no object known to us remains for two instants of 
exactly the same temperature. If so, the dimensions of 
objects must be in a perpetual state of variation. The 
minor planetary and lunar perturbations are infinitely 
numerous, but usually too small to be detected by observa- 
tion, although their amounts may be assigned by theory. 
There is every reason to believe that chemical and electric 
actions of small amount are constantly in progress. The 
hardest substances, if reduced to extremely small particles, 
and diffused in pure water, manifest oscillatory movements 
which must be due to chemical and electric changes, so 
slight that they go on for years without affecting appreciably 
the weight of the particles.^ The earth’s magnetism must 
more or less affect every object which we handle. As 
Tyndall remarks, An upright iron stone influenced by the 
earth’s magnetism becomes a magnet, with its bottom a 
north and its top a south pole. Doubtless, though in an 
immensely feebler degree, every erect marble statue is a 

^ Balfour Stewart, Elementary Treatise on Heat, ist edit, p- 198. 

2 Jevons, Proceedifigs of the Manchester Literary and Philosophical 
Society^ 25th January, 1870, voL ix. p. 78. 
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true diamagnet, with its head a north pole and its feet a 
south pole. The same is certainfy true of man as he stands 
upon tlie earth’s surface, fo]‘ all the tissues of the human 
body are diamagnetic;.”* * The sun’s light produces a very 
quick and porceptilde effect upon the photographic plate ; 
in all probability it has a less citect upon a great variety 
of substances. We may regard every phenomenon as an 
e.xaggerated and conspicuous case of a pi6cess which is, in 
infinitely numerous cascis, bcyoifd the means of observa- 
tion. 

* rhiloiojiliMtil TrmKiu'lwiits, voL cxlvi. p. 24a 



CHAPTER XXV. 

ACCORDANCE OF QUANTITATIVE THEORIES. 

In the preceding chapter we found that facts may be; 
classed under four heads as regards their connection witli 
theory, and our powers of explanation or prediction. The 
facts hitherto considered were generally of a qualitative 
rather than a quantitative nature; but when we look 
exclusively to the quantity of a phenomenon, and the 
various modes in which we may determine its amount, 
nearly tlie same system of classification will hold good. 
There will, however, be five possible cases : — 

(1) We may directly and enipiiically measure a phe- 
iiomenon, without being able to explain why it should 
liave any particular quantity, or to connect it by theory 
with other quantities. 

(2) In a considerable number of cases we can theo- 
retically predict the existence of a phenomenon, but are 
unable to assign its amount, except by direct measure- 
ment, or to explain the amount theoretically when thus 
ascertained. 

(3) We may measure a quantity, and afterwards explain 
it as related to other quantities, or as governed by known 
quantitative laws. 

(4) We may predict the quantity of an effect on theo- 
retical grounds, and afterwards confirm the prediction by 
dh’ect measurement. 

(5) We may indirectly determine the quantity of an 
effect without being able to verify it by experiment. 

Those classes of quantitative facts might be illustrated 
by ail immense number of interesting points in the history 
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of physical science. Only a fe^w instances of each class 
can be given liere. 

Em^pirical Measimments. 

Under the first liead of purely empirical mcasiirerner.is, 
which have not been brought under any theoretical system, 
may be placed the great bulk of quantitafivc facts recorded 
by scientific observers. The tables of numerical results 
wliich abound in books on chemistry and pliysics, the huge 
quarters containing the observations of public observatories, 
the iriultitiidinous tables of meteorological observations, 
which are continually being published, the more abstruse 
results concerning terrestrial magnetism — such results of 
measurement, for tlie most part, remain empirical, either 
because theory is defective, or the labour of calculation 
and comparison is too formidable. In the Greenwich 
Observatory, indeed, the salutary practice has been main- 
tained by the present Astronomer Eoyal, of always redu- 
cing the observations, and comparing them with tlie theories 
of tlie several bodies. The divergences from theory thus 
afford material for the discovery of errors o\ of new phe- 
nomena ; in short, the observations have been turned to 
the use for which they were intended. But it is to be 
feared that other establishments are too often engaged in 
merely recording numbers of which no real use is made, 
because the labour of reduction and comparison with 
theory is too great for private inquirers to undertake. In 
meteorology, especially, great waste of labour and money 
is taking place, only a small fraction of the results recorded 
being ever used for the advancement of the science. For 
one meteorologist like Quetelet, Dove, or Baxendell, who 
devotes himself to the truly useful labour of reducing other 
people’s observations, there are hundreds who labour under 
the delusion that they are advancing science by loading 
our book-shelves with numerical tables. It is to be feared, 
in like manner, that almost the whole bulk of statistical 
numbers, whether commercial, vital, or moral, is of little 
scientific value. Pur(3ly empirical measurements may 
have a direct practical value, as when tables of the specific 
gravity, or strength of materials, assist the engineer ; the 
specific gravities of mixtures of water with acids, alcohols. 
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salts, &c., are useful in chemical manufactories, custom- 
house gauging, &c. ; observations of rainfall are requisite 
for questions of water supply ; the refractive index of 
various kinds of glass must be known in making achro- 
matic lenses ; but in all such cases tljc use made of the 
measurements is not scientific but practical. It may be 
asserted, tliat no number which remains isolated, and 
uncompared by t^teory with other numbers, is of scientific 
value. Having tried the tensile strength of a piece of iron 
in a particular condition, we know what will be tlie strength 
of the same kind of iron in a similar condition, provided 
we can ever meet with that exact kind of iron again ; but 
we cannot argue from piece to piec(\ nor lay down any laws 
exactly connecting the strength of iron with tlie quantity 
of its impurities. 


Quaniiiic-^ indicatcA hj Theory, hut Empirically Measured, 

In many cases we arc able to foresee the existence of 
a quantitative effect, on the ground of general principles, 
but are unable, either from the want of numerical data, 
or from the entire absence of any mathematical theory, to 
assign the amount of such effect. We then have recourse 
tq direct experiment to determine its amount. Whether 
tre argued from the oceanic tides by analogy, or deduc- 
tively from the theory of gravitation, there could be no 
doubt that atmospheric tides of some amount must occur 
in the atmosphere. Theory, however, even in the hands 
of Laplace, was not able to overcome the complicated 
mechanical conditions of the atmosphere, and predict the 
amounts of such tides ; and, on the other hand, these 
amounts were so small, and were so masked by far larger 
undulations arising from the heating power of the sun, 
and from other meteorological disturbances, that they 
would probably have never been discovered by purely 
empirical observations. Theory having, however, indi- 
cated their existence and their periods, it was easy to 
make series of barometrical observations in places selected 
so as to be as free as possible from casual fluctuations, and 
then, by the suitable. application of the method of means, to 
detect the small efiects in question. The principal lunar 
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atmospheric tide was thus proved to amount to between 
•003 and '004 inch.^ 

Theory yields the greatest possible assistance in applying 
t]i(i metliQii of means. For if we have a great number of 
em])irical ineasurements, cacli representing the joint effect 
of a number of causes, our object* will be to take the mean 
of all tlK)se in which tlm effect to be measured is present, 
and compare it witli the mean of the raVuiiiider in wliich 
the elfcct is absent, or acts in tht opposite direction. The 
difference will tl^en represent the amount of the effect, or 
double the arnount respectively. Thus, in the case of the 
atmospheric tides, we take the mean of all the observations 
wlien the moon was on the meridian, and compare it with 
the mean of all observations when she was on the horizon. 
Til this case we trust to chance that all other effects will 
lie al)Out as. often in one direction as the other, and will 
neutralise themselves in the drawing of each mean. It is 
a great advantage, however, to be able to decide by theory 
wlien each principal disturbing effect is present or absent; 
for tlie means may then be drawn so as to separate each 
such (dfect, leaving only minor and casual divergences to 
the law of error. Thus, if there be tliree principal effects, 
and we draw means giving respectively the sum of all 
three, the sum of the first two, and the sum of the last 
two, then we gain three simple equations, by the solution 
of which each (Quantity is determined. 


Explained llesidts of Measurement. 

The second class of measured phenomena contains those 
which, after being determined in a direct and purely emph 
rical application of measuring instruments, are afterwards 
shown to agree with some hypothetical explanation. Such 
results are turned to their proper use, and several advan- 
tages may arise from the comparison. The correspondence 
witli theory will seldom or never be precise ; and, even if 
it be so, the coincidence must be regarded as accidental. 

If the divergences between theory and experiment be 
comparatively small, and variable in amount and direction, 
they may often be safely attributed to inconsiderablj 


' Grant’s Hutory of Physical Asironomyj p. 162 . 
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sources ot error in tlie experimental processes. The strict 
method of procedure is to* calculate the probable error of 
the mean of tlie observed results (p. 387), and then observe 
whether the theoretical result falls within the ^limits of 
probable error. If it does, and if tlie experimental results 
agi’co as well with theory as they agi’ee witli each other, 
then the probability of the theory is much increased, and 
we may employ ^he theory with more confidence in the 
anticipation of further re>sults. The probable error, it 
should be remembered, gives a measure only of tlie eflects 
of incidental and variable sources of error, but in no degree 
indicates the amount of fixed causes of error. Thus? if the 
mean results of two modes of determining a quantity are 
so far apart that the limits of probable error do not overlap, 
we may infer the existence of some overlooked^ source of 
fixed error in one or both modes. We will furtl.)er consider 
in a subsequent section the discordance of measurements. 


Quantities ddermined ht/ Tlieorij and verified hy 
M easiircment. 

One of the most satisfactory tests of a tlieory consists in 
its application not only to predict the nature of a pheno- 
menon, and the circumstances in which it may be observed, 
but also to assign the precise quantity of the phenomenon. 
If we can subsequently apply accurate instruments and 
measure the amount of the phenomenon witnessed, we have 
an excellent opportunity of verifying or negativing the 
theory. It was in this manner that Newton first attempted 
to verify his theory of gravitation. He knew apjiroximately 
the velocity produced in falling bodies at the earth’s surface, 
and if the law of the inverse square of the distance held 
true, and the reputed distance of the moon was correct, he 
could infer that the moon ought to fall towards tlie earth at 
the rate of fifteen feet in one minute. Now, the actual 
divergence of tlie moon from tlie tangent of its orbit ap- 
peared to amount only to thirteen feet in one minute, and 
there was a discrepancy of two feet in fifteen, which caused 
Newton to lay “ aside at that time any further thoughts of 
this matter.’’ Many years afterwards, jirobably fifteen or 
sixteen years, Newton obtained more precise data from 
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which he could calculate the size of the moon's orbit, and 
he then found the discrepancy to be inconsiderable. 

His theory of gravitation was thus verified as far as the “ 
moon was: concerned ; btit this was to him only the begin- 
ning of a long course of deductive calculations, each ending 
in a verification. If the earth and moon attract each other, 
and also the sun and the earth, there is reason to expect 
that the sun and moon should attract eacli other. Newton 
followed out the consequences of this inference, and showed 
thiit the moon would not move as if attracted by the earth 
only, j)ut sometimes faster and sometimes slower. Com- 
parison with Flamsteed's observations of the moon showed 
that such was the case. Newton argued again, that as the 
waters of the ocean are not rigidly attached to the earth, 
they might attract the moon, and be attracted in return, 
independently of the rest of the earth. Certain daily 
motions resembling the tides would then be caused, and 
there were the tides to verify the reasoning. . It was the 
extraordinary power with which Newton traced out geome- 
trically the consequences of his theory, and submitted them 
to repeated comparison with experience, which constitutes 
his pre-eminence over all physicists. 

Quantities determined hy Theory and not verified. 

It will continually happen that we are able, from certain 
measured phenomena and a coixect theory, to determine 
the amount of some other phenomenon which we may 
either be unable to measure at all, or to measure with an 
accuracy corresponding to that required to verify the pre- 
diction. Thus Laplace having worked out a theory of the 
motions of J upiter s satellites on the hypothesis of gravi- 
tation, found that these motions were greatly affected by 
the spheroidal form of Jupiter. The motions of the 
satellites can be observed with great accuracy owing to 
their frequent eclipses and transits, and from these motions 
he was able to argue inversely, and assign the ellipticity 
of the planet. The ratio of the polar and equatorial axes 
thus determined was very nearly that of 13 to 14; and it 
agrees well with such direct micrometrical measurements 
of the planet as have been made ; but Laplace believed that 
the theory gave a more accurate result than direct obser- 
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vatioTi could yield, so that the theory could hardly be said 
to admit of direct verification. 

The specific heat of air was believed on the grounds of 
direct experiment to amount to 0*2669, the specific heat of 
water being taken as unity ; but the methods bf experi- 
ment were open to consuierable causes* of error. Eankine 
shbwed in 1850 that it was possible to calculate from the 
mechanical equi^^lent of heat and other thermodynamic 
data, what this nmhaber should be, and he founci it to be 
0*2378. This determination was at the time accepted as 
the most satisfactory result, although not verified ; sub- 
sequently in 1853 Eegnault obtained by direct expe2iment 
the number 0*2377, proving that the prediction had been 
well grounded. 

It is readily seen that in quantitative questions verifi- 
cation is a matter of degree and probability. A less 
accurate method of measurement cannot verify the results 
of . a more accurate method, so that if we arrive at a 
determination of the same physical quantity in several 
distinct modes it is often a delicate matter to decide which 
result is most reliable, and should be used for the indirect 
determination of other quantities. Ib'or instance, Joule’s 
and Thomson’s ingenious experiments upon the thermal 
phenomena of fluids in motion ^ involved, as one ifliysical 
constant, the mechanical equivalent of heat ; if requisite, 
then, they might have been used to determine that im- 
portant constant. But if more direct methods of experi- 
ment give the mechanical equivalent of lieat with superior 
accuracy, then the experiments on fluids will be turned to 
a better use in determining various quantities relating to 
the theory of fluids. We will further consider questions 
of this kind in succeeding sections. 

There are of course many quantities assigned on theo- 
retical grounds which we are. quite unable to verify with 
corresponding accuracy. The thickness of a film of gold 
leaf, the average depths of the oceans, the velocity of a 
star’s approach to or regression from the earth as inferred 
from spectroscopic data (pp. 296-99), are cases in point ; 
but many others might be quoted where direct verifica- 
tion seems impossible. Newton and subsequent physicists 


^ Philosophical Transactions (1854), vol, cxliv. p. 364. 
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have measured light undulations, and by several methods 
we learn the velocity with which light travels. Since an 
undulation of the middle green is about five ten-millionths 
of a metre in length, <ind travels at the rate of nearly 

300.000. 000 of metres per second, it follows that about 

600.000. 000.000.00b undulatioMs must strike in one 
second the retina of an eye which perceives such light. 
But how are we to verify such an fistouciding calculation 
by directly counting pulses which recur six hundred 
billions of times in a second? 

• Discordance of Theory and Experiment. 

When a distinct want of accordance is found to exist 
between the results of theory and direct measurement, 
interesting* questions arise as to the mode in which we can 
account for this discordance. The ultimate explanation 
of the discrepancy may be accomplished in at least four 
ways as follows : — 

(1) The direct measurement may be erroneous owing to 
various sources of casual error. 

(2) The theory may be correct as far as regards the 
general form of the supposed laws, but some of the con- 
stant numbers or other quantitative data employed in the 
theoretical calculations may be inaccurate. 

(3) The theory may be false, in the sense that the forms 
of the mathematical equations assumed to express the laws 
of nature are incorrect. 

(4) The theory and the involved quantities may be 
approximately accurate, but some regular unknown cause 
may have interfered, so that the divergence may be re- 
garded as a residual effect representing possibly a new and 
interesting phenomenon. 

No precise rules can be laid down as to the best mode 
of proceeding to explain the divergence, and the experi- 
mentalist will have to depend upon his own insight and 
knowledge ; but the following recommendations may be 
made. 

If the experimental measurements are not numerous, 
repeat them and take a more extensive mean result, the prob- 
able accuracy of which, as regards casual errors, will increase 
as the square root of the number of experiments. Supposing 
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that no considerable modification of the result is thus 
effected, we may suspect the existence of more deep-seated 
sources of error in our method of measurement. The next 
resource will be to change the siza and form of the appa- 
ratus employed, and to introduce various modififeations in 
the materials employed ov tlie course of procedure, in the 
hcr|oe (p. 396) that some cause of constant error may thus 
be removed. If the inconsistency with theory still remains 
unreduced we may^attempt to invent some widely different 
mode of arriving at the same pljysical quantity, so that we 
may be almost sure that tlie same cause of error will not 
affect both the new and old residts. In some caseS> it is 
possible to find five or six essentially different modes of 
arriving at the same determination. 

Supposing that the discrepancy still exists we may 
begin to suspect that our direct measurements are correct, 
and that the data employed in the theoretical calculations 
are inaccurate. We must now review the grounds on 
which these data depend, consisting as they must ulti- 
mately do of direct measurements. A comparison of tlie 
recorded data will show the degree of jirobability attaching 
to the mean result employed; and if tliere is any ground 
for imagining the existence of error, we should repeat the 
observations, and vary the forms of experiment just as in 
the case of the previous direct measurements. The con- 
tinued existence of the discrepancy must show that we 
have not attained to a complete acquaintance with the 
theory of the cauvses in action, but two different cases still 
remain. We may have misunderstood the action of those 
causes which we know to exist, or we may have overlooked 
the existence of one or more other causes. In the first 
case our hypothesis appears to be wrongly chosen and 
inapplicable ; but wljether we are to reject it will depend 
upon whether w^e can form another hypothesis which 
yields a more accurate accordance. The probability of an 
hypothesis, it will be remembered (p. 243), is to be judged, 
in the absence of d iniori grounds of judgment, by the 
probability that if the supposed causes exist the observed 
result follows ; but as there is now little probability of 
reconciling the original hypothesis with our direct measure- 
ments the field is open for new hypotheses, and any one 
which gives a closer accordance with measurement will so 
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far have better claims to attention. Of course we must 
never estimate the probability of an hypothesis merely by 
its accordance with a few results only. Its general analogy 
and accordance with other known laws of nature, and the 
fact that fo does not conflict with other probable theories, 
must be taken into account, as «we shall see in the next 
book. The requisite condition of a good hypothesis, that 
it must admit of the deduction of facts verified in observa- 
tion, must be interpreted in the yidefet manner, as including 
all ways in which there may be accordance or discordance. 
All our attempts at reconciliation having failed, the only 
condition we can come to is that some unknown cause of 
a new character exists. If the measurements be accurate 
and the theory probable, then there remains ^residual phe- 
nomenon, which, being devoid of tlieoretical explanation, 
must be set down as a new emiurical fact worthy of further 
investigation. Outstanding residual discrepancies have 
often been found to involve new discoveries of the greatest 
importance. 


Accordance of Measurements of Astronomical Distances. 

One of the most instiuctive instances whicli we can 
meet, of the manner in which different measurements con- 
firm or check each other, is furnished by the determination 
of the velocity of light, and the diineiisions of the planetary 
system. Roomer first discovered that light requires time 
to travel, by observing that the eclipses of Jupiter’s satellites, 
although they occur at fixed moments of absolute time, are 
visible at different moments in different parts of the earth’s 
orbit, according to the distance between the earth and 
Jupiter. The time occupied by light in traversing the 
mean semi-diameter of the earth’s orbit is found to be 
about eight minutes. The mean distance of the sun and 
earth was long assumed by astronomers as being about 
95,274,000 miles, this result being deduced by Bessel from 
the observations of the transit of Venus, which occurred in 
17^, and which were found to give the solar parallax, or 
which is the same thing, the apparent angular magnitude 
of the earth seen from the sun, as equal to 8"‘578. 
Dividing the distance of the sun and earth by the 
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number of seconds in 13*.3 we find the velocity of light 
to be about 192,000 miles per second. 

Nearly the same result was obtained in what seems a 
different manner. The aberration ©f light is the apparent 
change in the direction of a ray of light owing to the com- 
position of its motion with that of fhe earth’s motion 
round the sun. If we know the amount of aberration and 
the mean velocit}^».^f the earth, we can estimate that of 
light, which is thus lound to be 191,100 miles per second. 
Now this determination depends upon a new physical 
quantity, that of aberration, which is ascertained by direct 
observation of the stars, so tliat the close accordance of the 
estimates of the velocity of liglit as thus arrived at by dif- 
ferent methods iniglit seem to leave little room for doubt, 
the difference being less than one per cent. 

Nevertlieless, experimentalists were not satisfied until 
they had succeeded in measuring the velocity of light by 
direct experiments pcrforined upon the eartli’s surface. 
Fizeau, by a rapidly revolving toothed wlieel, estimated the 
velocity at 195,920 miles per second. As tin’s result dif- 
fered by about one part in sixty from cstimai^es previously 
accepted, there was thought to be room for (‘ui '.lier investi- 
gation. The revolving mirror, used by WTiealsione in 
measuring the velocity of electricity, was now applied in a 
more refined manner by Fizeau and by Foucault to deter- 
mine the velocity of light. The latter physicist came to 
the startling conclusion that tlie velocity was not really 
more than 185,172 miles per .second. No repetition of the 
experiment would shake this result, and tliere was accord- 
ingly a discrepancy between the astronomical and the ex- 
perimental results of about 7,000 miles per second. The 
latest experiments, those of M. Cornu, only slightly raise 
the estimate, giving 186, 660 miles per second. A little 
consideration shows that both the astronomical determina- 
tions involve the magnitude of the earth’s orbit as one 
datum, because our estimate of the earth’s velocity in its 
orbit depends upon our estimate of the sun’s mean distance. 
Accordingly as regards this quantity the two astronomical 
results count only for one. Though the transit of Venus 
had been considered to give the best data for the calcula- 
tion of the sun’s parallax, yet astronomers had not neglected 
favourable opportunities. Hansen, calculating from 
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certain inequalities in the moon's motion, liad estimated 
it at 8"*9 i 6; Wimieke, from * observations of Mars, at 
8"*964 ; Leverrier, from the motions of Mars, Venus, and 
tlic mooT?^ at 8"-9 So. ‘Tliese independent results agree 
much b<dter with each other than with that of Bessel 
(8"'578) previously received, or that of Encke 
deduced from tl\e transits of Venus in 1761 and 1769, and 
though each separately might be wortli^'^of less credit, yet 
their close accordance renders tlieir mean result (8"-943) 
comparable in probability with that of Bessel. It was 
furthej' found that if Foucault’s value for the velocity of 
light Vere assumed to be correcit, and the sun’s distance 
were inversely calculated from that, the sun’s parallax 
would be S"'g 6 o, which closely agreed with the above 
mean result. This further correspondence of independent 
results threw the balance of ])robability strongly against 
the results of the transit of Venus, and rendered it desir- 
able to reconsider the observations made on that occasion. 
Mr, E. J. Stone, having re-discussed those observations,^ 
found that grave oversights had been made in the calcula- 
tions, which being corrected Avould alter the estimate of 
parallax to S"'gi, a quantity in such comparatively close 
accordance with the other results that astronomers did not 
hesitate at once to reduce their estimate of the suiTs mean 
distance from 95,274,000 to 91,771,000, miles, although 
this alteration involved a corresponding correction in the 
assumed magnitudes and distances of most of the heavenly 
bodies. The solar parallax is now (1875) believed to be 
about 8'''878, the number deduced from Cornu’s experi- 
ments on the velocity of liglit. This result agrees very 
closely with 8"*879, the estimate obtained from new obser- 
vations on the transit of Venus, by the French observers, 
and witli 8''*873, the result of Galle’s observations of the 
planet Flora. When all the observations of the late transit 
of Venus are fully discussed the sun’s distance will probably 
be known to less than one part in a thousand, if not one 
part in ten thousand.^ 

^ Monthly Notices of the Jioyal Astronomical Society ^ vol. xxviii. 
p. 264. 

^ It would seem to be absurd to repeat the profuse expenditure of 
1874 at tlie approaching transit in 1882. The aggregate sumspont in 
^874 by various governments and individuals can hardly l>e loss thai) 
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In this qiKisiioii tlie theoretical relations between tlie 
velocity of light, the constaitt of aberration, the sun’s paral- 
lax, and the sun’s mean distance, are of the simplest 
character, and can hardly be open to any doubt, so that 
the only doubt was as to which result of observation was 
the most reliable. Kvenfeually the chiSf discre[)ancy was 
found to arise from misapprehension in the reduction 
of ob.scrvations, but we have a satis factoiy exam]>le of the 
value of different ihetliods^of estimation in leading to the 
detection of a serious error. Is it not surprising that 
Poucaiilt by measuring the velocity of light when passing 
through the space of a few yards, should lead tlu> way 
to a change in our estimates of the magnitudes of the 
whole universe ? 

Siilcciion of the host Mode of Mcasiiremoii, 

When we once obtain command over a question of 
physical science by conqu’chending the theory of the sub- 
ject, w^e often have a wide choice opened to us as regards 
the methods of measurement, wliich may thenceforth be 
made to give the most accurate results. If w^e tan measure 
one fundamental quantity very precisely we may be able 
by theory to determine accurately many other quantitative 
results. Thus, if we determine satisfactorily the atomic 
weights of certain elements, we do not need to determine 
with equal accuracy the composition and atomic weights of 
their several compounds. Having learnt the relative 
atomic weights of oxygen and sulphur, we can calculate the 
composition by weight of the several oxides of sulphur. 
Chemists accordingly select with the greatest care that 
compound of two elements which seems to allow of the 
most accurate analysis, so as to give the ratio of their 
atomic weights. It is obvious that we only need the ratio 
of the atomic weight of each element to that of some com- 
mon element, in order to calculate that of each to each. 
Moreover the atomic weight stands in simple relation to 
other quantitative facts. The weights of equal volumes of 
elementary gases at equal temperature and pressure have 

/'?oo,ooo, a Slim wliich, wisely expended on scientific investigations, 
would give a hundred important results. 
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the samo. ratios as the atomic weights ; now, as nitrogen 
under such circumstances weighs i4'o6 times as much as 
hydrogen, we may infer that the atomic weight of nitrogen 
is about I4 'o 6, or more* probably I4‘00, that of hydrogen 
being unity. There is mucli evidence, again, that the 
specific heats of dlements are 'inversely as their atomic 
weiglits, so that these two classes of quantitative data 
tlirow liglit mutually upon each other. Jn fact the atomic 
weight, the atomic volume, ai^d the ^atomic heat of an 
eleiiieiit, are quantities so closely connected that the deter- 
mination of one will lead to that of the others. The 
chcmiht has to solve a complicated problem in deciding in 
the case of each of 6o or 70 elements which mode of deter- 
mination is most accurate. Modern chemistry presents us 
with an almost infinitely extensive web of numerical ratios 
developed *9ut of a few fundamental ratios. 

Ill hygroraetry we have a choice among at least four 
modes of measuring the quantity of aqueous vapour con- 
tained in a given bulk of air. We can extract the vapour 
by absorption in sulphuric acid, and directly weigh its 
amount ; we can place the air in a barometer tube and 
observe liow much the absorption of the vapour alters 
the elastic force of the air; we can observe the dew-point 
of the air, that is the temperature at which the vapour 
becomes saturated ; or, lastly, we can insert a dry and wet 
bulb thermometer and observe the temperature of an 
evaporating surface. The results of each mode can be con- 
nected by theory with those of the other modes, and we 
can select for each experiment that mode which is most 
accurate or most convenient. Tlie chemical method of 
direct measurement is capable of the greatest accuracy, but 
is troublesome; the dry and wet bulb thermometer is 
sufficiently exact for meteorological purposes and is most 
easy to use. 

Ayr cement of Distinct Modes of Measurement, 

Many illustrations might be given of the accordance 
which has been found to exist in some cases between the 
results of entirely ditferent methods of arriving at the 
measni'emeiit of a physical quantity. While such accord- 
f^Tlce must, in tlie absence of information to the contrary. 
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be regarded as the best possible proof of the approximate 
correctness of the mean restilt, yet instances have occurred 
to show that we can never take too much trouble in con- 
firming results of great importance. When three or even 
more distinct methods have given nearly coincident num- 
ber.s, a new method has scftnetirnes discfosed a discrepancy 
which it is yet impossible to explain. 

The elliptic! ty c^‘ the earth is known with considerable 
approach to certainly and ^accuracy, for it has been esti- 
mated in three independent ways. The most direct mode 
is to measure long arcs extending north and south upon 
the earth’s surface, by means of trigonometrical sm veys, 
and then to compare the lengths of these arcs with their 
curvature as determined by observations of the altitude 
of certain stars at the terminal points. The most probable 
ellipticity of the earth deduced from all meas\i*rements of 

this kind was estimated by Bessel though subse- 

quent measurements might lead to a slightly difl'erent 
estimate. The divergence from a globular form causes a 
small variation in the force of gravity at different parts of 
the earth’s surface, so that exact pendulum observations 
give the data for an independent estimate of the ellipticity, 

which is thus found to be In the third place the 

spheroidal protuberance about the earth’s ec^uator leads to 
a certain inequality in the moon’s motion, as shown by 
Laplace ; and from the amount of that inequality, as given 
by observations, Laplace was enabled to calculate back to 
the amount of its cause. He thus inferred that the ellip- 
ticity is which lies between the two numbers previously 

given, and was considered by him the most satisfactory 
determination. In this case the accordance is undisturbed 
by subsequent results, so that we are obliged to accept 
Laplace’s result as a highly probable one. 

Tlie mean density of the earth is a constant of high 
importance, because it is necessary for the determination 
of the masses of all the other heavenly bodies. Astrono- 
mers and physicists accordingly have bestowed a great 
deal of labour upon the exact estimation of this con- 
stant. The method of procedure consists in comparing the 
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gravitation of the globe with that of some body of matter of 
which the mass is known in terms of the assumed unit of 
mass. This body of matter, serving as an intermediate 
term of comparison, may be variously chosen; it may 
consist ol a mountain, or a portion of the earth^s crust, or 
a heavy ball of njf^tal. The method of experiment varies 
so much according as we select one body or the other, that 
we may be said to have three independent inodes of arriving 
at the desired rcsidt. 

The mutual gravitation of two balls is so exceedingly 
small compared with their gravitation towards the immense 
massl^of the earth, that it is usually quite imperceptible, 
and although asserted by Newton to exist, on the ground 
of theory, was never observed until the end of the i8th 
century. Michell attached two small balls to the extremi- 
ties of a‘ delicately suspended torsion balance, and then 
bringing heavy balls of lead alternately to cither side of 
these small balls was able to detect a slight dellectioii of 
the torsion balance, lie thus furnished a new verification 
of the theory of gravitation. Cavendish carried out the 
experiment with more care, and estimated the gravitation 
of the balls by treating tlie torsion balance as a pendulum ; 
then taking into account the res])ective distances of the 
balls from each other and from the centre of the earth, 
he was able to assign 5 48 (or as re-computed by Haily, 
5*448) as the probable mean density of the earth. New- 
ton's sagacious guess to the effect that the density of the 
earth was between five and six times that of water, was 
thus remarkably confirmed. The same kind of experiment 
repeated by Reich gave 5 ’438. Baily having again per- 
formed the experiment with every possible refinement 
obtained a slightly higher number, 5 660. 

A different method of procedure consisted in ascertaining 
the effect of a mountain mass in dellectiiig the plumb-line ; 
for, assuming that we can determine the dimensions and 
mean density of the mountain, the ])lumb-line enables us 
to compare its mass with that of the whole earth. The moun- 
tain Scliehallien was selected for the experiment, and obser- 
vations and calculations performed by Maskelyne, Hutton, 
and Playfair, gave as the most probable result 4713. The 
difference from the experimental results already mentioned 
is considfuable and is important, because the instrumental 
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Operations are of an entirely different character from those 
of Cavendish and Baily's <ixperiments. Sir Henry James’ 
similar determination from the attraction of Arthur’s Seat 
gave 5*14. 

A third distinct method consists in determining the force 
of gravity at points elevated above the ‘surface of the earth 
on* mountain ranges, or sunk below it in mines. Caiiini 
experimented with a pendulum at tlie hospice of Mont 
Cenis, 6,375 feet «,bove yie sea, and by com]>aring the 
attractive forces of the earth and the Alps, found the 
density to be still smaller, namely, 4’39, or as corrected 
by Giulio, 4'9SO. Lastly, the Astronomer Boyal ^las on 
two occasions adopted the opposite method of observing 
a pendulum at the bottom of a deep mine, so as to com- 
pare the density of the strata penetrated with the density 
of the whole earth. On the second occasion he 'carried his 
method into effect at the Harton Colliery, 1,266 feet deep ; 
all that could be done by skill in measurement and careful 
consideralioii of all the causes of errror, was accomplislied 
ill this elaborate series of observations ^ (p. 291). No doubt 
Sir George Airy was much peridexed when he found that 
his new result considerably exceeded that obtained by any 
other method, being no less than 6*566, or 6 623 as linally 
corrected. In this case we learn an impressive lesson 
concerning the value of repeated determinations by distinct 
methods in disabusing our minds of the reliance which we 
are only too apt to place in results which show a certain 
degree of coincidence. 

In 1844 Herschel remarked in his memoir of Francis 
Baily,^ “ that the mean specific gravity of this our planet is, 
ill all human probability, quite as well determined as that 
of an ordinary hand-specimen in a mineralogical cabinet, 
— a marvellous result, which should teach us to despair of 
notliing which lies within the compass of number, weight 
and measure.” But at the same time he pointed out that 
Baily’s final result, of which the probable error was only 
0*0032, was the highest of all determinations then known, 
and Airy’s investigation has since given a much higher 
result, quite beyond the limits of probable error of any of 

^ Philosophical Transactions (1856), vol. cxlvi. p. 342. 

2 Monthly Notices of the Royal Agronomical Society^ for 8tli Nov. 
1844, No. X. vol. vi. p. 89. 
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the previous experiments. If we treat all determinations 
yet made as of equal weight/ the simple mean is about 
5*45, the mean error nearly 0 5, and the probable error 
almost 0*2, so that it is as likely as not that the truth lies 
between 5*65 and 5*25 on this view of the matter. But it 
is remarkable that ‘the two most** recent and careful series 
of observations by Baily and Airy,^ lie beyond these limits, 
and as with the increase of care the estimate rises, it seems 
requisite to reject the earlier results, '^and look upon the 
question as still requiring further investigation. Physicists 
often take 5|- or 5*67 as the best guess at the truth, but it 
is evMcnt that new experiments are much required. I 
cannot help thinking that a portion of the great sums of 
money which many governments and private individuals 
spent upon the transit of Venus expeditions in 1874, and 
which they will probably spend again in 1882 (p. 562), 
would be better appropriated to new determinations of 
the earth's density. It seems desirable to repeat Baily’s 
experiment in a vacuous case, and with the greater me- 
chanical refinements which the progress of the last forty 
years places at the disposal of the experimentalist. It 
would be desirable, also, to renew the pendulum experi- 
ments of Airy in some other deep mine. It might even 
be well to repeat upon some suitable mountain the obser- 
vations performed at Schehallien. All these operations 
might be carried out for the cost of one of the superfluous 
transit expeditions. 

Since the establishment of the dynamical theory of heat 
it has become a matter of the greatest importance to 
determine with accuracy the mechanical equivalent of 
heat, or the quantity of energy which must be given, or 
received, in a definite change of temperature effected in a 
definite quantity of a standard substance, such as water. 
No less than seven almost entirely distinct modes of 
determining this constant have been tried. Dr. Joule first 
ascertained by the friction of water that to raise the tem- 
perature of one kilogram of water through one degree 
centigrade, we must employ energy sufficient to raise 424 
kilograms through the height of one metre against the 
force of gravity at the earth's surface. Joule, Mayer, 


* Philoiopkical Maga^indf 2nd Series, vol, xxvi. p, 61. 



kxv.1 ACCOftftANCE Ot' TfiEOHlES. 669 

• 

Clausius/ Favre and other experimentalists have made 
determinations by less direct methods. Experiments oil 
the mechanical properties of gases give 426 kilogram- 
metres as the constant ; the work done by a steam-engine 
gives 413 ; from the heat evolved in electrical e!^periments 
several determinations have been obtained ; thus from 
induced electric currents we get 452; from the electro- 
magnetic engine 443 ; from the circuit of a battery 420 ; 
and, from an elebtric current, the lowest result of all, 
namely, 400.^ 

Considering the diverse and in many cases difficult 
methods of observation, these results exhibit satisfactory 
accordance, and their mean (423‘9) comes very close to 
the number derived by Dr. Joule from the apparently 
most accurate method. The constant generally assumed 
as the most probable result is 423*55 kilogrammetres. 


Residual Phenomena. 

Even when the experimental data employed in the 
vcrilication of a theory are sufficiently accurate, and the 
theory itself is sound, there may exist discrepancies 
demanding further investigation. Herschel pointed out 
the importance of such outstanding quantities, and called 
them residual ^phenomena? Now if the observacions and 
the theory be really correct, such discrepancies must be 
due to the incompleteness of our knowledge of the causes 
ill action, and the ultimate explanation must consist in 
showing that there is in action, either 

(i) Some agent of known nature whose presence was 
not suspected ; 

Or (2) Some new agent of unknown nature. 

In the first case we can hardly be said to make a new 
discovery, for our ultimate success consists merely in 
reconciling the theory with known facts when our in- 
vestigation is more comprehensive. But in the second 
case we meet with a totally new fact, which may lead us 

• Clausius in Philosophical Magazine^ 4th Series, vol ii. p 1 19. 

^ Watts’ Dictionary of Chemistry , vol. iii. p. 129. 

3 Prelimina/ry Discourse^ §§ 158, 174. Outlines of Astronomy, 4th 
eilit. § 856. 
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to realms of new discovery. Take the instance adduced by 
Herscliel. The theory of Newton and Halley concerning 
comets was that they were gravitating bodies revolving 
round the sun in elliptic orbits, and the return of Halley’s 
Comet, ill’ 1758, verified this theory. But, when accurate 
observations of Eiidce^s Comet came to be made, the veri- 
fication was not found to be exact. Encke’s Comet returned 
each time a little sooner than it ought to do, the period 
regularly decreasing from 1212-79 dayj^; between 1786 and 
1789, to 1210*44 between 1^55 ^^^d the hypo- 

thesis has been started that there is a resisting medium 
lillingl the space through which the comet passes. Tliis 
hypothesis is a deus ex inacliind for explaining this solitary 
phenomenon, and cannot possess much probability unless 
it can be shown that other phenomena are deducible from it. 
Many persons have identified this medium with that through 
which light undulations pass, but I am not aware that 
there is anything in the undulatory theory of light to show 
that the medium would offer resistance to a moving body. 
If Professor Balfour Stewart can prove that a rotating disc 
would experience resistance in a vacuous receiver, here is 
an experimental fact which distinctly supports the hypo- 
thesis. But ill the mean time it is open to question 
whether other known agents, for instance electricity, may 
not be brought in, and 1 have tried to show that if, as is 
believed, the tail of a comet is an electrical phenomenon, 
it is a necessary result of the conservation of energy 
that the comet shall exhibit a loss of energy manifested 
in a diminution of its mean distance from the sun 
and its period of revolution.^ It should be added that if 

• Proceedings of the Manchester Literary and Philosophical Society, 
28tli November, 1871, voL xi. p. 33. Since the above remarks were 
written, Professor Balfour Stewart has pointed out to me liis paper 
in the Proceedings of the Manchester Literary and Philosophical 
Society for 15th November, 1870 (vol. x. p. 32), in which he shows 
that a body moving in an enclosure of uniform temperature would 
probably experience resistance independently of the presence of a 
ponderable medium, such as gas, between the moving body and the 
enclosure. The proof is founded on the theory of the dissipation of 
energy, and this view is said to be accepted by Professors Thomson and 
Tait. The enclosure is used in this case by Professor Stewart simply 
08 a means of obtaining a proof, just as it was used by him on a 
previous occasion to obtain a proof of certain consequences of the 
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Professor Tait’s theory be correct, as seems very probable, 
and comets consist of swavms of small meteors, there is no 
difficulty in accounting for the retardation. It has long 
been known that a collection o£ small bodies travelling 
together in an orbit round a central body will t^nd to fall 
towards it. In either case, then, this rtisidual phenomenon 
seems likely to be reconciled with known laws of nature. 

In other cases residual phenomena have involved im- 
portant inferences^ not recognised at the time. Newton 
showed how the velocity of sound in the atmosphere 
could be cjilculated by a theory of pulses or undulations 
from the observed tension and density of the ain'. He 
inferred that the velocity in the ordinary state of the 
atmosphere at the earth’s surface would be 968 feet per 
second, and rude experiments made by him in the cloisters 
of Trinity College seemed to show that this was nob far 
from the truth. Subsequently it was ascertained by other 
experimentalists that the velocity of sound was more 
nearly 1,142 feet, and the discrepancy being one-sixth 
part of the whole was far too much to attribute to casual 
errors in the iwimcrical data. Newton attempted to 
explain away this discrepancy by hypothes '.s as to the 
reactions of the molecules of air, Imt without success. 

New investigations having been made from time to time 
concerning the velocity of sound, both as observc'd experi- 
mentally and as calculated from theory, it was found that 
each of Newton’s results was inaccurate, the theoretical 
velocity being 916 feet per second, and the real velocity 
about 1,090 feet. The discrepancy, nevertheless, remained 
as serious as ever, and it was not until the year 1816 that 
Laplace showed it to be due to the heat developed by the 
sudden compression of the air in the passage of the wave, 
this heat having the effect of increasing tlie elasticity of 
the air and accelerating the impulse. It is now perceived 

Theory of Exchanges. He is of opinion that in both of these 
cases when once the proof has been obtained, the enclosure may be 
dispensed with. We know, for instance, that the relation between tiie 
inductive and absorptive powers of bodies — although this relatijii 
may have been proved by means of an enclosure, does not depend 
U]3oii its presence, and Professor Stewart thinks that in like manner 
two bodies, or at least two bodies possessing heat such as the sun 
and the earth in motion relative to each other, will have the ditfer- 
ential nmtion retarded until perhaps it is ultimately destroyed. 
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that this discrepancy really involves the doctrine of the 
equivalence of heat and energy, and it was applied by 
Mayer, at least by implication, to give an estimate of the 
mechanical equivalent of heat. The estimate thus derived 
agrees satisfactoriljr with direct determinations by Dr. 
Joule and other physicists, so thut the explanation of the 
residual phenomenon which exercised Newton’s ingenuity 
is now complete, and forms an important part of the new 
science of thermodynamics. « ^ 

As Herschel observed, almost all great astronomical dis- 
coveries have been disclosed in the form of 4 ’esidual dif- 
ferences. It is the practice at well-conducted observatories 
to compare the positions of the heavenly bodies as actually 
observed with what might have been expected theoretically. 
This practice was introduced l)y Halley when Astronomer 
Royal, and .his reduction of the lunar observations gave a 
series of residual errors from 1722 to 1739, by the examina- 
tion of whicli the lunar theory was improved. Most of 
the greater astronomical variations arising from nutation, 
aberration, planetary perturbation were discovered in the 
same manner. The precession of the equinox was perhaps 
the earliest residual difference observed; the systematic 
divergence of Uranus frpm its calculated places was one of 
the latest, and was the clue to the remarkable discovery 
of Neptune. We may also class under residual phenomena 
all the so-called 'pro]}er motiom of the stars. A complete 
star catalogue, such as that of the British Association, gives 
a greater or less amount of proper motion for almost every 
star, consisting in the apparent difference of position of the 
star as derived from the earliest and latest good obser- 
vations. But these apparent motions are oiten due, as 
explained by Baily,^ the author of the catalogue, to errors 
of observation and reduction. In many cases the best 
astronomical authorities have differed as to the very direc- 
tion of the supposed proper motion of stars, and as regards 
the amount of the motion, for instance of a Polaris, the 
most different estimates have been formed. Residual 
quantities will often be so small that their very existence 
is doubtful. Only the gradual progress of theory and of 
measurement will show clearly whether a discrepancy is to 


‘ British Assoeiaiion CaJtalogue of Stars, p. 49, • 
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be referred to casual errors of observation or to some new 
phenomenon. But notliing is more requisite for the pro- 
gress of science than the careful recording and investigation 
of such discrepancies. In no parfe of pliysical science can 
we be free from exceptions and outstanding fact5, of which 
our present knowledge can give no accbunt. It is among 
such anomalies that wc must look for the clues to new 
realms of facts worthy of discovery. They are like the 
floating waifs whiclt led Columbus to inspect the existence 
of the new world. 



OTIArTKrt XXVI. 

CIIAKACTER OF THE EXJ»EK1MENTALIST. 

In the present age there seems to be a tendency to be- 
lieve that the importance of individual genius is less than 
it was — 

“The individual withers, and the world is more and niore.’^ 

Society, it is supposed, has now assumed so highly deve- 
loped a form, that what was accomplished in past times by 
the solitary exertions of a great intellect, may now be 
worked out by the united labours of an army of investi- 
gators. Just as the well-organised power of a modern army 
supersedes the single-handed bravery of the mediteval 
knights, so we are to believe that the combination of in- 
tellectual labour has superseded the genius of an Archi- 
medes, a Xewtoii, or a Laplace. So-called original research 
is now regarded as a profession, adopted by hundreds of 
men, and communicated by a system of trainiug. All that 
we need to secure additions to our knowledge of nature is 
the erection of great laboratories, museums, and observa- 
tories, and the offering of pecuniary rewards to those who 
can invent new chemical compounds, detect new species, or 
discover new comets. Doubtless tliis is not the real mean- 
ing of the eminent men who are now urging upon Govern- 
ment the endowment of physical research. They can only 
mean that the greater the pecuniary and material assistance 
given to men of science, the greater the result which the 
available genius of the country may be expected to 
produce. Money and opportunities of study can no more 
produce genius than sunshine and moisture can generate 
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living beings ; the inexplicable germ is wanting in both 
cases. But as, wlieii the gerfn is present, tlie plant will grow 
more or less vigorously according to the circumstances in 
which it is jdacecl, so it may be allo^^’‘ed that peciinigLry assist- 
ance may favour development of intellect. Public opinion 
hovYcver is not discriminilting, and is likely to interpret 
the agitation for the endowment of science as meaning 
that science can be had for money. 

All such notions are erroneous. In no branch of human 
affairs, neither in politias, war, literature, industry, nor 
science, is the influence of genius less considerable tfian it 
was. It is possible that the extension and organisatuin of 
scientific study, assisted by the printing-press and the 
accelerated means of communication, luis increjised the, 
rapidity with which new discoveries are made known, and 
their details worked out by many heads and 'hands. A 
Darwin now no sooner propounds originfd ideas concerning 
the evolution of living creatures, than those ideas aui dis- 
cussed and illustrated, and a])[)lied by naturalists in every 
])art of th(‘ world. In former days his discoveries would 
have been hidden for decades of years in scarce manu- 
scripts, aici generations would have passed away before his 
theory had enjoyed the same amount of (uiticism and cor- 
roboration as it has already received. The result is that 
the genius of Darwin is more valuable, not less valuable, 
than it would formerly have been. The advance of mili- 
tary science and the organisation of enormous armies lias 
not decreased the value of a skilful general ; on the con- 
trary, the rank and file are still more in need than they 
used to be of the guiding [lower M' a fai-seeing intellect. 
Tile swift destruction of the French military power was 
not due alone to the perfection of the German army, nor to 
the genius of Moltke ; it was due to the combination of a 
well-disciplined multitude with a leader of the highest 
powers. So in every branch of liuman affairs the in- 
fluence of the individual is not withering, hut is gi*owing 
with the extent of the material resources which are at 
his command. 

Turning to our own subject, it is a work of uiicliminished 
interest to reflect upon those qualities of mind which lead 
to great advances in natural knowledge. Nothing, indeed, 
19 less amenable than genius to scientific analysis and 
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explanation. Even definition is out of the question. Buffon 
said that genius is patience/' and certainly patience is one 
of its most requisite components. But no one can suppose 
that patient labour alone will invariably lead to those con- 
spicuous results which we attribute to genius. In every 
branch of science; literature, art, or industry, there are 
thousands of men and women who work with unceasing 
patience, and thereby ensure moderate success ; but it 
would be absurd to suppose tha,t equal amounts of intellec- 
tual labour yield equal results. A Newton may modestly 
attribute his discoveries to industry and patient thought, 
and ftiere is reason to believe that genius is unconscious 
and unable to account for its own peculiar powers. As 
genius is essentially creative, and consists in divergence 
irom the ordinary grooves of thought and action, it must 
necessarily be a phenomenon beyond the domain of the 
laws of nature. Nevertheless, it is always an interesting 
and instructive work to trace, out, as far as possible, the 
characteristics of mind by which great discoveries have 
been acliieved, and we shall find in the analysis much to 
illustrate tlie principles of scientific method. 

Error of the Baconian Method. 

Hundreds of investigators may be constantly engaged in 
experimental inquiry ; they may compile numberless note- 
books full of scientific facts, and endless tables of numerical 
results ; but, if the views of induction here maintained be 
true, tliey can never by such work alone rise to new and 
great discoveries. By a system of research they may work 
out deductively the details of a previous disco^^ery, but to 
arrive at a new principle of nature is another matter. 
Francis Bacon spread abroad the notion* that to advance 
science we must begin by accumulating facts, and then 
draw from them, by a process of digestion, successive laws 
of higher and higher generality. In protesting against the 
false method of the scholastic logicians, he exaggerated a 
partially true philosophy, until it became as false as that 
which preceded it His notion of scientific method was a 
kind of scientific bookkeeping. Facts were to be indis- 
criminately gathered from every source, and posted in a 
ledger, from which would emerge in time ba,lance of 



xxvi.] CI1ARACT7^:R ok TTTE KXP^RBIKNTALI^^T. bri 

truth. It is dilliciilt to imn.^inc a less likely way of arriv^- 
ing at great discoveries. "J’he greater the array of facts, 
the less is the prohability that they will by any routine 
system of classification disclose the laws of nature they 
embody. Exhaustive classification in all possibles orders is 
out of the question, because the possible orders are practi- 
cally infinite in number. 

It is before the glance of the ]>hilosophic mind that 
facts must dis})lay tkeir meaning, and fall into logical oidiT. 
The natural philosopher must therefore liave, in the fii-st 
place, a mind of impressionable character wliich is affected 
by tlie sliglitest exceptional phenomenon, llis associating 
and identifying powers must be gr(‘at, that is, a strange fact 
must suggest to his mind whatever of like nature lias ]ue- 
viously come witliin his experience. His imagination must 
be active, and bring before his mind multitudes of relations 
in wliich the unexplained facts may ]:)0ssibly *stand with 
regard to each other, or to more common facts. Sure and 
vigorous powers of deductive reasoning must then come into 
play, and enable him to infer what will happen under each 
supposed condition. Las.tly, and above all, tliere must be 
the love of certainty leading bim diligently and witli per- 
fect candour, to compare his speculations with the test of 
fact and experiment. 

Frecilom of Theorising, 

It would be an error to suppose that the great discoverer 
seizes at once upon the truth, or has any unerring method 
of divining it. In all probability the errors of the great 
mind exceed in number those of the less vigorous one. 
Fertility of imagination and abundance of guesses at truth 
are among the first requisites of discovery; but the erroneous 
guesses must be many times as numerous as those which 
prove well founded. The weakest analogies, the most 
whimsical notions, the most apparently absurd theories, 
may pass through the teeming brain, and no record remain 
of more than the hundredth part. There is nothing really 
absurd except that which prove? contrary to logic and ex- 
perience. The truest theories involve suppositions wliich 
are inconceivable, and no limit can really be placed to the 
freedom of hypothesis. 


P P 
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Kepler is an extraordinary instance to tins effect. Hb 
minor laws of nature are more firmly established than those 
which he detected concerning ' the orbits and motions of 
planetary masses, and on these empirical laws , the theory 
of gravitation was founded. Did we not learn from his 
own writings the rriultitude of errors into wliich. he fell, we 
might have imagined tliat he had some special faculty of 
seizing on the truth. But, as is well known, he was full of 
chimerical notions; his favourite and long-studied theory 
was founded on a fanciful analogy between. the planetary 
orbits and the regular solids. His celebrated laws were the 
outcome of a lifetime of speculation, for the most part vain 
and gioundless. We know this because he had a curious 
pleasure in dwelling upon erroneous and futile trains of 
reasoning, which most persons consign to oblivion. But 
Kepler’s name was destined to be immortal, on account of 
the patience with which he submitted his hypotheses to 
comparison with observation, the candour with which he 
acknowledged failure after failure, and tl)e perseverance 
and ingenuity wdth which he renewed his attack upon the 
riddles of nature, 

Nejit after Kepler perhaps Faraday is tlie physical philo- 
sopher who has given us the best insight into the progress 
of discovery, by recording erroneous as well as successful 
speculations. The recorded notions, indeed, are probably 
but a tithe of the fancies which arose in his active brain. 
As Faraday himself said — The world little knows how 
many of the thoughts and theories which have passed 
through the mind of a scientific investigator, have been 
crushed in silence and secresy by his own‘ severe criticism 
and adverse examination; that in the most successful in- 
stances not a tenth of the suggestions, the hopes, the wishes, 
the preliminary conclusions have been realised.’' 

Nevertlieless, in Faraday's researches, published in the 
Philosophical Tramactioiis, in minor papers, in manuscript 
note-books, or in other materials, made known in his inter- 
esting life by Dr. Bence Jones, we find invaluable lessons 
for the experimentalist. These writings are full of specula- 
tions which we must not judge by the light of subsequent 
discovery It may perhaps be said that Faraday com- 
mitted to the printing press crude ideas which a friend 
would have counselled him to keep back. There was 
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occasionally even a wildness and vagueness in his notions, 
whicli in a less careful experimentalist would have been 
fatal to tlic attaiiiineiit of truth, Tliis is especially apparent 
ill a carious paper concerning Eay-vibrations ; but fortu- 
nately Earaday was aware of the shadowy cliaracier of liis 
speculations, and expressed the feeling in words which 
mukjt be quoted. “I think it likely,” he says,^ ^‘that I 
have made many mistakes in the preceding pages, for 
even to myself my Jdeas on this point appear only as the 
shadow of a speculation, oV as one of tliose impressions 
upon the mind, which are allowable for a time as guides to 
thought and research. He who labours in experimental 
inquiries knows how numerous these are, and liow •often 
their apparent fitness and beauty vanish before the progress 
and development of real natural truth.” If, then, the ex- 
perimentalist has no royal road to the discovery of the 
truth, it is an interesting matter to consider by what logical 
procedure lie attains tlie truth. 

If I have taken a correct view of logical method, there 
is leally no such thing as a distinct process of induction. 
The probability is infinitely small that a collection of 
complicated facts will fall into an arrangement capable 
of exhibiting directly the laws obeyed by tliem. The 
mathematician might as well expect to integrate his 
functions by a ballot-box, as the experimentalist to draw 
deep truths from haphazard trials. All induclion is but 
the inverse application of deduction, and it is by the 
inexplicable action of a gifted mind that a multitude of 
heterogeneous facts are ranged in luminous order as the 
results of some uniformly acting law. So different, indeed, 
are the qualities of mind required in different branches of 
science, that it would be absurd to attempt to give an 
^exhaustive description of the character of mind which 
leads to discovery. The labours of Newton could not 
have been accomplished except by a mind of the utmost 
mathematical genius; Faraday, on the other hand, has 
made the most extensive additions to human knowledge 
without passing beyond common arithmetic. I do not 
remember meeting in Faraday’s writings with a single 

1 Experimental Eeuarckee in Clumistry and Physics^ p. 372. 
Philosophical MagaHne, 3rd Series, May 1846, vol. xxviii, p. 350. 
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algebraic formula or mathematical problem of any com- 
plexity. Trofessor Clerk Maxwell, indeed, in the preface 
to his new Treatise on Electricity, has strongly recommended 
the reading of Faraday’s researches by all students of 
science, and has given liis opinion that though Faraday 
seldom or never ^employed mathematical formulae, his 
methods and conceptions were not the less mathematical 
in their nature.^ I have myself protested against the 
prevailing confusion between a mathepiatical and an exact 
science, 2 yet I certainly think that Faraday’s experiments 
were for the most part qualitative, and that his mathe- 
matical ideas were of a rudimentary character. It is true 
that li«e could not possibly investigate such a subject as 
magne-crystallic action without involving himself in 
geometrical relations of some complexity. Nevertheless 
I think that he was deficient in mathematical deduc- 
tive power, that power which is so highly developed by 
the modern system of mathematical training at Cam- 
bridge. 

Faraday was acquainted with the forms of his celebrated 
lines of force, but I am not aware that he ever entered 
into the algebraic nature of those curves, and I feel sure 
that he could not have explained their forms as depending 
on the resultant attractions of all the magnetic particles. 
There are even occasional indications that he did not 
understand some of the simpler mathematical doctrines of 
modern physical science. Although he so clearly foresaw 
the correlation of the physical forces, and laboured so hard 
with his own hands to connect, gravity with other forces, 
it is doubtful whether he understood the doctrine of the 
conservation of energy as applied to gravitation. Faraday 
was probably equal to Newton in experimental skill, and 
in that peculiar kind of deductive power which leads to 
the invention of simple qualitative experiments ; but it 
must be allowed that he exhibited little of that mathe- 
matical power which enabled Newton to follow out intui- 
tively the quantitative results of a complicated problem 
with such wonderful facility. Two instances, Newton and 
Faraday, are sufficient to show that minds of widely 


‘ See also Nature, September i8, 1873 ; voL viiL p. 398, 
* Theory of Political Economy, pp. 3 — 14. 
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different conformation will nieet with suitable regions of 
research. Nevertheless, there are certain traits which w'e 
'may discover in all the highest scientific minds. 

I'he Newtonian M^tliod^ the Trife Organum, 

• 

Laplace was of opinion that the Prindpla and the 
Opticks of Newton /urnished the best models then avail- 
able of the delicate art oT experimental and theoretical 
investigation. In these, as he says, we meet with the 
most happy illustrations of the way in which, fijom a 
series of inductions, we may rise to the causes of pheno- 
mena, and thence descend again to all the resulting 
details. 

The popular notion conceiuing Newton’s discoveries is 
that in early life, when driven into the country by the 
(jrcat Plague, a falling apple accidentally suggested to 
him the existence of gravitation, and that, availing himself, 
of this hint, he was led to the discovery of the law of 
gravital.ion, the explanation of which constitutes the 
Princljnct. It is difficult to imagine a more Irdicrous and 
inadequate picture of Newton’s labours. No originality, 
or at least priority, was claimed by Newton as regards the 
discovery of the law of the inverse square, sc closely 
associated with his name. In a well-known Scholium ^ 
he acknowledges that Sir Christopher Wren, Hooke, and 
Halley, had severally observed the accordance of Kepler’s 
third law of motion with the principle of the inverse 
square. 

Newton’s work was really that of developing the 
methods of deductive reasoning and experimental verifica- 
tion, by which alone great hypotheses can be brought to 
the touchstone of fact. Archimedes was the greatest of 
ancient philosophers, for he showed how mathematical 
theory could be wt3dded to physical experiments ; and 
his works are the first true Organum. Newton is the 
modern Archimedes, and the Principia forms the true 
Novum Organum of scientific method. The laws which 
he established are great, but his example of the manner ol 
establishing them is greater still. Excepting peihaj)3 


^ Vrincipia^ bk. i. I’rop. iv. 
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chemistry and electricity, there is hardly a progressive 
branch of physical and mathematical science, which has 
not been developed froin the germs of true scientific pro- 
cedure which he disclosed in the Principia or the Opticks. 
Overcome by the s^iccess of his, theory of universal gravi- 
tation, we are apt to forget that in his theory of sound he 
originated the mathematical investigation of waves and 
the mutual action of particles ; that in his corpuscular 
theory of light, however mistaken, he first ventured to 
apply mathematical calculation to molecular attractions 
and trepulsions ; that in his prismatic experiments he 
showed how far experimental verification could be pushed; 
that ill his examination of the coloured rings named after 
him, he accomplished the most remarkable instance of 
minute ifieasurement yet known, a mere practical appli- 
cation of 'which by Fizeau was recently deemed vmrthy 
of a medal by the Ivoyal Society. We only learn by degrees 
how complete was liis scientific insight; a few words in his 
third law of motion display his acquaintance with the 
fundamental principles of modern thermodynamics and 
the conservation of energy, while manuscripts long over- 
looked prove that’ in his inquiries concerning atmospheric 
refraction he had overcome the main difficulties of ap- 
plying theoiy to one of the most complex of physical 
problems. 

After all, it is only by examining tlic way in wliicli he 
effected discoveries, that we can rightly appreciate his 
greatness. The PHneipia treats not of gravity so much 
as of Ibrces in general, and the methods of reasoning 
about them. He investigates not one hypothesis only, 
but mechanical hypotheses in general. Nothing so much 
strikes the reader of the work as the exhaustiveness of his 
treatment, and the unbounded power of his insight. If he 
treats of central forces, it is not one law of force which he 
discusses, but many, or almost all imaginable lawn's, the 
results of each of which he sketclies out in a few pregnant 
words. If his subject is a resisting medium, it is not air 
or water alone, but resisting media in general. We. have 
a good example of his method in the scholium to the 
twenty ^^second proposition of the second book, in which he 
runs rapidly over many suppositions as to the laws of the 
compressing forces which might conceivably act in an 
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atmosphere of gas, a consequence being drawn from each 
case, and that one hypothesis ultimately selected wluch 
yields results agi'eeing with experiments upon the pressure 
and density of the terrestrial atmosphere. 

Newton said that he did not frame, hypotlieses, but, iu 
reality, the greater part*of the Prmci'pia is purely hy- 
pothetical, endless varieties of causes and laws being 
imagined which hgLve no counterpart in nature. The 
most grotesque liypothese!^ of Kepler or Descartes were 
not more imaginary. Hut Newtons comprehension of 
logical method was perfect ; no hypothesis was entciitained 
unless it was definite in conditions, and admitted of un- 
questionable deductive reasoning; and the value of eacli 
hypothesis was entirely decided by tlie comparison of its 
consequences with facts. I do not entertain a doubt that 
the general course of his procedure is identical with that 
view of the nature of induction, as the inverse application 
of deduction, whicli I advocate throughout this book. 
Francis Bacon held that science, should be founded on 
experience, but he mistook the true mode of using experi- 
ence, and, in attempting to apply liis method, ludicrously 
failed. Newton divl not less found his method on experi- 
ence, but he seized the - true method of treating it, and 
applied it with a power and success never since equalled. 
It is a great mistake to say that modern science is the 
result of the Baconian philosophy ; it is the Newtonian 
philosophy and the Newtonian method which have led to 
all the great triumphs of physical science, and I repeat 
that tlie Frineijna foriiis the true “Novum Orgarium.'’ 

In bringing liis theories to a decisive experimental verifi- 
cation, Newton showed, as a general rult‘, exquisite skill 
and ingenuity. In his hands a few simple pieces of appa- 
ratus were made to give results involving an unsuspected 
depth of meaning. His most beautiful experimental in- 
quiry Avas that by wliicli he proved the differing refrarigibi- 
lity of rays of liglit. To suppose that he originally dis- 
covered the power of a prism to break up a beam of white 
light would be a mistake, for he speaks of procuring a 
glass prism to try the “ celebrated phenomena of colours.’* 
But we certainly owe to liim the theory that white light is 
a mixture of rays differiiig^lf^refrangibility, and that lights 
which differ in colour, differ also iu refraugibility. Other 
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persons might have conceived this theory ; in fact, any 
person regarding refraction as"^ a quantitative effect must 
see that different parts of the spectrum have suffered 
diiferent ^inouuts ol‘ refraction. But tlie power of Newton 
is sliowji in the tenacity with which he followed his theory 
into every conse(]uence, and tested each result by a simple 
hut conclusive experiment. He first shows that different 
colouied spots are displaced by different amounts when 
viewed through a prism, and that their images come to a 
1‘ocus at different distances from the lense, as they should 
do, if , the refrangibility differed. After excluding by many 
experfments a variety of indifferent circumstances, he fixes 
his attention u})on the question whether the rays are 
merely shattered, disturbed, and spread out in a chance 
manner, as Grimaldi supposed, or whether there is a con- 
stant rehition between the colour and the refrangibility. 

If Grimaldi was right, it might be expected that a part 
of the spectrum taken separately, and subjected to a second 
refraction, would suffer a new breaking up, and produce 
some new spectrum. Newton inferred from his own tlieofy 
that a ])aiticular ray of tlie spectrum would have a con- 
stant reiiungibility, so that a second prism would merely 
bend it more or less, hut not further disperse it in any con- 
siderable degree. I'y simply cutting oft* most of the rays of 
the spectrum by a screen, and allowing the remaining 
narrow ray to fall on a second prism, be proved the truth 
of this conclusion ; and then slowly turning the fiist prism, 
so as to vary the colour of the ray falling on the second one, 
he found that the spot of light formed by the twice-refracted 
ray travelled up and down, a palpable proof that the amount 
of retraiigibility varies witli tlie colour. For his further 
satisfaction, lie sometimes refracted the light a third or 
fourth time, and he found that it might be refracted up- 
wards or dowunvards or sideways, and yet for each colour 
there was a ddinite amount of refraction through each 
prism. He coiiqileted the jiroof by showing that the sepa 
rated rays may again be gathered togetlier into white light 
by an iiiverte»l prism, so that no number of refractions 
alters the character of the light. I'lie conclusion thus ob- 
tained serves to explain the coiifusion arising in the use of 
a common lense ; he show^s timt with honiogeiieoi^ lighi 
there is oue distinct focus, with mixed light an itifiuite 
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number of foci, which prevent a clear view from being ob- 
tained at any point. 

What astonishes the reader of#tlie Oi)ticks is the per- 
sistence with which Newton follows out ^he consequences 
of a preconceived theory, and test-s tl^e one notion by a 
woiiderful variety of simp*le comparisons with fact. The 
ease with whicli lie invents new combinations, and fore- 
sees the results, subsequently verified, produces an insuper- 
able conviction in the readel* that he has possession of the 
truth. And it is certainly the theory which leads him to 
the experiments, most of wliich could hardly bedevis4‘d by 
accident. Newton actually remarks that it was by mathe- 
matically determining all kinds of phenomena of colours 
which could be produced by refraction tliat he had “ in- 
vented ” almost all the experiments in the book, and he 
promises that otliers who shall “ argue truly,” a*nd tjy the 
experiments with care, will not be disa])})ointed in the 
results.^ 

The philosophic method of Huyghens was the same as 
that of Newton, and Huyghens’ investigation of double 
refraction furnishes almost equally beautiful i]. stances of 
theory guiding experiment. So far as we know double le* 
fraction was first discovered by accident, and was described 
by Erasmus Bartholin us in 1669. The phenomenun then 
appeared to be entirely exceptional, and the laws governing 
the two paths of the refracted rays were so unapparent 
and complicated, that Newton altogether misunderstood the 
phenomenon, and it was only at tJie latter end of the last 
century that scientific men began to comprehend its laws. 

Nevertheless, Huyghens had, with rare genius, arrived 
at the true theory as early as 1678. He regarded light 
as an undulatory motion of some medium, and in his 
TraiU de la LuniUre he pointed out that, in ordinal'}' 
refraction, the velocity of prox>agation of the wave is 
equal in all directions, so that tlie front of an advancing 
wave is spherical, and reaches equal distances in equal 
times. But in crystals, as he supposed, the medium would 
be of unequal elasticity in different directions, so that a 
disturbance would reach unequal distances in equal times, 
and the wave ]>roduced would have a spheroidal form. 


‘ Ojiiickiy bk. i. pait ii. Prop. 3. 3rd ed. p. 115. 
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Huyghens was not satisfied with an unverified theory. 
He calculated what might be "expected to happen when a 
crystal of calc-spar was cut in various directions, and he 
says : J have examined in detail the properties of the 
extraordinary refraction of this crystal, to see if each 
phenomenon which is deduced from theory would agree 
with what is really observed. And this being so, it is 
no slight proof of the truth of our suY^positions and prin- 
ciples ; but what I am going to add here confirms them 
still more wonderfully ; that is, the different modes of 
cuttijQg this crystal, in which the surfaces produced give 
rise to refraction exactly such as they ought to be, and as 
1 had foreseen them, according to the pre(ieding theory.’* 

Newton’s mistaken corpuscular tlieory of light caused 
the theories and experiments of Huyghens to be disregarded 
for more than a century ; but it is not easy to imagine a 
more beautiful or successful application of the true method 
of inductive investigation, theory guiding experiment, and 
yet wholly relyiiig on experiment for confirmation. 

Candour and Courage of the Philosophic Mind. 

Perfect readiness ,to reject a theory inconsistent with 
fact is a primary requisite of the philosophic mind. But it 
would be a mistake to suppose that this candour has any- 
thing akin to fickleness ; on the contrary, readiness to reject 
a false theory may be combined with a peculiar pertinacity,, 
and courage in maintaining an hypothesis as long as its 
falsity is not actually apparent. There must, indeed, be nq 
prejudice or bias distoiting the mind, and c;xusiug it to pass 
over the unwelcome results of experiment. There must be 
that scrupulous honesty and flexibility of mind, which 
assigns adequate value to all evidence ; indeed, the more a 
man loves his theory, the more scrupulous should be his 
attention to its faults. It is common in life to meet 
with some theorist, who, by long cogitation over a single 
theory, has allowed it to mould his mind, and render him 
incapable of receiving anything but as a contribution to the 
truth of his one theory. A narrow and intense course of 
thought may sometimes lead to great results, but the adop- 
tion of a wrong theory at the outset is in such a mind irre- 
trievable. The man of one idea has but a single chance of 
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trath. The fertile discoverer, on tlie contrary, chooses 
between many theories, and is never wedded to any one, 
unless impartial and repeated comjiarison has convinced 
him of its validity. He does not choose and Jthen com- 
pare ; but he compares time after time, ^and tlien chooses. 

Having once deliberately chosen, the philosopher may 
rightly entertain liis theory witli the strongest hdelity. 
He will neglect nonobjection; for he may chance at any 
time to meet a fatal one ; but he will bear in mind the in- 
considerable powers of the human mind compared with 
the tasks it has to undertake. He will see that no Jheory 
can at first be reconciled with all objections, because there 
may be many interfering causes, and the very consequences 
of the theory may have a complexity wliich prolonged 
investigation by successive generations of men may not 
exhaust. If, then, a theory exhibit a number *of striking 
coincidences with fact, it must not be thrown aside until at 
least one conclusive discordance is proved, regard being had 
to possible error in establishing that discordance. In 
science and philosophy something must be disked. He 
who quails at the least difficulty will never establish a new 
truth, and it was not unphilosophic in Leslie to remark 
concerning his own inquiries into the nature of beat — 

“In the course of investigation, I liaVe found myself 
compelled to relinquish some preconceived notions ; but 
I have not abandoned them hastily, nor, till after a 
warm and obstinate defence, I was driven from every 
post.” ^ 

Faraday’s life, again, furnishes most interesting illustra- 
tions of this tenacity of the pliilosophic mind. Though so 
candid in rejecting some theories, there were others to 
which he clung through everything. One of his favourite 
notions resulted in a brilliant discovery ; another remains 
in doubt to the present day. 

The Fhilosopltic Character of Faraday. 

In Faraday’s researclies concerning the connection of 
magnetism and light, we find an excellent instance of the 
pertinacity with which a favourite theory may he pursued, 


' KorperimenUiL Inquii'y into the Nature oj Heat. Preface, p. xv. 
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so long as the results of experiment do not clearly negative 
the notions entertained In purely quantitative questions, 
as we have seen, the absence of apparent effect can seldom 
be regai^led as proving the absence of all effect. Now 
Faraday was convinced that some mutual relation must 
exist between magnetism and light. As early as 1822^' he 
attempted to produce an effect upon a ray of polarised light, 
by passing it through water placed between the poles of a 
voltaic battery ; but he was obliged to record that not the 
slightest effect was observable. During many years the 
subject, we are told/ rose again and again to his mind, 
and ho failure could make him relinquish his search after 
this unknown relation. It was in the year 1845 that he 
gained the first success; on August 30th he began to 
work with common electricity, vainly trying glass, quartz, 
Iceland spar, &c. Several days of labour gave no result ; 
yet he did not desist. Heavy glass, a transparent medium 
of great refractive powers, composed of borate of lead, was 
now tried, being placed between the poles of a powerful 
electro-magnet while a ray of polarised light was trans- 
mitted through it. When the poles of the electro-magnet 
were arranged in certain positions with regard to the 
substance under trial, no effects were apparent; but at 
last Faraday happened fortunately to place a piece of 
heavy glass so that contrary magnetic poles were on the 
same side, and now an effect was witnessed. The glass 
was found to have the power of twisting the plane of 
polarisation of the ray of light. 

All Faraday’s recorded thoughts upon this great experi- 
ment are replete with curious interest. He attributes his 
success to the opinion, almost amounting tu a conviction, 
that the various forms, under which the forces of matter 
are made manifest, have one common origin, and are so 
directly related and mutually dependent that they are 
convertible. This strong persuasion,” he says,^ '' extended 
to the powers of light, and led to many exertions having 
for their object the discovery of the direct relation of light 
and electricity. These ineffectual exertions could not 
remove my strong persuasion, and I have at last suc- 


^ Beiice Juiicji, Li/t of Faraday, vol. i. p. 362. 
* Ibid. vol. ii. p. 199. 
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ceeded.” He describes the phenomenon in somewhat figu- 
rative language as the magnetisation of a rag of light, 
and also as the illumination of a magnetic curve or line 
of force. He has no sooner got ^he effect in one case, 
than he proceeds, with Ids characteristic compr^diensive- 
ness of research, to test the existence of like phenomenon 
in {*41 the substances available. He finds that not only 
heavy glass, but solids and liquids, acids and alkalis, 
oils, water, Jilcohol, ej^her, all possess this power ; hut he 
was not able to detect its Existence in any gaseous sub- 
stance. His thoughts cannot be restrained from running 
into curious speculations as to the possible results o^' the 
power in certain cases. “ What effect,'’ he says, “ does this 
force have in the earth where the magnetic curves of the 
earth traverse its substance ? Also what effect in a mag- 
net?” And then he falls upon the strange notion that 
perhaps this force tends to make iron and oxide of iron 
transparent, a iihenomenon never observed. We can meet 
with nothing more instructive as to the course of mind by 
which great discoveries are made, than these •records of 
Faraday’s patient labours, and his varied success and 
failure. Nor are his unsuccessful experiments upon the 
relation of gravity and electricity less interesting, or less 
worthy of study. 

Throughout a large part of his life, Faraday was pos- 
sessed by the idea that, gravity cannot be unconnected 
with the other forces of nature. On March 19th, 1849, 
he wrote in his laboratory book, — ‘‘ Gravity. Surely this 
force must be capable of an experimental relation to elec- 
tricity, magnetism, and the other forces, so as to bind it 
up with them in reciprocal action and equivalent effect ? ” ^ 
He filled twenty paragraphs or more with reflections and 
suggestions, as to the mode of treating the subject by ex- 
periment. He anticipated that the mutual approach of 
two bodies would develop electricity in them, or that a 
body hilling through a conducting helix would excite a 
current changing in direction as the motion was reversed. 
“ All this is a dreamf he remarks ; still examine it by a 
few experiments. Nothing is too wonderful to be true, if 


^ Bee also his more formal statement in the Experimental Researches 
in Electricity, 24th Series, § 2702, vol iii. p. 161. 
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it be consistent with the laws of nature; and in such 
things as these, experiment is the best test of such con- 
sistency.” 

He executed many diflicult and tedious experiments, 
which arQ described in the 24th Series of Experimental 
Kesearches. The , result was nil, and yet he concludes: 
‘'Here end my trials for the present. The results ^are 
negative ; they do not sliakc my strong feeling of the 
existence of a relation betw’een gravity and electricity, 
though they give no proof that'feuch a relation exists.” 

He returned to the work when he was ten years older, 
and in 1858-9 recorded many remarkable reflections and 
experiments. He was much struck by the fact that elec- 
tricity is essentially a dual force, and it liad always been 
a conviction of Faraday that no body could be electrified 
positively* without some other body becoming electrified 
negatively^, some of his researches had been simple de- 
velopments of this relation. But observing that between 
two mutually gravitating bodies there was no apparent 
circumstance to determine which should be positive and 
which negative, lie does not hesitate to call in question an 
old opinion. " The evolution of one electricity would be a 
new and very remarkable thing. The idea throws a doubt 
on the whole ; but stiU try, for who knows what is possible 
in dealing with gravity 'i” We cannot but notice the 
candour with which he thus acknowledges in his laboratory 
book the doubtfulness of the whole thing, and is yet pre- 
pared as a forlorn hope to frame experiments in opposition 
to all his previous experience of the course of nature. For 
a time his thoughts flow on as if the strange detection were 
already made, and he had only to trace out its conse*; 
quences throughout the universe. “ Let us encourage 
ourselves by a little more imagination prior to experiment,” 
he says ; and then he reflects upon the infinity of actions 
in nature, in which the mutual relations of electricity and 
gravity would come into play ; he pictures to himseif the 
planets and the comets chaining themselves as they ap- 
proach the sun ; cascades, rain, rising vapour, circulating 
currents of the atmosphere, the fumes of a volcano, the 
smoke in a chimney become so many electrical machines. 
A multitude of events and changes in the atmosphere 
peem to be at once elucidated by such actions; fpr a 
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raoment his reveries have the vividness of fact. I think 
we have been dull and blind not to have suspected some 
such results,” and he sums u|'> rapidly the consequences of 
his great but imaginary theory ; an entirely new mode of 
exciting heat or electricity, an entirely new relatioji of the 
natural forces,, an analysis of gravitatkin, and a justification 
of th^ conservation of force.* 

Such were Faraday's fondest dreams of what might be, 
and to many a philosojpher they \yould have been sufficient 
basis for the writing of a •great book. But Faraday's 
imagination was within his full control ; as he himself 
says, ‘'Let the imagination go, guarding it by judgment 
and principle, and holding it in and directing it by experi- 
ment.” His dreams soon took a very practical form, and 
for many days he laboured with ceaseless energy, on the 
staircase of the Royal Institution, in the clock tower of the 
Houses of Parliament, or at the top of the Shot 'Tower in 
Southwark, raising and lowering heavy weights, and com- 
bining electrical helices and wires in every conceivable 
way. His skill and long experience in experiment were 
severely taxed to eliminate the effects of the earth’s mag- 
netism, and time after time he saved himself from accepting 
mistaken indications, which to another man might have 
seemed conclusive verifications of his theory, “^nien all 
was done tliere remained absolutely no results. “ The 
experiments,” he says, “were well made, but the results 
are negative ; '' and yet, he adds, “ I cannot accept them as 
conclusive.” In this position the question remains to the 
present day ; it may be that the effect was too slight to be 
detected, or it may be that the arrangements adopted were 
not suited to develop the particular relation which exists, 
just as Oersted could not detect electro-magnetism, so long 
aS his wire was perpendicular to the plane of motion of his 
needle. But these are not matters which concern us 
further here. We have only to notice the profound con- 
viction in the unity of natural laws, the active powers of 
inference and imagination, the unbounded licence of theo- 
rising, combined above all with the utmost diligence in 
experimental verification which this remarkable research 
exhibits. 
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Rcm'vation of Judgment. 

There is yet another characteristic needed in the 
philosophic mind ; it is that of suspending judgment 
when the data are insufficient. Many people will express 
a confident o])inion on almost any question which is put 
before them, but they thereby manifest not strength, ‘but 
narrowness of mind. To see all sides of a complicated 
subject, and to weigh all the different facts and probabili- 
ties correctly, require no ordinary powers of comprehension. 
Hence it is most frequently the philosophic mind which is 
in ddubt, and the ignorant mind which is ready with a 
positive decision. Faraday has himself said, in a very 
interesting lecture:^ “Occasionally and frequently the 
exercise of the judgment ought to end in absolute rcscr- 
vntion. It may be very distasteful, and great fatigue, to 
sus])(md a conclusion ; but as we are not infallible, so we 
ought to be cautious ; we shall eventually find our ad- 
vantage, for the man who rests in his position is not so far 
from right as he who, proceeding in a wrong direction, is 
ever increasing his distance.’’ 

Arago presented a conspicuous exam})le of this high 
quality of mind, as Faraday remarks; for when he made 
known his curious discovery of tlie relation of a magnetic 
needle to a revolving copper plate, a number of supposed 
men of science in different countries gave immediate and 
confident explanations of it, which were all wrong. Ihit 
Arago, who had both discovered the phenomenon and 
personally investigated its conditions, declined to put 
forward publicly any theory at all. 

At the same time we must not su])pose that the truly 
philosophic mind can tolerate a state of doubt, while a 
chance of decision remains open. In science notliing like 
compromise is possible, and truth must be one. Hence, 
doubt is the confession of ignorance, and involves a painful 
feeling of incapacity. But doubt lies between error and 
truth, so that if we choose wrongly we are further away 
than ever from our goal. 

Summing up, then, it would seem as if the mind of 
the great discoverer must combine contradictory attributes. 


* Printed in Modem Cultnre, edited by youuians, p. 219. 
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He 1)0 fertile in tlieovies aiict hypotlieses, and yot full 
ot facts and ])ri;ciso results »f ex])erience. He nnistentcr- 
taiii tlio feeblest analogies, and tlie merest guesses at 
trutl), and yet be must bold tbem*as worthless till they 
are verified in experiment. When tjiere are any* grounds 
of probability be must bold tenaciouslyHo an old opinion, 
and yet he must be prepared at any moment to relinquish 
it wlien a clearly contradictory fact is encountered. The 
philosopher,” says Faraday should be a man willing to 
listen to every suggestion, but determined to judge for 
himself, lie should not be biased by appearances ; Jiave 
no favourite hypothesis ; be of no school ; and in doctrine 
have no master. He should not be a respecter of persons, 
but of things. Truth should be his primary object. It to 
these ([ualities bo added industry, he may indeed, hope to 
vralk within the veil of the tenpile of nature.” 

‘ Tjiff' of t'nradaij, vnl. j. ]>. 225. 
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J HAVE endeavoured to show in preceding chapters that 
all inductive reasoning is an inverse application of de- 
ductive reasoning, and consists in demonstrating that the 
consequences of certain assumed laws agree with facts of 
nature gathered by active or passive observation. The 
fundamental process of reasoning, as stated in the outset, 
consists in inferring of a thing what w'e know of similar 
objects, and it is on this principle that the whole of deduc- 
tive reasoning, wdiether simply logical or mathematico- 
logical, is founded. All inductive reasoning must be 
founded on the same principle. It might seem that by a 
plain use of this principle we could avoid the complicated 
processes of induction and deduction, and argue directly 
tirom one particular case to another, as Mill proposed. If 
the Earth, Venus, Mars, Jupiter, and other planets move 
in elliptic orbits, cannot w^e dispense with elaborate pre- 
cautions* and assert that Neptune, Ceres, and the last 
discovered planet must do so likewise ? Do we not know 
that Mr. Gladstone must die, because he is like other 
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men? May we not argue that because some men die 
tlierefoie lie must? Ts it requisite to asecuid by induct ioii 
to the genoval proposition “all men must die/' and then 
descend by deduction from that genend proiiositipn to the 
case of Mr, Gladstone? My answer lyidoubtedly is that 
we must ascend to geiuu'al pro])ositions. The fundamental 
principle of the substitution of similars gives us no warrant 
in affirming of Mr. Gl/idstone what we know of otl.er men, 
because we cannot be sure lhat Mr. Gladstone is exactly 
similar to other men. Until his death we cannot be per- 
fectly sure lhat he possesses all the attrilintes of j>*her 
men ; it is a question of probability, and I have endeavoured 
to explain the mode in which the theory of pwbability is 
applied to calculate the probability that from a series of 
similar events we may infer the recurrence of like evxnits 
under identical circumstances. There is then* no such 
process as that of inferring from particulars to particulars. 
A careful analysis of the conditions under which such an 
inference appears to be made, shows that the process is 
really a general one, and that what is inferred of a par- 
ticular case might be inferred of all similar cases. All 
reasoning is essentially general, and all science implies 
generalisation. In the very birth-time of philosophy this 
was held to be so : “ Nulla scientia est de iudividuis, sed 
de soils universal ibus/' was the doctrine of Plato, delivered 
by Porphyry. And Aristotle^ held a like opinion — 
OvSefiia Be Te')(V7] aKO'rrel to KaB' cKaarov . . . to Se 
efcaaTOv aireipov Kal ovic eTTiurr^Tov. “ No art treats of 
particular cases ; for particulars are infinite and cannot be 
known.” No one who holds the doctrine that reasoning 
may be from particulars to particulars, can be supposed 
to have the most jaidimentaiy notion of what constitutes 
reasoning and science. 

At the same time there can be no 'doubt tliat j)racti- 
cally what we find to be true of many similar objects will 
probably be true of the next similar object. This is the 
result to which an analysis of the Inverse Method of 
Probabilities leads us, and, in the absence of precise data 
from which we may calculate probabilities, we are usually 
obliged to make a rough assumption that similars in some 

^ Aristotle’s Bhetoric, Liber I. 2 . n. 
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respects are similars ill other respects. Thus it comes to 
pass that a large jiart of tiie reasoning processes in which 
scientific men are engaged, consists in detecting .similarities 
between phj(*cts, and tlieu rudely assuming that the like 
similarities will be detected in other cases. 

c 

IHdinciion of Generalisation and Analogy, 

There is no distinction but that of degree between what 
is known as reasoning hy generalisation and reasoning by 
analogy. In both cases from certain observed resemblances 
we infer, with more or less probability, tlie existence of 
other resenrblances. In generalisation the resemblances 
liave great extension and usually little intension, whereas 
in analogy we rely upon the great intension, the ex- 
tension being of small amount (p. 26). If we find that the 
qualities A and B are associated together in a great 
many instances, and have never been found separate, it is 
highly probable that on the next occasion when we meet 
with A, B will also bo present, and vice versd. Thus 
wherever we meet with an object possessing gravity, it is 
found to possess inertia also, nor have we met with any 
material objects possessing inertia without discovering that 
they also possess gravity. The probability has therefore 
become very great, as indicated by the rules founded on 
the Inverse Method of Brobabilities (p. 257), that whenever 
in the future Ave meet an object possessing either of the 
properties of gravity and inertia, it will be found on 
examination to possess the other of these properties. 
This is a clear instance of the employment of generalisation. 

In analogy, on the other hand, we reason from likeness 
in many points to likeness in other points. The qualities 
or points of resemblance are now numerous, not the 
objects. At the poles of Mars are two white spots which 
resemble in many respects the white regions of ice and 
snow at the poles of the earth. There probably exist no 
other similar objects with which to compare these, yet the 
exactness of the resemblance enables us to infer, with high 
jwobability, that the spots 011 Mars consist of ice and snow. 
Ill short, many points of resemblance imply many more. 
From the appearance and behaviour of those white spots 
we infer that they have all the chemical and physical 
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properties of frozen water. The inference is of course only 
probable, and based upon Uje improbability that aggregates 
of many qualities should be formed in a like manner in 
two or more cases, without being due to some uniform 
condition or cause. ^ * 

In reasoning by analogy, tlien,^ w« observe tliat two 

objects ABODE and A'J^'C'D'E' have 

many like qualities, as indicated by the identity ot tln^ 
letters, and we infer thnjf, since the first has another 
quality, X, we shall discover this quality in the second case 
by sufficiently close examination. As Laplace says, — 
“Analogy is founded on the probability that similar iliings 
liave causes of the same kind, and produce tlie same effects. 
The more perfect this similarity, the greater is this pro- 
bability.” ^ The nature of analogical inference is aptly 
described in the work on Logic attributed to I^ant, where 
the rule of ordinary induction is stated in tbe words, “ Eincs 
in viclmy also in allen^' one quality in many tnings, therc- 
Ibre in all ; and tluirule of analogy is “ Vicks in einem, also 
aicck das ivbrige in deinselbcn'*'^ many (qualities) in one, 
therefore also tlie remainder in tlie same. It is evident 
that there may be intermediate cases in which, from the 
identity of a moderate number of objects in several pro- 
perties, we may infer to other objects. Probability must 
rest either upon the number of instances or the depth of 
resemblance, or upon the occurrence of both in sidlicient 
degrees. What there is wanting in extension must be 
made up by intension, and vice versd. 

2\vo Meanings of Generalisation, 

The term generalisation, as coJiimonly used, includes two 
processes which are of different character, but are often 
closely associated together. In the first place, we generalise 
when we recognise even in two objects a comiiion nature. 
We cannot detect the slightest similarity without o]>eiiing 
the way to inference from one case to the other. If we 
compare a cubical crystal with a regular octahedron, there 
is little aptwent similarity ; but, as soon as we perceive 


‘ E&sai Philosophiqao xur les ProbahiliUs, p. 86. 
^ Kant’s Logih^ § 84, Konigsberg, 1800, p. 207. 
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that either can be produced by the symmetrical modification 
of the other, we discover a gro,uiidwork of similarity in the 
crystals, wliicli enables us to infer many things of one, 
because they are true , of the other. Our knowledge of 
ozone took its rise from tlie time wlien the similarity of 
smell, attending ^lectHc sparks,, strokes of lightning, and 
the slow combustion of phosphorus, was noticed' by 
Schonbein. There was a time when the rainbow was an 
inexplicable phenomenan — a portentplike a cornet, and a 
cause of superstitious hopes and fears. But we find the 
true spirit of science in Eoger Bacon, who desires us to 
consider the objects which present the same colours as the 
rainbow ; he mentions hexagonal crystals from Ireland and 
India, but he bids us not suppose that the hexagonal form 
is essential, for similar colours may be detected in many 
transparent stones. Drops of water scattered by the oar 
in tlie sun, the spray from a water-wheel, the dewdrops 
lying on the grass in the summer morning, all display a 
similar phenomenon. No sooner Jiave we gi'ouped together 
these apparently diverse instances, than we have begun to 
generalise, and have acquired a power of applying to one 
instance what we can detect of others. Even when we do 
not apply the knowledge gained to new objects, our com- 
prehension of those already observed is greatly strengthened 
and deepened by learning to view them as particular cases 
of a more general property. 

A second process, to which the name of genai’alisatioii 
is often given, consists in passing from a fact or partial law 
to a multitude of uiiexamined cases, which we believe to 
be subject to the same conditions. Instead of merely 
recognising similarity as it is brought before us, we predict 
its existence before our senses can detect it, so that 
generalisation of this kind endows us with a prophetic 
power of more or less probability. Having observed that 
many substances assume, like water and mercury, the three 
states of solid, liquid, and gas, and having assured ourselves 
by frequent trial that the greater the means we possess of 
heating aiid cooling, the more substances we can vaporise 
and freeze, we pass confidently in advance of fact, and 
assume that all substances am capable of these three forms. 
Such a generalisation was accepted by Divoisier and 
Laplace before many of the corroborative facts now in our 
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possession were known. The reduction of a single* comet 
beneath the sway of grj^vity was considered sidBcient 
indication that all comets obey the same power. Few 
persons doubted tliat the law of gravity extended over the 
whole heavens; certainly the fact that a few st^rs out of 
many millions manifest tl^c action ‘of gravity, is now held 
to be sufficient evidence of its general extension over the 
visible universe. 


Value of *Generali^iailo;i. 

It might seem that if we know particular facts, th(jr.'. can 
be little use in connecting them together by a general law. 
The particulars must be more full of useful information 
than an abstract general statement. If we know for 
instance, the properties of an ellipse, a circle, a parabola, 
and hyperbola, what is the use of learning alt these pro- 
perties over again in the general theory of curves of the 
second degree ? If we understand tlie phenomena of sound 
and light and water-waves separately, what is the need of 
erecting a general theory of waves, which, after all, is 
inapplicable to practice until resolved again into particular 
cases? But, in reality, we never do obtain an adecpiate 
knowledge of particulars until we regard them as cases of 
the general. Not only is there a singular delight in dis- 
covering the many in the one, and the one in the many, 
but there is a constant interchange of light and knowledge. 
Properties .which are unappareiit in the hyperbola may be 
readily observed in the ellipse. Most of tlie cornple.x 
relations which old geometers discovered in the circle will 
be reproduced mutatis mniandis in the other conic sections. 
The imdulatory theoiy of light might have been 'unknown 
at the present day, had not the theory of sound supplied 
liints by analogy. The study of light has made known 
many phenomena of interference and polarisation, the 
existence of which had hanlly been suspected in the case 
of sound, but which may now be sought out, and perhajjs 
found to possess unexpected interest* The careful study 
of water-waves shows liow waves alter in form and velocity 
with varying depth of water. Analogous changes may 
some time be detected in sound waves. Tims there is 
mutual interchange of aid. 
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Jivery study of a generalisation or extension,” De 
Morgan lias well said/ gives^ additional power over the 
])aTticular form hy which the generalisation is suggested. 
Nobody who has evef returned to quadratic equations 
after tlie" study of equations of all degrees, or who has 
done the like, wiU deny my 'assertion that ov ^XeireL 
dXiTTojv may he predicated of any one who studies a branch 
or a case, without afterwards making it part of a larger 
whole. Accordingly it is always vVorth while to gener- 
alise, were it only to give power over tlie 2ycc'f'iicular. This 
principle, of daily familiarity to the mathematician, is 
almost unknown to the logician.” 

Comparative GcneraliUj of Properties. 

Much of the value of science depends upon the know- 
ledge which we gradually acquire of the different degrees 
of generality of properties and phenomena of various kinds. 
The use of science consists in enabling us to act with 
confidence, because we can foresee the result. Now this 
foresight must rest upon the knowledge of the powers 
which will come into play. That knowledge, indeed, can 
never be certain, because it rests upon imperfect induc- 
tion, and the most confident beliefs and predictions of the 
physicist may be falsified. Nevertheless, if we always 
estimate the probability of Ccacli belief according to the 
due teaching of the data, and bear in mind that probability 
when forming our anticipations, we shall ensure the mini- 
mum of disappointment. Even when he cannot exactly 
apply the theory of probabilities, the physicist may acquire 
the habit of making judgments in general agreement with 
its principles and results. 

Such is the constitution of nature, that the physicist 
learns to distinguish those properties which have wide 
and uniform extension, from those which vary between 
case and case. Not only are certain laws distinctly laid 
down, with their extension carefully defined, but a scien- 
tific training gives a kind of tact in judging how far other 
laws are likely to apply under any particular circumstances. 
We learn by degrees that crystals exhibit phenomena de- 

* iSyiiabics of a Froposed Si/dem of Logie, p. 34. 
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pending upon the directions of the axes of elasticity, which 
we must not expect in unifiorm solids. Liquids, compared 
even with non-crystalline solids, exhibit laws of far less 
complexity and variety ; and gases assume, in many 
respects, an aspect of nearly complete unifoi’^nity. To 
trace out the branches of science in wliich varying degrees 
of generality prevail, would be an inquiry of great interest 
and importance ; but want of space, if there were no other 
reason, would forbi(> me t^o attempt it, except in a very 
slight manner. 

Gases, so far as they are really gaseous, not only have 
exactly the same properties in all directions of spacf', but 
one gas exactly resembles other gases in many (pialities. 
All gases expand by heat, according to the same law, and 
by nearly the same amount; the specific heats of equiva- 
lent weights arc equal, and the densities are qxactly pro- 
portional to the atomic weights. All such gases obey the 
general law, that the volume multiplied by the pi'ossure, 
and divided by the absolute temperature, is constjMit or 
neaily so. The laws of diffusion and transpiration are the 
same in all cases, and, generally speaking, all jihysical 
laws, as distinguished from chemical laws, apply equally 
to all gases. Even when gases differ in chemical ol‘ phy- 
sical piuperties, the differences are minor in degree. Thus 
the differences of viscosity are far less marked than in the 
liquid and solid states. Nearly all gases, again, are colour- 
less, the exceptions being chlorine, the vapours of iodine, 
bromine, and a few other substances. 

Only ill one single point, so far as I am aware, do gases 
present distinguishing marks unknown or nearly so, in the 
solid and liquid states. 1 mean as regards the light given 
off when incandesc(mt. Each gas when sufficiently lieated, 
yields its own peculiar series of rays, arising from the free 
vibrations of the constituent parts of the molecules. Hence 
the possibility of distinguishing gases by the s[)ectroscope. 
But the molecules of solids and liquids appear to be con- 
tinually in conflict with each other, so that only a confused 
noise of atoms is produced, instead of a definite series of 
luminous chords. At the same temperature, accordingly, 
all solids and liquids give off nearly the same rays wlien 
strongly heated, and we have in this case an exception to 
the greater generality of properties in gases. 
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Liquids are in many ways intermediate in character 
between gases and solids. While incapable of possessing 
different elasticity in different directions, and thus denuded 
of the rich geometrical, complexity of solids, they retain the 
variety of density, colour degrees of transparency great 
diversity in surface tension, viscosity, coefficients of expan- 
sion, compressibility, and many other properties which we 
observe in solids, but not for the most part in gases. 
Though our knowledge of the physical properties of liquids 
is much wanting in generalit/at present, there is ground 
to hope that by degrees laws connecting and explaining the 
variij^tions may be traced out. 

Solids are in every way contrasted to gases. Each solid 
substance has its own peculiar degreti of density, .hardness, 
compressibility, transparency, tenacity, elasticity, power 
of condubting lieat and electricity, magnetic properties, 
capability of producing frictional electricity, and so forth. 
Even different specimens of the same kind of substance will 
differ widely, according to the accidental treatment received. 
And not only has each substance its own specific properties, 
but, when crystallised, its properties vary in each direction 
with regard to the axes of crystallisation. The velocity of 
radiation, the rate of conduction of heat, the coefficients of 
expansibility and compressibility, the thermo-electric pro- 
perties, all vary in different crystallographic directions. 

It is probable that many apparent differences between 
liquids, and even between solids, will be explained when 
we learn to regard them under exactly corresponding 
circumstances. The extreme generality of the properties 
of gases is in reality only true at an infinitely high tempe- 
rature, when they are all equally remote from their con- 
densing points. Now, it is found tliat if we compare 
liquids — for instance, different kinds of alcohols — not 
at equal temperatures, but at points equally distant 
from their respective boiling points, the laws and co- 
efficients of expansion are nearly equal. The vapour- 
tensions of liquids also are more nearly equal, when com- 
pared at corresponding points, and the boiling-points 
appear in many cases to be simply i\ilatcd to the chemical 
composition. No doubt the progress of investigation will 
enable us to discover generality, where at present we only 
see variety and puzzling complexity. 
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In some cases substances exhibit the same physical pro- 
perties in the liquid as in the solid state. Lead has a high 
refractive power, whether in solution, or in solid salts, 
crystallised or vitreous. The magnetic power of iron is 
conspicuous, whatever be its chemical conditioij ; indeed, 
tlic magnetic properties ^of substances, though varying 
with temperature, seem not to be greatfy affected by other 
physical changes. Colour, absorptive power for heat or 
light rays, and a fe^w other properties are also often the 
same in liquids and gases.* Iodine and bromine possess a 
deep colour whenever tliey are chemically uncombined. 
Nevertheless, wc can seldom argue safely from th^ pro- 
perties of a substance in one condition to tliose in another 
condition. Tec is an insulator, water a conductor of 
electricity, and the same contrast exists in most other 
substances. The conducting power of a liquid for elec- 
tricity increases with the temperature, while tha*t of a solid 
decreases. By degrees we may learn to distinguish 
between those properties of matter which depend u])on the 
intimate construction of the chemical molecule, and those 
which depend upon the contact, conflict, mutual attraction, 
or other relations of distinct molecules. The properties 
of a substance with respect to light seem generally to 
depend upon the molecule ; thus, the power of certain 
substances to cause the plane of polarisation of a ray of 
light to rotate, is exactly the same whatever be its degree 
of density, or the diluteness of the solution in which it is 
contained. Taken as a whole, the physical properties of 
substances and their quantitative laws, present a problem 
of infinite complexity, and centuries must elapse before any 
moderately complete generalisations on the subject become 
IX)ssible. 


Uniform Properlics of all Matter. 

Some laws are held to be true of all matter in the 
universe absolutely, without exce}>tioii, no instance to the 
contrary having ever been noticed. This is the case with 
the laws of motion, as laid down by Galileo and Newton. 
It is also conspicuously true of the* law of universal gravi- 
tation. The rise of modern physical science may i)erhap8 
be considered ' as beginning at the time when Galileo 
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showed, in opposition to the Aristotelians, that matter is 
equally affected by gi-avity^ irrespective of its form, 
magnitude, or texture. All objects fall with equal rapidity, 
wlien disturbing causee, mich as the resistance of the air, 
are removed or allowed for. That which was rudely 
demonstrated by t Galileo from, the leaning tower of Pisa, 
was proved by Newton to a high degree of approximation, 
in an experiment which has been mentioned (p. 443). 

Newton formed two pendulums, as-iiearly as possible the 
same in outward shape and size by taking two equal round 
wooden boxes, and suspending them by equal threads, 
elevi^n leet long. The pendulums were therefore equally 
subject to the resistance of tlic air. He tilled one box 
with wood, and in the centre of oscillation of the other he 
placed an equal weight of gold. The pendulums were then 
equal iii’\vcight as well as in size ; and, on setting them 
simultaneously in motion, Newton found that they vibrated 
lor a length of time with equal vibrations. He tried the 
same experiment with silver, lead, glass, sand, common 
salt, water, and wheat, in place of the gold, and ascertained 
that the motion of his pendulum was exactly the same 
whatever was the kind of matter inside.^ He considered 
that a difference of a thousandth part would have l)eeii 
apparent. The redder must observe that the pendulums 
were made of equal weight only in order that they might 
sutler equal retardation from the air. The meaning of the 
experiment is that all substances manifest exactly equal 
acceleration from the force of gravity, and that therefore the 
inertia or resistance of matter to force, which is the only 
independent measure of mass known to us, is always 
proportional to gravity. 

Tliese experiments of Newton were considered conclu- 
sive up to very recent times, when certain discordances 
between the theory and observations of the movements 
of planets led Nicolai, in 1826, to suggest that the equal 
gravitation of ditferent kinds of matter might not be 
absolutely exact. It is perfectly philosophical thus to 
call in question, from time to time, some of the best 
accepted laws. On this occa.sion Hessel carefully repeated 
tlie experiments of Newton with pendulums composed of 


’ Prhicipiaf bk. iii. Prop. VI. Motto’js tmuslalioii, voi. ii. p. 220. 
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ivory, glass, marble, quartz, uieteoric stones, &c., but was 
unable to detect the least difference. This conclusion is 
also confirmed by the ultimate agreement of all tlie calcu- 
lations of pliysical astronomy bas^d upon it. Whether 
the mass of Jupiter be calculated fpom the motit)n of its 
own^ satellites, from the effect upon ilie small planets, 
Vesta, Juno, &c., or from the perturbation of Encke’s 
Comet, tlie results are closely accordant, showing that 
precisely the same hiw of. gravity applies to the most 
different bodies which we can observe. The gravity of 
a body, again, appears to be entirely independent of its 
other physical conditions, being totally unaffected by 
any alteration in the temperature, density, electric or 
magnetic condition, or other physical properties of the 
substance. 

One paradoxical result of the law of equal gravitation 
is the theorem of Torricelli, to the effect that all liquids 
of whatever density fall or flow with equal rapidity. If 
there be two equal cisterns respectively fllled witli mer- 
cury and water, the mercury, though thirteen times as 
heavy, would How from an aperture neither more rapidly 
nor more shjwly than the water, and the same would be 
true of ether, alcohol, and other liquids, allowance being 
made, however, for the resistance of the air, and the 
differing viscosities of the liquids. 

In its exact equality and its perfect independence of 
all circumstances, except mass and distance, the force of 
gravity stands apart from all the other forces and pheno- 
mena of nature, and has not yet been brought into any 
relation with them except through the general principle 
of the conservation of energy. Magnetic attraction, as 
remarked by Newton, follows very different laws, de- 
pending upon the chemical quality and molecular struc- 
ture of each particular substance. 

We must remember that in saying all matter gravi- 
tates,” we exclude from the term matter the basis of light- 
undulations, which is immensely more extensive in amount, 
and obeys in many respects the laws of mechanics. This 
adamantine substance appears, so far as can he ascertained, 
to he perfectly uniform in its properties when existing in 
space unoccupied by matter. Liglit and heat are conveyed 
by it witli equal velocity in all directions, and in all paits 
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of 6|;tiCe so far as observation informs ns. But the presence 
of gravitating matter modifies tlie density and meclianical 
])r(»})eities of the so-called etli(‘T in a way wliicli is yet 
([uitc unexplained.^ 

Leaving gravity, it ds soincwliat dinicult to discover 
other laws which ilre equally ttaie of all matter. Bg^er- 
haave was considered to have established tliat all bodies 
expand by heat ; but not only is the expansion very dif- 
ferent in dilteront substances,* but we now know positive 
exceptions. Many liquids and a few solids contract by 
heat emtain tem])eratures. There are indeed other 
relaticins of heat to matter which seem to be universal 
and uniform; all substances ])egin to give ofi‘ rays of light 
at the same temperature, according to the law of Draper ; 
and gases will not be an exception if sudiciently condensed, 
as in the experiments of Brankland. Grove considers it 
to be universally true that all bodies in combining produce 
heat ; with the doubtful exception of sulphur and selenium, 
all solids in becoming liquids, and all liquids in becoming 
gases, absorb lieat ; but the quantities of heat absorbed 
vary with the chemical qualities of the matter. Carnot’s 
Thermodynamic Law is held to be exactly true of all matter 
without distinction ; it expresses the fact that the amount 
of mechanical energy which might he theoretically obtained 
from a certain amount of beat energy depends only upon 
tlie change of the temperatures, so that whether an engine 
be worked by w^ltel^ air,, alcohol, ammonia, or any other 
substance, the result would theoretically be the same, if 
the boiler and condenser were mainojiincd at similar 
temperatures. 


Variahlc Froperticii of M(dtcr, 

1 liave enumerated some of the few properties of matter, 
which are manifested in exactly the same manner by all 
substances, whatever he their differences of chemical or 
physical constitution. But by far the greater number of 

^ Professor Lovering has pointed out how obscure and uncertain 
the ideas of scientific men about this ether are, m his interesting 
Presidential Address before the American Association at Hartford, 
1874. Silliimn's Journaly October 1874, p. 297. Philosophical 
Moffazine, vol. xlviii. p. 493. 
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qualities vary in degree; substances are more or less 
dense, more or less transparent, more or less compressible, 
more or less magnetic, and so on. One common result of 
the progress of science is to show that qi^alities supposed 
to bo entirely absent from many spbstanccs ar(5 present 
only^ in so low a degree of intensity 1»])at the means of 
detection were insufficient. Newton believed that most 
bodies were quite unaffected by the magnet ; Faraday and 
Tyndall have rendered it vejy doubtful wliether any sub- 
stance whatever is wlioll}^ devoid of magnetism, including 
under that term diamagnetism. We are rapidly learning 
to believe that there are no substances absolutely op^(:ue, 
or non-conducting, non-electric, non-elastic, non-viscous, 
non-compressible, insoluble, iiifusibli‘, or noii-volaiile. All 
tends to Ijccome a matbu' of degree, or sometimes, ol‘ diroc- 
tion. There may be some substances oppositely atfected 
to others, as ferro-magnetic substances are op])asite]y 
affected t(j diainagnctics, or as substances whicli contract 
by heat are opposed to those which expand ; but the 
tendency is certainly for every affection of one kind of 
matter to he represented by something similar in othm’ 
kinds. On Miis account one of Newton’s rules of ])hilo- 
sophising seems to lose all validity; he said, ‘'Idiosc 
qualities of bodies which are not capable of being 
heightened, and remitted, and wliicli are i’ound in all 
bodies on which experiment can he made, must be con- 
sidered as nniversal qualities of all bodies.” As far as I 
can see, the contrary is more probable, namely, that 
qualities variable in degree will be found in every sub- 
stance in a greater* or less degree. 

It is remarkable that Newton whose method of investi- 
gation was logically perfect, seemed incapal)le of generalis- 
ing and describing his own procedure. His celebrated 
“Eules of Reasoning in Philosophy,” described at the 
commencement of tiie third book of the Principia, are 
of questionable truth, and still more questionable Vcalue. 

Extreme Instances of Properties, 

Although substances usually differ only in degree, great 
interest may attach to particular substances which manifest 
a property in a conspicuous and intense manner. Every 
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THE PRI]|^CTPLES OF SCIENCE. 

])vancli of pljy&icii] science lias usually boon flfivcloped from 
llie altciitioii forcibly drawn to soiiie sinj^ular substance. 
Just as the loadstone disclosed magnetism and anibcu’ 
Irictional electricity, so did Iceland spar show the existence 
of double' refraction, and sulphate of quinine the pheno- 
menon of lluorescence. When one such startling instance 
has drawn the attention of the scientific world, mimerbus 
less remarkable cases of the xdienomenoii will be detected, 
and it will x>robably xu*ove that the piojierty in questioii is 
actually universal to all matter. Nevertheless, the extreme 
instances retain their interest, partly in a historical point 
of view, pvartly because they furnish the most convenient 
substances for experiment. 

Francis Bacon was fully aware of the value of such 
examples,^ which he called Osiejisive InsfAtnccs or Light- 
giving, Frep and Predominant Instances. They are those,” 
he says,^ ‘Svliich show the nature under investigation 
naked, in an exalted condition, or in the highest degree 
of power ; freed from impediments, or at least by its 
strength predominating over and suppressing them.” ‘ lie 
mentions quicksilver as an ostensive instance of weight or 
density, thinking it not much less dense than gold, and 
more remarkable than gold as joining density to liquidity. 
The magnet is mentioned as an ostensive instance of 
attraction. It would not be easy to distinguish clearly 
between these ostensive instances and those which he calls 
InsUintiae Monodicae, or Ii'rec/n lares, or HderoditaG, under 
wliicli he places whatever is extravagant in its properties 
or magnitude, or exhibits least similarity to other things, 
sucli as the sun and moon among the heavenly bodies, the 
elephant among animals, the letter s among letters, or the 
magnet among stones.’'^ 

In optical science great use has been made of the high 
dispersive x)ower of the traiisj^arciit compounds of lead, 
tliat is, the power of giving a long sx^ectrurn (p. 432). 
Dollond, having noticed this peculiar dispersive power in 
lenses made of Hint glass, employed them to produce an 
achromatic arrangement. The element strontium presents 
a contrast to lead in this respect, being characterised by a 
remarkably low dispersive power; but I am not aware 
that this property has yet been turned to account. 

* Novum Organum, bk. ii. Aphonsins, 24, 25. ^ Ibid. Aph. 28. 
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Compounds of lead have both a high dispersive and 
a high refractive index, apd in the latter respect they 
proved very useful to Faraday. Having spent much 
labour in preparing various kinds, of optical glass, Fara- 
day happened to form a compound of lead, silica, and 
boracic acid, now known ps heavy * glass, wliich possessed 
an Intensely high refracting power. Many years after- 
wards in attempting to discover the action of magnetism 
upon light he failed to detect any effect, as has been 
already mentioned, (p. 588), until he happetied to test a 
piece of the lieavy glass. The peculiar refractive power of 
this medium caused the magnetic strain to be ap[)£ircnt, 
and the rotation of the plane of polarisation was discovered. 

Ill almost every part of physical science there is some 
substance of powers pre-eminent for the special purpose to 
which it is put. Eock-salt is invaluable for its extreme 
diathermancy or transjiarency to the least refrangible rays 
of the spectrum. Quartz is equally valual)le for its trans- 
parency, as regards the ultra-violet or most refrangible rays. 
Diamond is the most highly refracting substance wliicli is 
at the same time transparent ; were it more abundant and 
easily worked it would be of great optical importance. 
Cinnabar is distinguished by possessing a power of rotating 
the plane of polarisation of light, from 15 to 17 times as 
much as quartz. In electric experiments copper is em- 
ployed for its high conducting powers and exceedingly low 
magnetic properties ; iron is of course indispensable for its 
enormous magnetic powers; while bismuth holds a like 
place as regards its diamagnetic powers, and was of much 
importance in Tyndalks decisive researches upon the polar 
character of the diamagnetic force.^ In regard to 
magne-crystallic action the mineral cyanite is highly 
remarkable, being so powerfully affected by the earth's 
magnetism, that, when delicately suspended, it assumes a 
constant position with regard to the magnetic meridian, 
and may almost be used like the compass needle. Sodium 
is distinguished by its unique light-giving powers, which 
are so extraordinary that probably one half of the whole 
number of stars in the heavens have a yellow tinge in 
consequence. 

* philosophical Tramaciions (1856) vol. cxlvi. p. 246, 
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It is remarkable that water, though tlie most common 
of all fluids, is distinguished in almost every respect by 
extreme qualities. Of all known substances water has tiie 
highest specific heat, being thus peculiarly fitted for the 
purj)ose of warming and cooling, to which it is often put. * 
It rises by capillary attraction to a height more than twice 
that of any other liquid. In the state of ice it is nearly 
twice as dilatable by heat as any other known solid 
substance.^ In proportion to its density it has a far 
higher surface tension than any other substance, being 
surpassed in absolute tension only by mercury ; and it 
would not be diflicult to extend considerably the list of its 
remarkable and useful properties. 

Under extreme instances we may include cases of re- 
markably low powers or qualities. Such cases seem to 
co]Tesi)on(l to what Bacon calls Clandestine Instances^ which 
exliibit a given nature in the least intensity, and as it 
wei’c in a rudimentary state.^ They may often be im- 
portant, he thinks, as allowing the detection of the cause 
of tlie property by difference. 1 may add that in some 
cases they may be of use in experiments. Thus hydrogen 
is, the least dense of all known substances, and has the least 
atomic weight. Liquefied nitrous oxide has the lowest 
refractive index of all known fluids.^ The compounds of 
strontium liave the lowest dispersive power. It is obvious 
that a property of very low degree may prove as curious 
and valuable a phenomenon as a property of very high 
degree. 


The Detection of ConiimMity, 

We should bear in mind that phenomena which are in 
reality of a closely similar or even identical nature, may 
present to the senses very different appearances. Without 
a careful analysis of the changes which take place, we may 
often be in danger of widely separating facts and processes, 
which are actually instances of the same law. Extreme 
difference of degree or magnitude is a frequent cause of 

* Philosophical Magazine^ 4th Series, January 1870, vol. xxxix. p. 2. 

2 Novum Organum, bk. ii. Aphorism 25. 

^ F^iraday’s JSxperimetital Keseatchcs in Chemistry and Physiak 
P- 93- 
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error. It is tnily difficult at tlie first moment to recognise 
any similarity between th^i gradual rusting of a piece of 
iron, and the rapid combustion of a heap of straw. Yet 
Lavoisier’s chemical theory was founded upon the similarity 
of the' oxydising process in one case and the other. We 
have only to divide the irc^i into excessi^vely small particles 
to discover that it is really the more combustible of the 
two, and that it actually takes fire spontaneously and burns 
like tinder. It is tlin excessive slowness of the piocess in 
the case of a massive piece of iron which disguises its real 
character. 

If Xenophon reports truly, Socrates was misled liy not 
making sufficient allowance for extreme difterences of de- 
gree and quantity. Anaxagoras held that the sun is a fire, 
but Socrates rejected this opinion, on the ground that we 
can look at a tire, but not at the sun, and that plants grow 
by sunshine while they are killed by fire. He also ])ointed 
out that a stone heated in a fire is not luminous, and soon 
cools, whereas the sun ever remains equally luminous and 
hof^ All such mistakes evidently arise from not peiceiv- 
ing that difference of quantity may be so extreme as to 
assume the appearance of difference of quality. It is the 
least creditable thing we know of Socrates, that after point- 
ing out these supposed mistakes of earlier philosophers, he 
advised his followers not to study astronomy. 

Masses of matter of very different size may be expected 
to exhibit apparent differences of conduct, arising from the 
various intensity of the forces brought into play. Many 
persons have thought it requisite to imagine occult forces 
producing the suspension of the clouds, and tliere have even 
been absurd theories representing cloud particles as minute 
water-balloons buoyed up by the warm air within them. 
But we have only to take proper account of the enormous 
comparative resistance which the air opposes to the fall of 
minute particles, to see that all cloud particles are probably 
constantly falling through the air, but so slowly that there 
is no apparent effect. Mineral matter again is always re- 
garded as inert and incapable of spontaneous movement. 
We are struck by astonishment on observing in a powerful 
microscope, that every kind of solid matter suspended in 


• Memorabilia, iv. 7 . 
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extremely minute particles in pure water, acquires an 
oscillatory movement, often so »marked as to resemble dan- 
cing or skipping. I conceive that this movement is due to 
the comparatively vast ‘intensity of chemical action when 
exerted iq^on minute particles, the effect being 5,600 or 
1 0,000 greater in proportion to the mass than in fragments 
of an inch diameter (p. 406). 

Much that was formerly obscure in the science of elec- 
tricity arose from the extreme^ differences of intensity and 
quantity in which this form of energy manifests itself. 
Between the brilliant explosive discharge of a thunder-cloud 
and t\ie gentle continuous current produced by two pieces 
of metal and some dilute acid, there is no apparent analogy 
whatever. It was tlierefore a woik of great importance 
when Faj'aday demonstrated the identity of the forces in 
action, showing tliat common frictional electricity would 
decompose water like that from the voltaic battery. The 
relation of the phenomena became ])laiu wlien he succeeded 
in showing tliat it would require 800,000 discharges of his 
large Leyden battery to decompose one single grain of 
water. Lightning was now seen to be electricity of ex- 
cessively high tension, but extremely small quantity, the 
difference being somewhat analogous to that between the 
force of one million gallons of water falling through one 
foot, and one gallon of water falling through one million 
feet. Faraday estimated that one grain of water acting on 
four grains of zinc, would yield electricity enough for a 
great thunderstorm. 

It was long believed that electrical conductors and in- 
sulators belonged to two opposed classes of substances. 
Between the inconceivable rapidity with which the current 
passes through pure copper wire, and the apparently com- 
plete manner in which it is stopped by a thin partition of 
gutta-percha or gum-lac, there seemed to be no resem- 
blance. Faraday again laboured successfully to show that 
these were but the extreme cases of a chain of substances 
varying in all degrees in their powers of conduction. Even 
the best conductors, such as pure copper or silver, offer 
resistance to the electric current. The other metals have 
considerably higher powers of resistance, and we pass 
giadually down through oxides and sulphides. The best 
insulators, on the other hand, allow of an atomic induction 
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which is the necessary antecedent of conduction. Hence 
Faraday inferred that wliether we can measure the effect or 
not, all substances discharge electricity more or less.^ One 
consequence of this doctrine must -be, that every discharge 
of electricity produces an induced current. In 'lyhe case of 
the common galvanic current we can readily detect the in- 
duced current in any parallel wire or, other neighbouring 
conductor, and can separate the opposite currents which 
arise at the moments* when ^tlie original current begins and 
ends. lint a discharge of liigh tension electricity like 
lightning, though it certainly occu])ies time and has a 
beginning and an end, yet lasts so minute a fractioA of a 
second, that it would be hopeless to attempt to detect and 
separate the two opposite induced currents, which are 
nearly simultaneous and exactly neutralise eiich other. 
Thus an apparent failure of analogy is explained away, and 
we arc furnished with another instance of a phenomenon 
incapable of observation and yet theoretically known to 
exist 

Perhaps the most extraordinary case of the detection of 
unsuspected continuity is found in the discovery of Cag- 
niard de la Tour and Professor Andrews, that the liquid 
and gaseoua conditions of matter are only remote p< ints in 
a continuous course of change. Notliing is at first sight 
more apparently distinct than the pliysical condition of 
wattu' and aqueous vapour. At the boiling-point there is 
an entire breach of continuity, and the gas produced is sub- 
ject to laws incomparably more simple than the liquid from 
which it arose. But Cagniard de la Tour showed that if 
we maintain a liquid under sufficient pressure its boiling 
point may be indefinitely raised, and yet the liquid will 
ultimately assume the gaseous condition with but a small 
increase of volume. Professor Andrews, recently following 
out this course of inquiry, has shown that liquid carbonic 
acid may, at a particular tenqjerature (30'''92 C.), and 
under the pressure of 74 atmospheres, be at the same time 
in a state indisting-uishable from that of liquid and gas. 
At higher pressures carbonic acid may be made to pass 
from a palpably liquid state to a truly gaseous state without 

* Experimental Researches in Electricity^ Series xii. vol. i. p. 420. 

^ Life of Faraday, vol. ii. p. 7. 
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any abrupt change whatever. As the pressure is greater 
the abruptness of the change from liquid to gas gradually 
decreases, and finally vanishes. Similar phenomena or an 
ap])roximation to them ’have been observed in other liquids, 
and there^is little doubt that we may make a wide genera- 
lisation, and assert that, unden adequate pressure, every 
liquid might be made to pass into a gas without breach of 
continuity.^ The liquid state, moreover, is considered by 
Professor Andrews to he but ap intermediate step between 
the solid and gaseous conditions. There are various in- 
dications that the process of melting is not perfectly abrupt ; 
and (hu\c\ experiments be made under adequate ])ressures, 
it is believed that every solid could be ’uadc to pass by in- 
sensible degrees into the state of liquid, and subsequently 
•into that pf gas. 

These discoveries appear to open the way to most iin- 
])oi'tant and fundamental generalisations, but it is ])robable 
that hi many other cases phenomena now regarded as dis- 
crete may be shown to be different degrees of the same 
jirocess. (Traham was of opinion that chemical affinity 
differs but in degree from the ordinaiy attraction which 
holds diffenmt particles of a body together. He found that 
sulphuric acid continued to evolve heat when mixed even 
with the fiftieth equivalent jof water, so that there seemed 
to be 110 distinct limit to chemical affinity. He concludes, 
“ There is reason to believe that chemical affinity passes 
in its lowest degree into the attraction of aggregation.” ^ 

The atomic theory is well established, but its limits are 
not marked out. As Grove points out, we may by 
selecting sufficiently high multipliers express any combi- 
nation or mixture of elements in terms of their equivalent 
weights.^ Sir W. Thomson has suggested that the power 
which vegetable fibre, oatmeal, and other substances possess 
of attracting and condensing aqueous vapour is probably 
continuous, or, in fact, identical with capillary attraction, 
wliich is capable of interfering with the pressure of aqueous 
vapour and aiding its condensation.^ There are many cases 
of so-called catalytic or surface action, such as the extra- 

* Nafure, vol. ii. p. 278. 

2 Journal of the Chemical Society, vol. viii. p. 51. 

^ (lorrelatiofi of Physical Forces, 3r(l edit. p. 184. 

* Philosophical Magazine, 4th Series, vol. xlii. p. 4 
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ordinary power of animal charcoal for attracting organic 
matter, or of spongy platyinni for condensing ]iy(]rogen, 
which can only be considered as exalted cases of a more 
general ])Ower of attraction. The number of sul'sbinces 
which are decomposed by light in a striking manner is very 
limited ; but many othei^ substances, such as vegetable 
col^^urs, are affected by long exposure ^>11 the principle of 
continuity we might expect to find that all kinds of matter 
are more or less suscieptible of change by tlie incidence of 
light rays.^ It is the opiihon of Grove that wlierever an 
electric current passes there is a tendency to decomposition, 
a strain on the molecules, which when sufficiently ijoenst* 
leads to disruption. Even a metallic conducting wire may 
be regarded as tending to dec’.omposition. Davy wns pro- 
bably correct in describing electricity as chemical atlinity 
acting on masses, or rather, as Grove suggests,, creating a 
disturbance through a chain of particles.'-^ Laplace went so 
far as to suggest that all chemical phenomena may l)e results 
of the Newtonian law of attraction, applied to atoms of 
vaiions mass and position; but tlie time is ju^obably far 
distant when the progress of molecular philosoiffiy and of 
mathematical methods will enable sucli a generalis.ation to 
be verified or refuted. 

The Laid of Continuity, 

Under the title of the Law of Continuity we may place 
many applications of the general principle of reasoning, 
that what is true of one case will be true of similar cases, 
and probably true of what are probably similar. Wlnm- 
ever we find that a law or similarity is rigorously fulfilled 
up to a certain point in time or space, we exj>ect with a 
high degree of probability that> it will continue to he 
fulfilled at least a little further. If we see part only of a 
circle, we naturally expect that the circular form will be 
continued in the part hidden from us. If a body has moved 
uniformly over a certain space, we expect that it will 
continue to move uniformly. The ground of such inferences 
is doubtless identical with that of other inductive inferences. 

* Grove, Correlation of Physical Forceiy 3rd edit. p. 1 18. 

^ Ibid. pp. 166, 199, &c. 



[OHAP, 


t 5 l% THE PRIlrTOIPLES OF SCIENCE. 


In cohtinuous motion every infinitely small space passed 
over constitutes a separate coiistituent fact, and had we 
perfect powers of observation the smallest finite motion 
^vould include an infinity of information, which, hy the 
]H'inciple9 of the inverse method of probabilities, would 
enable us to infei;, with certainty to the next infinitely 
small ])ortion of path. But when we attempt to ififer 
from one finite portion of a path to another finite portion, 
inference will be only more or less probable, according to 
the comparative lengths of the portions and the accuracy 
of observation ; the longer our experience is, the more 
probable our inference will be ; the greater the length of 
Ume or space over which the inference extends, the less 
probable. 

This principle of continuity presents itself in nature in 
a great variety of forms and cases. Tt is familiarly ex- 
jiressed in tlie dictum Natura non agit per saltim. As 
Graham expressed the maxim, there are in nature no abrupt 
transitions, and the distinctions of class are never absolute.' 
There is always some notice — some forewarning of every 
phenomenon, and every change begins by insensible 
degrees, could we observe it with perfect accurac3^ The 
cannon ball, indeed, is forced from the cannon in an 
inappreciable portion of time ; the trigger is pulled, the fuze 
fired, the powder inflamed, the ball ex])elled, all simuh 
taneously to our senses. But there is no doubt that time 
is occupied by every part of the process, and that the ball 
begins to move at first with infinite slowness. Captain 
Noble is able to measure by his chronoscope the progress 
of the shot in a 300-pounder gun, and finds that the whole 
motion within the barrel takes place in sometliing less than 
one 200th part of a second. It is certain that no finite 
force can p]*oduce motion, except in a finite space of time. 
The amount of momentum communicated to a body is 
proportional to accelerating force multiplied by the time 
during which it acts uniformly. Thus a slight force pro- 
duces a great velocity only by long-continued action. In 
a powerful shock, like that of a railway collision, the stroke 
of a hammer on an anvil, or the discharge of a gun, the 

‘ Philosophical Tramndiom, 1861. Chemical and Physical lie- 
tearches, p. 598. 
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time is very short, and therefore the accelerating forces 
brought into play are exceedingly great, hut never infinite. 
In the case of a large gun the powder in exploding is said 
to exert for a nioinent a force equivalent to at least 2,800,000 
horses. • 

Our belief in some of tjie fundamental laws of nature 
rests upon the principle of continuity. / Galileo is held to 
be the first philosopher who conscioi(sly employed this 
principle in his arguiiients concerning the nature of motion, 
and it is certain that we can never by mere experience 
assure ourselves of the truth even of the first law of motion. 
A material particle, we are told, when not acted In hi/ 
extraneous forces ivill contiime in the same state of rest or 
motion. This may be true, but as we can find no body 
which is free from the action of extraneous causes, how are 
we to prove it? Only by observing that tlui less tlie 
amount of those forces the more nearly is the law found to 
be true. A ball rolled along rough ground is soon sto])pe(l ; 
along a smooth pavement it continues longer in movement. 
A delicately suspended pendulum is almost free from 
friction against its supports, but it is gradually stopped by 
the resistance of the air; place it in the vacuous leceiver of 
an air-pump and we find the motion much prolonged. A 
large planet like Jupiter experiences almost infinitely less 
friction, in comparison to its vast momentum, than we can 
produce experimentally, and we find in such a case that 
there is not the least evidence of the falsity of the law. 
Experience, then, informs us that we may approximate 
indefinitely to a uniform motion by sulficiently decreasing 
the disturbing forces. It is an act of inference which 
enables us to travel on beyond experience, and assert that, 
in the total absence of any extraneous force, motion would 
be absolutely uniform. Tlie stale of rest, again, is a 
limiting case in which motion is infinitely small or zeio, 
to which we may attain, on the principle of continuity, by 
successively considering cases of slower and slower motion. 
There are many classes of phenomena, in which, by 
gi’adually passing from the apparent to the obscure, we can 
assure ourselves of the nature of phenomena which would 
otherwise be a matter of great doubt. Thus we can suf- 
ficiently prove in the manner of Galileo, that a musical 
sound consists of rapid uniform pulses, by causing strokes 
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to be made at intervals which we gradually diminish until 
the se]>arate strokes coalesce into a uniform hum or note. 
With great advantage we approach, as Tyndall says, the 
sonorous through the grossly mechanical. In listening to 
a great organ we cannot fail t.o perceive that the longest 
pipes, or tlieir partial tones, produce a tremor and fluttering 
of the building. the other extremity of the scale, there 
is rio fixed limit toi the acuteness of sounds which we can 
hear; some individuals can hear sounds too shrill for other 
ears, and as there is nothing ii/tlie nature of the atmosphere 
to prevent the existence of undulations far more rapid than 
any M which we are conscious, we may infer, by the principle 
of continuity, that sucli undulations probably exist. 

There are many habitual actions which we perform we 
know not how. So rapidly are acts of minds accomplished 
that analysis seems impossible. We can only investigate 
them when in process of formation, observing that the best 
formed habit is slowly and continuously acquired, and it is 
in the early stages that we can perceive the rationale of 
the process. 

Let it be observed that this principle of continuity must 
be held of much weight only in exact physical laws, those 
which doubtless repose xiltimately upon the simple laws of 
motion. If we fearlessly apply the principle to all kinds 
of phenomena, we may often be right in our inferences, but 
also often wrong. Thus, before the development of spectrum 
analysis, astronomers had observed that the more they 
increased the powers of their telescopes the more nebulae 
they could resolve into distinct stars. This result had 
been so often found true that they almost irresistibly 
assumed that all nebulae would be ultimately resolved by 
telescopes of sufficient power ; yet Huggins has in recent 
years proved by the spectroscope, that certain nebulae are 
actually gaseous, and in a truly nebulous state. 

The principle of continuity must have been continually 
employed in the inquiries of Galileo, Newton, and other 
experimental philosophers, but it appears to have been 
distinctly formulated for the first time by Leibnitz. He at 
least claims to have first spoken of “ the law of continuity ” 
in a letter to Bayle, printed in the Nouvelles de la RSjntb- 
lique des LeUres, an extract from which is given in 
Erdmann’s edition of Leibnitz’s works, p. 104, under the 
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title “ Sur un Principe Geiiei'al utile a Texplication des 
Lois cle la Nature.” ^ It ba$ indeed been asserted tluit the 
doctrine of the latms processus of Francis Paeon involves 
the principle of continuity, ^ but I Miink that tin’s doctrine, 
like that of the natures of substances, is merely a vague 
statement of the principle ^)f causation. 

Failure of the Law of ConH^nuit]/. 

• 

There are certain caution^ wliich must be given as to the 
application of the princijde of continuity. Jn the iirst 
place, where this principle really holds true, it may scijMii to 
fail owing to our imperfect means of observation. Though 
a physical law may not admit of perfectly abi'upt change, 
there is no limit to the ap})roach which it may make to 
abruptness. When we warm a piece of very cofd ice, tlie 
absorption of heat, the temperature, and the dilatation of 
the ice vary according to ajiparently simple laws until we 
come to the zero of the Centigrade scale. Everything is 
then changed ; an enormous absorption of heat takes ]dace 
witiiout any rise of temperature, and the volume of the ice 
decreases as it changes into water. Unless carefully in- 
vestigated, this change appears to be perfectly annij^t ; but 
accurate observation seems to show that there is a certain 
forewarning; the ice does not turn into water all at once, 
but through a small fraction of a degree the change is 
gradual. All the phenomena concerned, if measured very 
exactly, would be represented not by angular lines, but 
continuous curves, undergoing rapid ilexures ; and we may 
probably assert with safety that between whatever points 
of temperature we examine ice, there would be found some 
indication, though almost infinitesimally small, of the 
apparently abrupt change which was to occur at a higher 
temperature. It might also be pointed out that the im- 
portant and apparently simple physical laws, such vas those 
of Eoyle and Marriotte, Dalton and Gay-Lussac, &c., are 
only approximately true, and the divergences from the 
simple laws are forewarnings of abrupt changes, which 
would otherwise break the law of continuity. 

• Life of Sir W. Hamilton, p. 439. 

2 Powell’s History of Natural Philosophy, p. 201. Nopum 
(h'ganwm, hk. ii. Ayihorisms 5 — 7. 
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Secondly, it must be remembered that mathematical laws 
of some complexity will probs^Dly present singular cases or 
negative results, which may bear the appearance of discon- 
tinuity, as when the law of refraction suddenly yields us 
with perfect abruptness the phenomenon of total internal 
reflection. In the uhdulatory ^theory, however, there is 
no real change ok law between refraction and refledtion. 
Faraday in the eas ier part of his career found so many 
substances possessing magnetic pow^*, that he ventured on 
a great generalisation, and asserted that all bodies shared 
in the magnetic property of iron. His mistake, as he 
afterwards discovered, consisted in overlooking the fact 
that though magnetic in a certain sense, some substances 
have negative magnetism, and are repelled instead of being 
attracted by the maguet. 

Thirdly, where we might expect to find a uniform 
mathematical law prevailing, the law may undergo abrupt 
change at singular points, and actual discontinuity may 
arise. We may sometimes be in danger of treating under 
one law phenomena which really belong to different laws. 
For instance, a spherical shell of uniform matter attracts 
an external particle of matter with a force varying inversely 
as the s(][uare of the distance from the centre of the sphere. 
But this law only holds true so long as the particle is 
external to the shell. Within the shell the law is wholly 
different, and the aggregate gravity of the sphere becomes 
zero, the force in every direction being neutralised by 
an exactly equal opposite force. If an infinitely small 
])article be in the superficies of a sphere, the law is again 
difierent, and the attractive power of the shell is half what 
it would be with regard to particles infinitely close to the 
surface of the shell. Thus in approaching the centre of a 
shell from a distance, the force of gravity shows double 
discontinuity in passing through the shell.^ 

It may admit of question, too, whether discontinuity is 
really unknown in nature. We perpetually do meet with 
events which are real breaks upon the previous law, though 
the discontinuity may be a sign that some independent 
cause has come into operation. If the ordinary course of 


■ ^ Thomson and Tait, Treatise on Natural Philosophy^ vcl. i. ]>j). 
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the tides is interrupted hy an enorm(?us irregular wave, we 
attribute it to an earthquake or some gigantic natural dis- 
turbance. If a meteoric stone falls upon a person and kills 
him, it is clearly a discontinuity in his life, of which he 
could have had no anticipation. A sudden sound may pass 
through the air neither pregeded nor* followed by any con- 
tinuous effect. Although, then, we maj^egard the Law of 
Continuity as a principle of nature hokling rigorously true 
in many of the relations of natural forces, it seems to be a 
matter of difficulty to assign the limits within which the 
law is verified. Much caution is required in its applica- 
tion. t 

Negative Arguments on the Principle of Continvity. 

Upon tlie principle of continuity we may sometimes 
found arguments of great force whicli prove an Tiypothesis 
to be impossible, because it would involve a continual re- 
petition of a process ad infinitum, or else a purely arbitrary 
breach at some point. Bonnet’s ffimons theory of reproduc- 
tion represented every living creature as containing germs 
which were perfect representatives of the next generation, 
■so that on the same principle they necessarily included 
germs of the next generation, and so on indefinitely. The 
theory was sufficiently refuted when once clearly stated, 
as ill the following poem called the Universe,^ by Henry 
Baker : — 

Each seed includes a jdant : that plant, ;i;^ain. 

Has other seeds, wliich other plants contain : 

Those other plants have all their seeds, ami those 
More plants again, success! v(dy inch^se. 

Thus, ev’ry single berry that we find, 

Has, really, in itself whole forests of its kind, 

Empire and wealth one acorn may dispense, 

By ileets to sail a thousand ages hence.” 

The general principle of inference, that what we know 
of one case must be true of similar cases, so far as they 
are similar, prevents our asserting anything which we can- 
not apply time after time under the same circumstances. 


' PhtlosojjhicaJ Transactions (1740), v(d. xJi. p. 454. 
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On this principle SteVinus beautifully demonstrated that 
freights resting on two inclined planes and balancing each 
other must be proportional to the lengths of the planes be- 
tween their apex and a horizontal plane. He imagined a 
uniform endless chain to be hung over tlie planes, and to 
hang below in a symihetrical festoon. If the chain were . 
ever to move by glavity, there would be the same reason 
for its moving on A)r ever, and thus producing a perpetual 
motion. As this is absurd, the portions of the chain 
lying on the planes, and equal in length to the planes, 
must balance each other. On similar grounds we may 
dispt^ve the existence of any self-moving machine ; for if 
it could once alter its own state of motion or rest, in how- 
ever small a degree, there is no reason why it should not 
do the like time after time ad infinititm. Newton’s proof 
of his third law of motion, in the case of gravity, is of 
this character. For he remarks that if two gravitating 
bodies do not exert exactly equal forces in opposite direc- 
tions, the one exerting the strongest pull will carry both 
away, and the two bodies will move off into space together 
witli velocity increasing ad infinitum. But though the 
argument might seem sufficiently convincing, Newton in his 
characteristic way made an experiment with a loadstone* 
and iron floated up6n the surface of water.^ In recent 
years the very foundation of the principle of conservation 
of energy has been placed on the assumption that it is 
impossible by any combination of natural bodies to pro- 
duce force continually from nothing,^ The principle admits 
of application in various subtle forms. 

Lucretius attempted to prove, by a most ingenious argu- 
ment of this kind, that matter must be indestructible. 
For if a finite quantity, however small, were to fall out 
of existence in any finite time, an equal quantity might 
be supposed to lapse in every equal interval of time, so 
that in the infinity of past time the universe must have 
ceased to exist.^ But the argument, however ingenious, 
seems to fail at several points. If past time be infinite, 
why may not matter have been created infinite also ? It 
would be most reasonable, again, to suppose the matter 

* Principia, bk. i. Law iii. Corollary 6. 

* Helmholtz, Taylor’s Bcimtijic Memovrs (1853), voL vl p. 118. 

® l/wyretiv.s^ bk. i. lines 232 — 264. 
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destroyed in any time to be propoftional to the matter 
then remaining, and not to the original quantity ; under 
this hypothesis even a finite quantity of original matter 
could never wholly disappear from the universe. For like 
reasons we cannot hold that the doctrine of the gonserva- 
.tion of enet‘gy is really proved, or cJtn ever he proved to 
be absolutely true, however probable it ^lay be regarded. 

Tendency Hasjy Generalisation, 

In spite of all the powers and advantages of generali- 
sation, men require no incitement to generalise ; they are 
too apt to draw hasty and ill-considered inferences. As 
Francis Bacon said, our intellects want not wings, but 
rather weights of lead to moderate their course.^ The 
process is inevitable to the human mind ; it begins with 
childhood and lasts through the second childhood. Tlie 
child that has once been hurt fears the like result on all 
similar occasions, and can with difficulty be made to dis- 
tinguish between case and case. It is caution and dis- 
crimination in the adoption of conclusions tliat we have 
chiefly to learn, and the whole experience of life is one 
continued lesson to this effect. Baden Bowel! has excod- 
lently described this strong natural propensity to hasty 
inference, and the fondness of the human mind for tracing 
resemblances real or fanciful. Our first inductions,” he 
says,^ “are always imperfect and inconclusive ; we advance 
towards real evidence by successive approximations ; and 
accordingly we find false generalisation the besetting error 
of most first attempts at scientific research. The faculty 
to generalise accurately and philosophically requires large 
caution and long training, and is not fully attained, espe- 
cially in reference to more general views, even by some 
who may propeily claim the title of very accurate scientific 
observers in a more limited field. It is an Intel tectual 
habit which acquires immense and accumulating force 
from the contemplation of wider analogies.” 

Hasty and superficial generalisations have always been 
the bane of science, and there would be no difficulty in 

^ Hmnim Orffanuntj bk. i Aphoiism 104. 

2 The Unity of Worlds and of NaPwre, 2iid edit. p. 116. 
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finding endless illustrations. Between things which are 
the same in number there is a certain resemblance, namely 
in number ; but in the infancy of science men could not be 
persuaded that there was not a deeper resemblance im- 
plied in that of number. Pythagoras was not the inventor 
of a mystical science of number. In the ancient Oriental 
religions the sevcJ^ metals were connected with the seven 
phinets, and in tho seven days of the week we still have, 
and probably always shall have, a relic of the septiform 
system ascribed by Dio Cassius to the ancient Egyptians. 
The disciples of Pythagoras carried the doctrine of the 
number seven into great detail. Seven days are men- 
tioned in Genesis ; infants acquire their teeth at the end 
of seven months ; they change tliem at the end of seven 
years ; sevcui feet was the limit of man’s height ; every 
seventh year was a climacteric or critical year, at which a 
change of disposition took ])lace. Then again there were 
the seven sages of Greece, the seven wonders of the Avorld, 
the seven rites of the Grecian games, the seven gates of 
Thebes, and the seven generals destined to conquer that 
city. 

In natural science there were not only the seven 
planets, and the seven metals, but also the seven primi- 
tive colours, and the seven tones of music. So deep a 
hold did this doctrine take that we still have its results 
ill many customs, not only in the seven days of the week, 
but the seven years’ apprenticeship, puberty at fourteen 
years, the second climacteric, and legal majority at twenty- 
one years, the third climacteric. The idea was reproduced 
in the seven sacraments of the Eoman Catholic Church, 
and the seven year periods of Comte’s grotesque system 
of domestic worship. Even in scientific matters the loftiest 
intellects have occasionally yielded, as when Newton was 
misled by the analogy between the seven tones of music 
and tf!e seven colours of his spectrum. Other numerical 
analogies, though rejected by Galileo, held Kepler in thral- 
dom ; no small part of Kepler’s labours during seventeen 
years was spent upon numerical and geometrical analogies 
of the most baseless character; and he gravely held that 
there could not be more than six planets, because there 
were not more than five regular solids. Even the genius 
of Huyghens did not prevent him from inferring that but 
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one satellite could belong to Saturn, because, with those of 
Jupiter and the Earth, it completed the perfect number of 
six. A whole series of other superstitions and fallacies 
attach to the numbers six and nine.* 

It is by false generalisation, again, that the laws of 
natoe have been supposed*to possess that perfection which 
we attribute to simple forms and relatims. The heavenly 
bodies, it was held, must move in circle^ for the circle was 
the perfect figure. Newton ^eemed to adopt tlie question- 
able axiom that nature alwa57^s proceeds in the simplest 
way ; in stating his first rule of philosophising, he adds : ^ 
“To this purpose the philosophers say, that nature *aoes 
nothing in vain, when less will serve; for nature is pleased 
with simplicity, and affects not the pomp of superfluous 
causes.” Keill lays down ^ as an axiom that “ The causes 
of natural things are such, as are the most simple, and are 
suflicient to explain the phenomena : for nature always 
proceeds in the simplest and most expeditious nuithod ; 
because by this manner of oyievating the Divine Wisdom 
displays itself the more.” If this axiom had any clear 
grounds of truth, it would not apply to proximate laws ; 
for even when the ultimate law is simple the n* lults may 
be infinitely diverse, as in the various elliptic, hypeibolic, 
parabolic, or circular orbits of the heavenly bodies. Sim- 
plicity is naturally agreeable to a mind of limited powers, 
but to an infinite mind all things are simple. 

Every great advance in science consists in a great gene- 
ralisation, pointing out deep and subtle resemblances. 
Tlie Copernican system was a generalisation, in that it 
classed the earth among the planets ; it was, as Bishop 
Wilkins expressed it, “the discovery of a new planet,” but 
it was opposed by a more shallow generalisation. Those 
who argued from the condition of things upon the earth’s 
surface, thought that every object must be attached to 
and rest upon something else. Shall the earth, they said, 
alone be free ? Accustomed to certain special results of 
gravity they could not conceive its action under widely 
different circumstances.^ No hasty thinker could seize 
the deep analogy pointed out by Horrocks between a pen- 

' Principia, bk. iii, ad initium. 

* Keill, Tntroduction to Natural Philosophy ^ p. 89. 

5 Jeremke Horroccii Opera Posthuma (1673), pp. 26, 27 
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dulum and a planet, true in substance though mistaken in 
some details. All the advances of modern science rise 
from the conception of Galileo, that in the heavenly 
bodies, however apparently diflercnt their condition, we 
shall ultimately recognise the same fundamental principles 
of mechanical science which are true on earth. ^ 

Generalisation ik the great prerogative of the intellect, 
but it is a power vn\y to be exercised safely with much 
caution and after long training. Every mind must gene- 
ralise, but there are the widest dilierences in the depth of 
the r^esemblances discovered and the care with wliich the 
disc‘)Very is verified. There seems to be an innate power 
of insight which a few men have possessed pre-eminently, 
and which enabled them, with no exemption indeed from 
labour or temporary error, to discover the one in the 
many. Minds of excessive acuteness may exist, which 
have yet only the powers of minute discrimination, and of 
storing up, in the treasure-house of memory, vast accumu- 
lations of words and incidents. Bub the power of dis- 
covery belongs to a more restricted class of minds. La- 
})lace said that, of all inventors who had contributed the 
most to tlie advancement of human knowledge, Newton 
and Lagrange appeared to ))ossess in the highest degree 
the happy tact of distinguishing general principles among 
a multitude of objects envelojang them, and this tact 
he conceived to be the true cbaracteiistic of scientific 
genius.^ 


^ Young’s fVorh, vol. ii. p. 56^ 
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As we have seen in ilie previous cliapter, ge?iora]isatioii 
passes insensibly into reasoning by analogy, and the diife- 
rence is one of degree. We are said to generalise vvlien we 
view many objects as agreeing in a few properties, so tliat 
the resemblance is extensive rather than deep. When we 
have only a few objects of thought, but are able to discover 
many points of resemblance, we argue by .analogy that tlie 
correspondence will bo even deeper tlian ai)pears. It 
may not be true that the w^ords are always used in such 
distinct senses, and there is great vagueness in the employ- 
ment of these and many logical teians ; but if any clear 
discrimination can be drawn between generalisation and 
analogy, it is as indicated above. 

It has been said, indeed, tliat analogy denotes not a 
resemblance between things, but between the relations of 
things. A pilot is a very ditterent man from a prime 
minister, but he bears the same relation to a ship that the 
minister does to the state, so that we may analogically 
describe the prime minister as the pilot of the state. A 
man differs still more from a horse, nevertheless four men 
bear to three men the same relation as four horses bear to 
three horses. Tliere is a real analogy between the tones of 
the Moiiochord, the Sages of Greece, and tlie Gates of 
Thebes, but it does not extend beyond tlie fact that they 
were all seven in number. Between the most discrete 
notions, as, for instance, those of time and space, analogy, 
may exist, arising from the fact that the mathematical 
conditions of the lapse of time and of motion along a line 
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are similar. There is no identity of nature between a word 
and the thing it signifies ; thef>substance iron is a heavy 
solid, the word iron is either a momentary disturbance of 
the air, or a film of black pigment on white paper ; but 
there is ‘ analogy between words and their significates. 
'Fhe substance iron is to the substance iron-carbonate, as 
the name iron is the name iron-carbonate, when tliese 
names are used af^’cording to their scientific definitions. 
The whole structure of languf^e and the whole utility of 
signs, marks, symbols, pictures, and representations of 
various kinds, rest upon analogy. I may hope perhaps 
to eAter more fully upon this important subject at some 
luture time, and to attempt to show how the invention of 
signs enables us to express, guide, and register our thoughts. 
It will be sufficient to observe here that the use of words 
constantly involves analogies of a subtle kind ; we should 
often be at a loss how to describe a notion, were we not 
at liberty to ern])loy in a metaphorical sense the name of 
anything sufficiently resembling it. There would be no 
expression for the sweetness of a melody, or the brilliancy 
of an harangue, unless it wete furnished by the taste of 
honey and the brightness of a torch. 

A cursory examination of the way in which we popu- 
larly use the word analogy, shows that it includes all 
degrees of resemblance or similarity. The analogy may 
consist only in similarity of number or ratio, or in like re- 
lations of time and space. It may also consist in simple 
resemblance between physical properties. AVe should not 
be using the word inconsistently with custom, if we said 
that there was an analogy between iron, nickel, and 
cobalt, manifested in the strength of their magnetic 
powers. There is a still more perfect analogy between 
iodine and chlorine ; not that every property of iodine is 
identical with the corresponding property of chlorine ; 
for then they would be one and the same kind of sub- 
stance, and not two substances; but every property of 
iodine resembles in all but degree some property of chlo- 
line. For almost every substance in which iodine forms 
a component, a corresponding substance may be dis- 
covered containing chlorine, so that we may confidently 
infer from the compounds of the one to the compounds 
of the other substance. Potassium iodide crystallises in 
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cubes ; therefore it is to be expected that potassium cfilo- 
ride will also crystallise in cwbes. The scienc(^ of chemistry 
as now developed rests almost entirely upon a careful 
and extensive comparison of the properties of substances, 
bringing deep-Jying analogies to light. When •any new 
substance is encountered, » the chemist, is guided in liis 
trealment of it by the analogies which /it seems to present 
with previously known substances. 

In this chapter !• cannpt hope to illustrate the all- 
pervading influence of analogy in human thought and 
science. All science, it has been said, at the outset, arises 
from the discovery of identity, and analogy is bui one 
name by which we denote the deeper -lying cases of re- 
semblance. I shall only try to i)oiiit out at ])rescnt how 
analogy between apparently diverse classes of phenoniena, 
often serves as a guide in discovery. We thus ^commonly 
gain the first insight into the nature of an apparently 
unique object, and thus, in the progress of a science, wo 
often discover that we are treating over again, in a new 
form, phenomena which were well known to us in another 
form. 


Analogy as a Guide in Discovery. 

There can be no doubt that discovery is most frcjjuently 
accomplished by following up hints received from analogy, 
as Jeremy Bentham remarked.^ Whenever a phenomenon 
is perceived, the first impulse of the mind is to connect it 
with the most nearly similar phenomenon. If we could 
ever meet a thing wholly sui generis, ])resenting no 
analogy to anything else, we should be incapable, of 
investigating its nature, except by purely haphazard 
trial. The probability of success by such a process is 
so slight, that it is preferable to follow up the faintest 
clue. As I have pointed out already (p. 418), the pos- 
sible experiments are almost infinite in number, and very 
numerous also are the hypotheses upon which we may 
proceed. Now it is self-evident that, however slightly 
superior the probability of success by one course of proce- 
dure may be over another, the most probable one should 
always be adopted first. 

’ Essay on LogiCf Works, voL viii, p. 276. 
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ITie chemist having discovered what he believes to be a 
new element, will have before, him an infinite variety of 
modes of treating and investigating it. If in any of its 
qualities the substance displays a resemblance to an aklaline 
metal, for, instance, he will naturally proceed to try whether 
it possesses other properties of tjie alkaline metals. Even 
the simplest phenVnnenon presents so many points' for 
notice that we ha^/e a choice from among many hypo- 
theses. , 

It would be ditriciilt to find a more instructive instance 
of the way in which tlie mind is guided by analogy than 
in tile description by Sir John Herschel of the course of 
thouglit by which he was led to anticipate in theory one 
oi‘ Faraday’s greatest discoveries. Herschel noticed that 
a screw-like form, technically called helicoidal dissymmetry, 
was obseryed in three cases, namely, in electrical helices, 
plagiliedral quartz crystals, and the rotation of the plane 
of polarisation of light. As he said,^ “I reasoned thus : 
Here arc three phenomena agreeing in a very strange 
peculiarity. Pi’chably, this peculiarity is a connecting 
link, physically speaking, among them. Now, in the case 
of the crystals and the light, this probability has been 
turned into certainty by my own experiments. Therefore, 
induction led me to conclude that a similar connection 
exists, and must turn up, somehow or other, between the 
electric current and polarised light, and that the plane of 
polarisation would l)e deflected by magneto-electricity.” 
By this course of analogical thouglit Herschel had actually 
been led to anticipate Faraday’s great discovery of the 
influence of magnetic strain upon polarised light. He had 
tried in 1822-25 to discover the influence of electricity on 
light, by sending a ray of polarised light through a helix, 
or near a long wire conveying an electric current. Such a 
course of inquiry, followed up with the persistency of 
Faraday, and with his experimental resources, would 
doubtless have eflected the discovery. Herschel also 
suggests that the plagiliedral form of quartz crystals must 
be due to a screw-like strain during ciystallisation ; but 
the notion remains unverified by experiment. 


^ Life oj Faraduy, by Bence Jones, vol. ii. p. 206. 
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Analogy in the Mfithematical Scienees, 

Whoever wishes to acquire a dpep acquaintance will) 
Nature must observe that there are analogies w^iicli con- 
nect whole branches of science ih a parallel manner, 
and* enable us to infer of* one class o^ phenomena what 
we know of another. It has thus happened on several 
occasions that the discovery of an uAsuspected analogy 
between two branches of kn\>wledge has been the starting- 
point for a rapid course of discovery. The truths readily 
observed in the one may be of a diflerent character jU’om 
those which present themselves in the other. The analogy, 
once pointed out, leads us to discover regions of one 
science yet undeveloped, to which the key is furnished by 
the corresponding truths in tlic other science.* An in- 
terchange of aid most wonderful in its results may thus 
take place, and at the same time the mind rises to a higher 
generalisation, and a more comprehensive view of nature. 

No two sciences might seem at first sight more different 
in their subject matter tlian geometry and algebra. The 
first deals with circles, squares, ])arailelogTams. and oth(‘r 
forms in space ; the latter with mere symbols of number. 
Prior to the time of Descartes, the sciences were devtdoped 
slowly and painfully in almost entire independence of each 
other. The Greek philosophers indeed could not avoid 
noticing occasional analogies, as when Idato in the Thme- 
tetus describes a square number as equally equal, and a 
number produced by multiplying two unequal I’actors 
as oblong. Euclid, in the yth and 8tli hooks of his Ele- 
ments, continually uses expressions displaying a conscious- 
ness of the vsame analogies, as when lie calls a number 
of two factors a 2)lanc number, eTriir^ho^ dpidyo^, and 
distinguishes a square number of whicli the two factors are 
equal as an equal-sided and plane number, iaoirkfvpo^f 
Kal €7ri7r€8o9 dpiOpo^. He also calls the root of a cvibic 
number its side, TrXevpd. Tii the Diophantiiie algebra 
many problems of a geometrical character were solved by 
algebraic or numerical processes ; but there ^yas no general 
system, so that the solutions were of an isolated character. 
In general the ancients were far more advanced in geometric 
than symbolic methods; thus Euclid in his 4 tli book gives 
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the means ef dividin(^ a circle by purely geometric means 
into 2, 3, 4 , 5, 6, 8 , lo, i2, 15^16, 20, 24, 30 parts, but he 
was totally unacquainted with the theory of the roots of 
unity exactly corresponding to this division of the circle. 

During the middle ages, on the contrary, algebra ad- 
vanced beyond geometry, and njiodes of solving equations 
were gradually discovered by those who had no notion that 
at every step they were implicitly solving geometric prob- 
lems. It is true that Kegiomontanus, Tartaglia, Bombelli, 
and ])0ssil)ly other early algebraists, solved isolated geo- 
metrical problems by the aid of algebra, but particular 
numbers were always used, and no consciousness of a 
general method was displayed. Vi eta in some degree 
anticipated the iinal discovery, and occasionally repre- 
sented the roots of an equation geometrically, but it was 
reserved fpr Descartes to show, in the most general manner, 
that every equation may be represented by a curve or 
figure in si)ace, and that every bend, point, cusp, or other 
])eculiarity in the curve indicates some peculiarity in the 
equation. It is impossible to describe in any adequate 
manner the importance of this discovery. The advantage 
was two-fold : algebra aided geometry, and geometry gave 
reciprocal aid to algebra. Curves such as the well-known 
sections of the cone were found to correspond to quadratic 
equations ; and it was impossible to manipulate the equa- 
tions without discovering properties of those all-important 
curves. The way was thus opened for the algebraic 
treatment of motions and forces, without which Newton’s 
rrineijna could never have been worked out. Newton 
indeed was possessed by a strong infatuation in favour of 
the ancient geometrical methods; but it is well known 
that he employed symbolic methods to discover his theo- 
rems, and he now and then, by some accidental use of 
algebraic expression, confessed its greater power and 
generality. 

Geometry, on the other hand, gave great assistance to 
algebra, by affording concrete representations of relations 
which would otherwise be too abstract for easy compre- 
hension. A curve of no great complexity may give the 
whole history of the variations of value of a troublesome 
mathematical expression. As soon as we know, too, that 
every regular geometrical curve represents some algebraic 
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equation, we are presented by obsef v^ation of mechanical 
movements with abundant^ suggestions towards the dis- 
covery of mathematical problems. Every particle of a 
carriage-wheel when moving on a level road is constantly 
describing a cycloidal curve, the curious i)roporties of 
which exercised the ingenuity ol* all the most skilful 
mafliematicians of the seventeenth ceVitury, and led to 
important advancements in algebraic*, power. It may be 
held that tlie disco^gfuy of the Differential Calculus was 
mainly due to geometrical analogy, because matliematicinns, 
ill attem])ting to treat algebraically the tangent of a curve, 
were obliged to entertain the notion of iniinitely f; mall 
quantities.^ There can be no doubt that Newton’s 
fluxional, tliat is, geometrical mode of stating the dif- 
ferential calculus, however much it subsequently retaidcnl 
its progress in hlngland, facilitated its a])prehension at tirst 
and 1 should think it almost certain tliat IsVAvton discovered 
the principles of the calculus geometrically. 

We may accordingly look upon this" discovery of 
analogy, this hapjiy alliance, as Bossut calls it,‘*^ between 
geometry and algebra, as the chief soui’ce of discoveries 
which hav<^ been made for three centuries past in mathe- 
matical methods. This is certainly the opinion ol' La- 
grange, who says, “ So long as algebra and geometry have 
been separate, their progress was slow, and their em])loy- 
meiit limited ; but since these two sciences have been 
united, they liave lent each other mutual strength, and 
have marched together with a rapid step towards perfec- 
tion.” 

The advancement of mechanical science has also been 
greatly aided by analogy. An abstnict and intangible 
existence like force demands much power of conception, 
but it has a perfect concrete representative in a line, the 
end of which may denote the point of ap])lication, and the 
direction the line of action of the force, while the length 
can be made arbitrarily to denote the amount of the force. 
Nor does the analogy end here ; for the moment of the 
force about any point, or its product into the perpen- 
dicular distance of its line of action from the point, is 

* Lacroix, Traite Elementaire de Calcul Differentiel et de Oalcul 
Integral, 5'"® edit. p. 65^9. 

Histoire des MatJi^niaiigues, vol. i p. 298. 
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found to be representea by an area, namely twice the area 
of the triangle contained between the point and the ends 
of the line representing the force. Of late years a great 
generalisation has been -effected ; the Double Algebra of De 
Morgan is true not only of space relations, but of forces, so 
that the triangle of forces is rtjduced to a case of pure 
geometrical addition. Nay, the triangle of lines, the 'tri- 
angle of velocities, the triangle of forces, the triangle ot 
couples, and perha]!)S other connate t-heorems, are reduced 
by analogy to one simple tlieorern, wliich amounts to this, 
that tliere are two ways of getting from one- angular point 
of a t>;iaiigle to another, which ways, though different in 
length, are identical in their final results.^ In the system 
of (piaternions of the late Sir W. It. Hamilton, these 
analogies are embodied and carried out in the most 
general Th^nnei*, so that whatever problem involves the 
threefold dimensions of space, or relations analogous to 
those of space, is treated by a symbolic method of the 
most comprehensive simplicity. 

It ought to be added that to the discovery of analogy 
between the forms of mathematical and logical expressions, 
we owe the greatest advance in logical science. Boole 
based his extension of logical processes upon the notion 
that logic is an algebra of two quantities o and I. His 
profound genius for symbolic investigation led him to per- 
ceive by analogy that there must exist a general system of 
logical deduction, of which the old logicians had seized 
only a few fragments. Mistaken as he was in placing 
algebra asahiglier science than logic, no one can deny that 
the development of the more complex and dependent 
science had advanced far beyond that of the simpler science, 
and that Boole, in drawing attention to the connection, 
made one of the most important discoveries in the history 
of science. As Descartes had wedded algebra and geo- 

’ See Goodwill, Cambridge Philosophical Tnmsaciions (1845), vdl. 
viii. p. 269. O’Brien, “On Symbolical Statics,” Philosophical 
Magannef 4th Series, vol. i, pp. 491, &c. See also Professor Clerk 
Maxwell's delightful Manual of Elementary Science, called Matter 
and Motion, published by the Society for Promoting Christian 
Knowledge. In this admirable little work some of the most advanced 
results of mechanical and physical science are explained according to 
the method of quaternions, but with hardly any use of algebraic 
symbols. 
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ineiry, so did Boole accomplish the tnarriage of logic and 
algebra. 


Analogy in the Theory of* Undulations, 

There is no class of phenomena \Vhich more tlioroughly 
illustrates alike the power and weakness of analogy than 
the waves which agitate every kind of medium. All waves, 
whatsoever he the matter through wlrA'h they pass, obey 
the principles of rhyflmiicid or harmonic motion, and the 
subject therefore presents a tine field for mathematical 
generalisation. Each kind of medium may allow of |vavcs 
peculiar in their conditions, so that it is a beautiful exercise 
in analogical reasoning to decide how, in making inferences 
from one kind of medium to another, we must make allow- 
ance for difference of circumstances. The waV^es of the 
ocean are large and visible, and there are the greater 
tidal waves which extend around the globe. From such 
palpable cases of rhythmical movement we ])ass to waves 
of sound, varying in length from about 32 feet to a small 
fraction of an inch. We liave but to imagine, if we can, 
the fortieth octave of the middle C of a piano, and we 
reach the undulations of yellow light, the ultra- violet being 
about the forty-first octave. Thus we ])ass from the 
palpable and evident to that which is obscure, if not in- 
comprehensible. Yet tlie same phenomena of reflection, 
interference, and refraction, which we find in some kinds of 
waves, may be expected to occur, muiatis mutandis, in 
other kinds. 

From the great to the small, from the evident to the 
obscure, is not only the natural order of inference, but it is 
the historical order of discovery. The physical science of 
the Greek philosophers must liave remained incomplete, 
and their theories groundless, because they did not under- 
stand the nature of undulations. Their systems were based 
upon the notion of movement of translation from place to 
place. Modern science tends to the opposite notion that 
all motion is alternating or rhythmical, energy flowing on- 
wards but matter remaining comparatively fixed in position. 
Diogenes Laertius indeed correctly compared the propaga- 
tion of sound with the spreading of waves on the surface 
of water when disturbed by a stone, and Vitruvius dis- 
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played a more coniple^ comprehension of the same ana- 
logy. It reniained for Newton to create the theory of uii- 
dulatory motion in showing by mathematical deductive 
reasoning that the particles of an elastic fluid by vibrating 
backwards and forwards, might carry a pulse or wave moving 
from the source of disturbance, Vfhile the disturbed particles 
return to their place of rest. He was even able to make a 
first ap|)roximation by theoretical calculation to the velocity 
of sound-waves in the atmosphere. Jlis theory of sound 
formed a hardly less important epoch in science than his far 
more celebrated theory of gravitation. It opened the way to 
all the subsequent applications of mechanical principles to 
the insensible motion of molecules. He seems to have been, 
too, upon the brink of another application of the same 
princiYfles which would have advanced science by a century 
of jirogress, and made him the undisputed founder of all the 
theories of matter. He expressed opinions at various times 
that light might be due to undulatory movements of a 
medium occupying space, and in one intensely interesting 
sentence remarks^ that colours are probably vibrations of 
different lengths, “ much after the manner that, in the sense 
of hearing, nature makes use of aerial vibrations of several 
bignesses to generate sounds of divers tones, for the analogy 
of nature is to be observed.” He correctly foresaw that 
red and yellow light would consist of the longer undulations, 
and blue and violet of the shorter, while white light would 
be composed of an indiscriminate mixture of waves of 
various lengths. Newton almost overcame the strongest 
apY)arcnt difficulty of the undulatory theory of light, 
namely, the propagation of light in straight lines. For he 
observed that though waves of sound bend round an ob- 
stacle to some extent, they do not do so in the same degree 
as water- waves.2 He had but to extend the analogy 
proportionally to light-waves, and not only would the 
difficulty have vanished, but the true theory of diffraction 
would have been open to him. Unfortunately he had a 
preconceived theory that rays of light are bent from and 
not towards the shadow of a body, a theory which for once 
he did not sufficiently compare with observation to detect 

' Birc^ History of the Royal Society y vol. iii p. 262, quoted by 
IToung, WorkSy vol. i. p. 246. 

2 Optichs, Query 28, 3rd edit. p. 337. 
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its falsit}^ I am not aware, too, tl^at Newton lias, in any 
of his works, displayed anujiderstanding of the phenomena 
of interference without which his notion of waves must 
have been imperfect. 

While the general principles of undulatory motion will 
be the same in whatever iiiedium the motion takes place, 
the*circumstances may be excessively dili'erent. Between 
light travelling 186,000 miles per second and sound 
travelling in air only.aboutj,ioo feet ni the same time, or 
almost 900,000 times as slowly, we cannot expect a close 
outward resemblance. There are great differences, too, in 
the character of the vibrations. Gases scarcely adifiit of 
transverse vibration, so that sound travelling in air is a 
longitudinal wave, the particles of air moving bjickwards 
and forwards in tiie same line in which the wave moves on- 
wards. Light, on the other hand, appears to consist entirely 
in the movement of points of force transversely to the direc- 
tion of propagation of the ray. The light-wave is partially 
analogous 10 the bending of a rod or of a stretched cord 
agitated at one end. Now this bending motion^ may take 
place in any one of an infinite number of planes, «and waves 
of which the planes are perpendicular to each other cannot 
interfere any more than two perpendicular forces can 
interfere. The complicated phenomena of polarised light 
arise out of this transverse character of tlie luminous wave, 
and we must not expect to meet analogous phenomena in 
atmospheric sound-waves. It is conceivable that in solids 
we might produce transverse sound undulations, in which 
phenomena of polarisation might be reproduced. But it 
would appear that even between transverse sound and light- 
waves the analogy holds true rather of the principles of 
harmonic motion than the circumstances of the vibrating 
medium ; from experiment and theory it is inferred that the 
plane of polarisation in plane polarised light is perpen- 
dicular to instead of being coincident with the direction of 
vibration, as it would be in the case of transverse sound 
undulations. If so the laws of elastic forces are essentially 
different in application to the luminiferous ether and to 
ordinary solid bodies.^ 


^ Raukine, Philosophieal Transactions (1856), voL cxlvi. p. 28^. 
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Analogy in Astronomy. 

We shall be much assisted in gaining a true apprecia- 
tion of the value of analogy in its feebler degrees, by con- 
sidering how much it, has contributed to the progress of 
astronomical science. Our point of observation is so fixed 
with regard to the universe, and our means of examining 
distant bodies are so restricted, that we are necessarily 
guided by limited and appareijtly feeble resemblances. In 
many cases the result has been confirmed by subsequent 
direct evidence of the most forcible character. 

Wiiile the scientific world was divided in opinion 
between the Copernican and Ptolemaic systems, it was 
analogy which I'lirnished the most satisfactory argument. 
Galileo discovered, by the use of his new telescope, the 
four small satellites which circulate round Jupiter, and 
make a miniature planetary world. These four Medicean 
Stars, as they were called, were plainly seen to revolve 
round Jupiter in various periods, but approximately in 
one plane,a.and astronomers irresistibly inferred that what 
might happen on the smaller scale might also be found true 
of the greater planetary system. This discovery gave '' the 
holding turn,’' as Herschel expressed it, to the opinions of 
mankind. Even Eraiicis Bacon, who, little to the credit of 
his scientific sagacity, had previously opposed the Coper- 
nican views, now became convinced, saying “ We aftirin the 
solisequium of Venus and Mercury; since it has been fiound 
by Galileo that Jupiter also has attendants.*’ NTor did 
Huyghens think it supertluous to adopt the analogy as a 
valid argument.^ Even in an advanced stage of physical 
astronomy, the Jovian system has not lost its analogical 
interest ; for the mutual perturbations of the four satellites 
pass through all their phases within a few centuries, and 
thus enable us to verify in a miniature case the principles 
of stability, which Laplace established for the great plane- 
tary system. Oscillations or disturbances which in the 
motions of the planets appear to be secular, because their 
periods extend over millions of years, can be watched, in 
the case of Jupiter’s satellites, through complete revolutions 
within the historical period of astronomy. 

^ Cosniotheoros (1690), p. 16. 

* Laplace, of the tVorld^ yqL ii, p. 316. 
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In obtaining a knowledge of thi stellar universe we 
must sometimes depend upon precarious ailalogies. We 
still hold upon this ground the opinion, entertained by 
Bruno as long ago as 1591, that the stars may be suns 
attended by planets like our eartji. This is ^the most 
probable first assumption, and it is supported by spectrum 
observations, which show the similarity of light derived 
from many stars with that of the sun. Ihit at the same 
time we learn by the prism fhat there are nebulae and stars 
in conditions widely different from anything known in our 
system. In the course of time the analogy may perhaps 
be restored to comparative com})leteness by the discovery 
of suns in various stages of nebulous condensation. The 
history of the evolution of our own world may be traced 
back in bodies less developed, or traced forwards in systems 
more advanced towards tlie dissipation of energy, and the 
exlinction of life, As in a great workshop, we may perhaps 
see the maleiial Avork of Creation as it has progressed 
througli tliousands of millions of years. 

In speculations concerning the physical condition of 
the planets and tlieir satellites, we depend upon analogies 
of a weak character. We may be said to kno v that the 
moon lias mountains and valleys, plains and ridges, vol- 
canoes and streams of lava, and, in spite of the absence of 
air and water, the rocky surl'ace of the moon presents so 
many familiar appearances that we do not hesitate to 
compare them Avith the features of our globe. We infer 
with high probability that Mars has polar snow and an 
atmosphere absorbing blue rays like our own; Jupiter 
undoubtedly possesses a cloudy atmosphere, possibly" not 
unlike a magnified copy of that surrounding the earth, but 
our tendency to adopt analogies receives a salutary correc- 
tion in the recently discovered fact that the atmospliere of 
Uranus contains hydrogen. 

Philosophers have not stopped at these comparatively 
safe inferences, but have speculated *011 the existence of 
living creatures in other planets. Huygliens remarked 
that as we infer by analogy from the dissected body of a 
dog to that of a pig and ox or other animal of the same 
general form, and as we expect to find the same viscera, 
the heart, stomach, lungs, intestines, &c., in corresponding 
positions, so when we notice the similarity of the planets 
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in many respects, we fmust expect to find them alike in 
other respects.^ He even enters into an inquiry whether 
the inhabitants of other planets would possess reason and 
knowledge of the same sort as ours, concluding in the 
affirmative. Although the power of intellect might he 
difierent, he considers that they would have the same 
geometry if they had any at all, and that what is true 
with us would he true with them.^ As regards the sun, 
he wisely observes that every conjecture fails. Laplace 
entertained a strong belief in the existence of inhabitants 
on other planets. The benign intluence of the sun gives 
birtld to animals and plants upon the surface of the earth, 
and analogy induces us to believe that his rays would tend 
to have a similar effect elsewhere. It is not probable that 
matter which is here so fruitful of life would be sterile 
upon so great a globe as Jupiter, which, like the earth, has 
its days and niglits and yeans, and changes which indicate 
active forces. Man indeed is formed for the temperature 
and atmosphere in which he lives, and, so far as appears, 
could not live upon the other planets. But there might 
be an infinity of organisations relative to the diverse 
constitutions of the bodies of the universe. The most 
active imagination cannot form any idea of such various 
creatures, but their existence is not unlikely.^ 

We now know that many metals and other elements 
never found in organic structures are yet capable of form- 
ing compounds with substances of vegetable or animal 
origin. It is therefore just possible that at different tem- 
peratures creatures formed of different yet analogous com- 
pounds might exist, but it would seem indispensable that 
carbon should form the basis of organic structures. We 
have no analogies to lead us to suppose that in the absence 
of that complex element life can exist. Could we find 
globes surrounded by atmospheres resembling our own in 
temperature and composition, we should be almost forced 
to believe them inhtfbited, but the probability of any ana- 
logical argument decreases rapidly as the condition of a 
globe diverges from that of our own. The Cardinal 
Nicholas de Cusa held long ago that the moon was 

‘ Gomotheoros (1699), 17. Ibid. p. 36. 

3 System of the Worlds vol. ii. p. 326. Essai PhilosophiciHe, p. 87. 
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inhabited, but the absence of any ^preciable atmosphere 
renders the existence of inhabitants highly improbable. 
Speculations resting upon weak analogies hardly belong 
to the scope of true science, and can only be tolerated as 
an antidote to the far worse dogmas .which asserfcp that the 
thousand million of persons on earth, or rather a si nail 
fracfion of them, are the sole objects of care of the Power 
which designed this limitless Universe. 

% 

ft 

ft 

Failures of Analogy. 

So constant is the aid which we derive from the ifee ot 
analogy in all attempts at discovery or explanation, that it 
is most important to observe in what cases it may lead us 
into difficulties. That which we expect by analogy to 
exist 

(1) May be found to exist; 

(2) May seem not to exist, but nevertheless may really 
exist ; 

(3) May actually be non-existent. 

In the second case the failure is only apparent, and 
arises from our obtuseness of perception, the sicallness of 
the phenomenon to be noticed, or the disguised character 
in which it appears. I have already pointed out that the 
analogy of sound and light seems to fail because light does 
not apparently bend round a corner, the fact being that 
it does so bend in the phenomena of diffraction, which 
present the effect, however, in such an unexpected and 
minute form, that even Newton was misled, and turned 
from tlie correct hypothesis of undulations which he had 
partially entertained. 

Ill the third class of cases analogy fails us altogether, 
and we expect that to exist which really does not exist. 
Thus we fail to discover the phenomena of polarisation in 
sound travelling through the atmosphere, since air is not 
capable of any appreciable transverse undulations. These 
failures of analogy are of peculiar interest, because they 
make the mind aware of its superior powers. There have 
been many philosophers who said that we can conceive 
nothing in the intellect which we have not previously 
received through the senses. This is true in the sense 
that we cannot image them to the mind in the concrete 

T T 
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form of a shape or a col our ; but we can speak of them and 
reason concerning them ; in short,- we often know them 
in everything but a sensuous manner. Accurate investi- 
gation shows that all, material substances retard the 
motion o^ bodies through them by subtracting energy 
by impact. By the laW Of continuity we can frame the 
notion of a vacuous space in which there is no resistance 
whatever, nor need we stop there ; for we have only to 
proceed by analogy' to the case where a medium should 
accelerate the motion of bodies' passing through it, some- 
what in the mode which Aristotelians attributed falsely 
to the air. Thus we can frame the notion of negative 
density, and Newton could reason exactly concerning it, 
although no such thing exists.^ 

In every direction of thought we may meet ultimately 
with similar failures of analogy. A moving point gene- 
rates a line, a moving line generates a surface, a moving 
surface generates a solid, but what does a moving solid 
generate ? When we compare a polyhedron, or many- 
sided solid, with a polygon, or plane figure of many sides, 
the volume of the first is analogous to the area of the 
second ; the face of the solid answers to the side of the 
polygon ; the edge of the solid to the point of the figure ; 
but the corner, or junction of edges in the polyhedron, 
is left wholly unrepresented in the plane of the polygon. 
Even if we attempted to draw the analogies in some 
other manner, we should still find a geometrical notion 
embodied in the solid which has no representative in the 
figure of two dimensions.^ 

Faraday was able to frame some notion of matter in a 
fourth conditioji, which should be to gas what gas is to 
liquid.® Such substance, he thought, would not fall far 
short of radiant matter, by which apparently he meant 
the supposed caloric or matter assumed to constitilte heat, 
according to the corpuscular theory. Even if we could 
frame the notion, matter in such a state cannot be known 
to exist, and recent discoveries concerning the continuity 


‘ Princwia^ bL ii. Section ii. Prop. x. 

5 * De Mor^n, Gamhridge Philosophical TramacUam voL xL 
Part if. p. 246. 

^ of Toi i. PL ai4 
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of the solid, liquid, and gaseous Itates remove the basis 
of the speculation. " ^ . 

From these and many other instances which might be 
adduced, we learn that analogical reasoning leads us to 
the conception of many things which, so far .as we can 
ascertain, do not exist. ^In this way great perplexities 
have arisen in the use of language and mathematical 
symbols. All language depends upon analogy; for we 
join and arrange words so that they* may represent the 
corresponding junctions of arrangements of things and 
their equalities. But in the use of language we are 
obviously capable of forming many combinations of^vords 
to which no corresponding meaning apparently exists. 
The same difficulty arises in the use of mathematical 
signs, and mathematicians have needlessly puzzled them- 
selves about the square root of a negative quantity, which 
is, in many applications of algebraic calculation, simply a 
sign without any analogous meaning, there being a failure 
of analogy. 


T T 2 



CHAPTER XXIX. 

EXCEPTIONAI. PHENOMENA. 

If science . consists in the detection of identity and the 
recognition, of uniformity existing in many objects, it 
follows that the progress of science depends upon the study 
of exceptional phenomena. Such new phenomena are the 
raw material upon which we exert our faculties of obser- 
vation and reasoning, in order to reduce the new facts 
beneath the sway of the laws of nature, either those laws 
already well known, or those to be discovered. Not only 
are strange and inexplicable facts those which are on the 
whole most likely to lead us to some novel and important 
discovery, but they are also best fitted to arouse our 
attention. So long as events happen in accordance with 
our anticipations, and the routine of every-day observation 
is unvaried, there is nothing to impress upon the mind the 
smallness of its knowledge, and the depth of mystery, which 
may be hidden in the commonest sights and objects. In 
early times the myriads of stars which remained in appa- 
rently fixed relative positions upon the heavenly sphere, 
received less notice from astronomers than those few 
planets whose wandering and inexplicable motions formed 
a riddle. Hipparchus was induced to prepare the first 
catalogue of stars, because a single new star had been 
added to those nightly visible ; and in the middle ages two 
brilliant but temporary stars caused more popular interest 
in astronomy than any other events, and to one of them we 
owe aU the observations of Tycho Brahe, the mediaeval 
Hipparchus. 

In other sciences, as well as in that of the heavens, 
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exceptional events are commonlyl the points from which 
we start to explore new regions of knowledge. It has been 
beautifully said that Wonder is the daughter of Ignorance, 
but the mother of Invention; anithough the most familiar 
and slight events, if fully examined, will afford landless food 
for wonder and for wisdom, yet it is tlie few peculiar and 
imlooked-for events which most often lead to a course of 
discovery. It is true, indeed, that it requires much 
philosophy to observe things which a^e too near to us. 

The high scientific imfiortance attaching, then, to ex- 
ceptions, renders it desirable that we should carefully 
consider the various modes in which an exception laay be 
disposed of; wliile some new facts will be found to confirm 
the very laws to which they seem at first sight clearly 
opposed, otliers will cause us to limit the generality of our 
previous statements. In some cases the excejxbion may be 
proved to be no exception ; occasionally it will prove fatal 
to our previous most confident speculations ; and there are 
some new phenomena which, without really destroying any 
0^' our former theories, open to us wholly new fields of scien- 
tific investigation. The study of this subject is especially 
interesting and important, because, as I havc^ before said 
(p. 587), no important tlieory can be built up complete 
and perfect all at once. When unexplained plienomena 
present themselves as objections to the theory, it will often 
demand the utmost judgment and sagacity to assign to 
them their proper place and force. The acceptance or 
rejection of a theory will depend upon discriminating the 
one insuperable contradictory fact from many, which, 
however singular and inexplicable at fi.rst sight, may 
afterwards be shown to be results of different causes, or 
possibly the most striking results of the very law with 
which they stand in apparent conflict. 

I can enumerate at least eight classes or kinds of ex- 
ceptional phenomena, to one or other of which any 
supposed exception to the known laws of nature can 
usually be referred ; they may be briefly described as 
below, and will be sufficiently illustrated in the succeeding 
sections. 

(i) Imaginary, or false exceptions, that is, facts, objects, 
or events which are not really what they are supposed 
to be. 
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(2) Apparent, but congruent exceptions, which, though 
apparently in- conflict with a l<iw of nature, are really in 
agreement with it. 

(3) Singular exceptions, which really agree with a law 
of nature, 'but exhibit remarkable and unique results of it. 

(4) Divergent exceptions, which really proceed from the 
ordinary action of known processes of nature, but which 
are excessive in amount or monstrous in character. 

(5) Accidental eiceptions, arising .from the interference 
of some entirely distinct but known law of nature. 

(6) Novel and unexplained exceptions, which lead to 
the discovery of a new series of laws and phenomena, 
modifying or disguising the effects of previously known 
laws, without being inconsistent with them. 

(7) Limiting exceptions showing the falsity of a sup- 
posed law in some cases to which it had been extended, 
but not affecting its truth in other cases. 

(8) Contradictory or real exceptions which lead us to 
the conclusion that a supposed hypothesis or theory is in 
opposition to the phenomena of nature, and must therefore 
be abandoned. 

It ought to be clearly understood that in no case: is a 
law of nature really thwarted or prevented from being 
fulfilled. The effects of a law may be disguised and 
hidden from our view in some instances: in others the 
law itself may be rendered inapplicable altogether; but 
if a law is applicable it must be carried out. Every 
law of nature must therefore be stated with the utmost 
generality of all the instances really coming under it. 
Babbage proposed to distinguish between universal prin- 
ciples^ which do not admit of a single exception, such 
as that every number ending in $ is divisible by five, 
and general principles which are more frequently obeyed 
than violated, as that “men will be governed by what 
they believe to be their interest.’'^ But in a scientific 
point of view general principles must be universal as 
regards some distinct class of objects, or they are not 
principles at all. If a law to which exceptions exist is 
stated without allusion to those exceptions, the statement 
is er^neous. I have no right to say that “All liquids 


^ Babbage, The E^x^sition of 1851, p. i. 
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expand by heat/* if I know that ifc'ater below 4® C. does 
not; I ought to say, '‘All liquids, except water below 4® C., 
expand by heat ; ’* and every new exception discovered will 
falsify the statement until inserted in it. To speak of 
some laws as being generally true, meaning not iiniversally 
but in the majority of casps, is a hurtful abuse of the word, 
buf is quite usual. General should mean that whicli is 
trife of a whole genus or class, and every true statement 
must be true of some^ assigned or assigtiable class. 

Imaginary or False Exceptions. 

When a supposed exception to a law of nature is brought 
to our notice, the first inquiry ought properly to be — Is 
there any breach of the law at all ? It may be that tlai 
supposed exceptional fact is not a fact at all, Jjut a mere 
figment of the imagination. When King Charles requested 
the Eoyal Society to investigate the curious fact that a live 
fish put into a bucket of water does not inciease the weight 
of the bucket and its contents, the Eoyal Society wisely 
commenced their deliberations by inquiring whether the 
fact was so or not. Every statement, howevei; ialse, must 
have some cause or prior condition, and the real rpiostion 
for the Eoyal Society to investigate was, how Ihe King 
came to think that the fact was so. Mental conditions, as 
we have seen, enter into all acts of observation, and are 
often a worthy subject of inquiry. But there are many 
instances in the history of science, in which trouble and 
error have been caused by false assertions carelessly made, 
and carelessly accepted without verification. 

The reception of the Copernican theory was much 
impeded by the objection, that if the earth were moving, a 
stone dropped from the top of a high tower should be left 
behind, and should appear to move towards the west, just 
as a stone dropped from the mast-head of a moving ship 
would fall behind, owing to the motion of the ship. The 
Copemicans attempted to meet this grave objection in every 
way but the true one, namely, showing by trial that the 
asserted facts are not correct. In the first place, if a stone 
had been dropped with suitable precautions from the mast- 
head of a moving ship, it would have fallen close to the for>t 
of the mast, because- bv the first law of motion, it would 
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remain in the same ftate of horizontal motion commu- 
nicated to it, by the mast. As the anti-Copernicans had 
assumed the contrary result '"as certain to ensue, their 
argument would of course have fallen through. Had the 
Copernicans next proceeded to test with great care the other 
assertion* involved, they would have become still better 
convinced of the truth of their own theory. A stone 
dropped from the top of a high tower, or into a deep v/ell, 
would ceit airily not have been deflected from the vertical 
direction in the considerable degree required to agree with 
the supposed consequences of the Copernican views ; but, 
with lyery accurate observation, they might have discovered, 
as Benzeiil)erg subsequently did, a very small deflection 
towards the east, showing that the eastward velocity is 
greater at the top than tlie bottom. Had the Copernicans 
then beeii able to detect and interpret the meaning of the 
small divergence thus arising, they would have found in it 
corroboration of their own views. 

Multitudes of cases might be cited in which laws of 
nature seem to be evidently broken, but in which the 
apparent breach arises from a misapprehension of the case. 
It is a general law, absolutely true of all crystals yet sub- 
mitted to examination, that no crystal has a re-entrant 
angle, that is an angle which towards the axis of the crystal 
is greater than two right angles. Wherever the faces of a 
crystal meet they produce a projecting edge, and wherever 
edges meet they produce a corner. Many crystals, however, 
when carelessly examined, present exceptions to this law, 
but closer observation always shows that the apparently 
re-entrant angle really arises from the oblique union of two 
distinct crystals. Other crystals seem to possess faces 
contradicting all the principles of crystallography; but 
careful examination shows that the supposed faces are not 
true faces, but surfaces produced by the orderly junction 
of an immense number of distinct thin crystalline plates, 
each plate being in fact a separate cryst^, in which the 
laws of crystallography are strictly observed. The rough- 
ness of the supposed face, the striee detected by the 
microscope, or inference by continuity from other specimens 
where the true faces of the plates are clearly seen, prove the 
mistaken character of the supposed exceptions. Again, four 
of the faces of a regular octahedron may become so enlarged 



XXIX.] 


EXCEPTIONAL PHENOMENA. 


649 


in the crystallisation of iron pyritej and some other sub- 
stances, that the other four faces become imperceptible and 
a regular tetrahedron appeiirs to be produced, contrary to 
the laws of crystallographic symmetry. Many other cry- 
stalline forms are similarly modified, so as to produce a 
series of \v^hat are called liemiJiedrah forms. 

I«L tracing out the isomdrphic relations of the elements, 
great perplexity has often been caused by mistaking one 
substance for another. It was pointed out that though 
arsenic was supposed* to be*isomorphous with phosplioriis, 
the arseniate of soda crystallised in a form distinct IVoiii 
that of the corresponding phosphate. Some chemist^ held 
this to be a fatal objection to the doctrine of isomorphism ; 
but it was afterwards pointed out by Clarke, that the 
arseniate and phosphate in question were not corresj)ond- 
ing compounds, as they differed in regard to ^the water 
of crystallisation.^ Vanadium again appeared to be an 
exception to the laws of isomorphism, until it was proved 
by Professor Roscoe, that what Berzelius supposed to be 
metallic vanadium was really an oxide of vanaflium.^ 

Apparent but Congruent Exccp>tions. 

Not unirequently a law of nature will present results 
in certain circumstances which appear to be entirely in 
conflict with the law itself. Not only may the action of 
the law be much complicated and disguised, but it may 
in various ways be reversed or inverted, so that careless 
observers are misled. Ancient philosophers generally 
believed that while some bodies were heavy by nature, 
others, such as flame, smoke, bubbles, clouds, &c., were 
essentially light, or possessed a tendency to move upwards. 
vSo acute an inquirer as Aristotle failed to perceive the 
true nature of buoyancy, and the doctrine of intrinsic 
lightness, expounded in his works, became the accepted 
view for many centuries. It is true that Lucretius was 
aware why flame tends to rise, holding that — 

“ The flame has weight, though highly rare, 

Nor mounts but when compelled by heavier air.” 

• Daubeny’s Atomic Theory, p. 76. 

^ Bakerian Lecture, Philosophical Transactions (1868), vol. clviiL 
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Archimedes also wat so perfectly acquainted with the 
buoyancy of* bodies immersed, in water, that he could not 
fail to perceive the existence of a parallel effect in air. 
Yet throughout the early middle ages the light of true 
science could not contend with the glare of the Peripatetic 
doctrine. The genius*'of Galilep and Newton was required 
to convince people of the simple truth that all irfktter 
is heavy, but that the gravity of one substance may be 
overborne by thatbf another, as one scale of a balance is 
carried up by the preponderaliing weight in the opposite 
scale. It is curious to find Newton gravely explaining 
the Qifiference of absolute and relative gravity, as if it 
were a new discovery proceeding from his theory.^ More 
than a century elapsed before other apparent exceptions 
to the Newtonian philosophy were explained away. 

Newton himself allowed that the motion of the apsides 
of the moon's orbit appeared to be irreconcilable with the 
law of gravity, and it remained for Clairaut to remove the 
difficulty by more complete mathematical analysis. There 
must always remain, in the motions of the heavenly bodies, 
discrepancies of some amount between theory and obser- 
vation ; but such discrepancies have so often yielded in past 
times to prolonged investigation that physicists now regard 
them as merely apparent exceptions, which will afterwards 
be found to agree with the law of gravity. 

The most beautiful instance of an apparent exception, is 
found in the total reflection of light, which occurs when a 
beam of light within a medium falls very obliquely upon 
the boundary separating it from a rarer medium. The 
general law is that when a ray strikes the limit between two 
media of different refractive indices, part of the light is 
reflected and part is refracted ; but when the obliquity of 
the ray within the denser medium passes beyond a certain 
point, there is a sudden apparent breach of continuity, and 
the whole of the light is reflected. A clear reason can be 
given for this exceptional conduct of the light. According 
to the law of refraction, the sine of the angle of incidence 
bears a fixed ratio to the sine of the angle of refraction, so 
that the greater of the two angles, which is always that in 
the less dense medium, may increase up to a right angle ; 


^ Principiay bk. il Prop. 20 . Corollaries, 5 and 6 . 
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but when the media differ in refraltive power, the less 
angle cannot become a righ]^ angle, as this would require 
the sine of an angle to be greater than the radius. It might 
seem that this is an exception of the kind described below 
as a limiting exception, by which a law is shown.to be in- 
applicable beyond certain Jimits ; but in the explanation 
of tlTe exception according to the undulatory theory, we 
find '‘that there is really no breach of the general law. 
When an undulation j^^rikes a point in ^ bounding surface, 
spherical waves are produced and spread from the point. 
The refracted ray is the resultant of an infinite number of 
such spherical waves, and the bending of the ray al the 
common surface of two media depends upon the compa- 
rative velocities of propagation of the undulations in those 
media. But if a ray falls very obliquely upon the surface 
of a rarer medium, the waves proceeding from successive 
points of the surface spread so rapidly as never to intersect, 
and no resultant wave will tlien be produced. We thus 
perceive tliat from similar mathematical conditions arise 
distinct apparent effects. 

Tliere occur from time to time failures in our best 
grounded predictions. A comet, of which the orbh has been 
well determined, may fail, like Lexell’s Comet, to appear at 
the appointed time and place in the heavens. In tlie 
present da}’' we should not allow such an exception to our 
successful predictions to weigh against our belief in the 
theory of gravitation, but should assume that some unknown 
body had through the action of gravitation dellected the 
comet. As Clairaut remarked, in publishing his calculations 
concerning the expected reappearance of Halley’s Comet, a 
body which passes into regions so remote, and which is 
hidden from our view during such long periods, might be 
exposed to the influence of forces totally unknown to us, 
such as the attraction of other comets, or of planets too far 
removed from the sun to be ever perceived by us. In the 
case of Lexell’s Comet it was afterwards shown, curiously 
‘ enough, that its appearance was not one of a regular series 
of periodical returns within the sphere of our vision, but a 
single exceptional visit never to be repeated, and probably 
'due to* the perturbing powers of Jupiter. This solitary 
visit became a strong confirmation of the law of gravity 
with which it seemed to be in conflict. 
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Singular Exceptions. 

Among the most interesting of apparent exceptions are 
those which I call singular exceptions, because they are 
more of less analogoi-is to the singular cases or solutions 
which occur in mathematical ^science. A general naathe- 
matical law embraces an infinite multitude of cases which 
perfectly agree wijh each other in a certain respect. It may 
nevertheless happen that a single c4se, while really obeying 
the general law, stands out as apparently different from all 
the^rest. The rotation of the earth upon its axis gives to 
all the stars an apparent motion of rotation from east to 
west ; but while countless thousands obey the rule, the Pole 
Star alone seems to break it. Exact observations indeed 
show that it also revolves in a small circle, but a star 
might happen for a short time to exist so close to the pole 
that no appreciable change of place would be caused by the 
earth’s rotation. It would then constitute a perfect singular 
exception ; while really obeying the law, it would break the 
terms in which it is usually stated. In the same way the 
poles of every revolving body are singular points. 

Whenever the laws of nature are reduced to a mathe- 
matical form we may expect to meet with singular cases, 
and, as all the physical sciences will meet in the mathema- 
tical principles of mechanics, there is no part of nature ' 
where we may not encounter them. In mechanical 
science the motion of rotation may be considered an ex- 
ception to the motion of translation. It is a general law 
that any number of parallel forces, whether acting in the 
same or opposite directions, will have a resultant which 
may be substituted for them with like effect. This re- 
sultant will be equal to the algebraic sum of the forces, or 
the difference of those acting in one direction and the 
other ; it will pass through a point which is determined by 
a simple formula, and which may be described as the mean 
point of all the points of application of the parallel forces 
(p. 364). Thus we readily determine the resultant of 
parallel forces except in one peculiar case, namely, when 
two forces are equal and opposite but not in the same 
straight line. Being equal and opposite the amount of the 
njsultant is nothing, yet, as the forces are not in the same 
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straight line, they do not balance eacli other. Examining 
the formula for the point of a|3i)lication of the resultant, we 
find that it gives an infinitely great magnitude, so tliat the 
resultant is nothing at all, and acts at an infinite distance, 
which is practically the same as to say that thGj:‘e is no 
resultant. Two such forces^ constitute what is known in 
mech^ical science as a mtple, which occasions rotatory 
insteM of rectilinear motion, and can only be neutralised 
by an equal and opposite couple of forces? 

The best instances of singular exceptions are furnished 
by the science of optics. It is a general law that in passing 
through transparent media the plane of vibration plila- 
rised light remains unchanged. But in certain liquids, 
some peculiar crystals of quartz, and transparent solid 
media subjected to a magnetic strain, as in Faraday’s ex- 
periment (pp. 588, 630), the plane of polarisation is rotated 
in a screw-like manner. This effect is so entirely sui 
generis, so unlike any other phenomena in nature, as to 
appear truly exceptional ; yet mathematical analysis shows 
it to be only a single case of much more general laws. As 
stated by Tliomson and Tait,^ it arises from the com- 
position of two uniform circular motions. If while a point 
is moving round a circle, the centre of that circle move 
upon another circle, a great variety of curious curves will 
be produced according as we vary the dimensions of the 
circles, the rapidity or the direction of the motions. When 
the two circles are exactly equal, the rapidities nearly so, 
and the directions opposite, the point will be found to 
move gradually round the centre of the stationary circle, 
and describe a curious star-like figure connected with the 
molecular motions out of which the rotational power of the 
media rises. Among other singular exceptions in optics 
may bo placed the conical refraction of light, already 
noticed (p. 540), arising from the peculiar form assumed 
by a wave of light when passing through certain double- 
refracting crystals. The laws obeyed by the wave are 
exactly the same as in other cases, yet the results are 
entirely sui generis. So far are such cases from contra- 
dicting the law of ordinary cases, that they afford the best 
opportunities for verification. 


^ Treatise m NcUural Philosophy, vol. i. p. 5a 
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In ilstronomy singijlar exceptions might occur, and in an 
approximate, manner they do occur. We may point to the 
rings of Saturn as objects whidh, though undoubtedly obey- 
ing the law of gravity, are yet unique, as far as our obser- 
vation of the universe has gone. They agree, indeed, with 
the other bodies of the planetary system in the stability of 
their movements, which never "diverge far from the mean 
position. There seems to be little doubt that these rings 
are composed of swarms of small meteoric stones ; formerly 
they were thought to be solid cctatinuous rings, and mathema- 
ticians proved that if so constituted an entirely exceptional 
eveuft might have happened under certain circumstances. 
Had the rings been exactly uniform all round, and with a 
centre of gravity coinciding for a moment with that of 
Saturn, a singular case of unstable equilibrium would have 
arisen, necessarily resulting in the sudden collapse of the 
rings, and the fall of their debris upon the surface of the 
planet. Thus in one single case the theory of gravity would 
give a result wholly unlike anything else known in the 
mechanism of the heavens. 

It is possible that we might meet with singular exceptions 
in crystallography. If a crystal of the second or dimetric 
system, in which the third axis is usually unequal to either 
of the other two, happened to have the three axes equal, it 
might be mistaken for a crystal of the cubic system, but 
would exhibit different faces and dissimilar properties. 
There is, again, a possible class of diclinic crystals in which 
two axes are at right angles and the third axis inclined to 
the other two. This class is chiefly remarkable for its 
non-existence, since no crystals have yet been proved to have 
such axes. It seems likely that the class would constitute 
only a singular case of the more general triclinic system, in 
which all three axes are inclined to each other at various 
angles. Now if the diclinic form were merely accidental, 
and not produced by any general law of molecular consti- 
tution, its actual occurrence would be infinitely improbable, 
just as it is infinitely improbable that any star should indi- 
cate the North Pole with perfect exactness. 

In the curves denoting the relation between the tem- 
perature and pressure of water there is, as shown by 
Professor J. Thomson, one very remarkable point entirely 
unique, at which alone water can remain in the three 
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conditions of gas, liquid, and solid in tjie same vessel. It is 
the triple point at which three lines meet, namely (i) the 
steam line, which shows at what temperatures and pressures 
water is just upon the point of becoming gaseous; (2) the 
ice line, showing when ice is just about to melt ; and (3) the 
hoar-frost line, which similarly indioates tlie pressures and 
temperatures at which ice Ns capable of passing directly 
into Jihe state of gaseous vapour.^ 

Divlrgent *Exce'ptio 7 is. 

Closely analogous to singular exceptions are those diver- 
gent exceptions, in which a phenomenon manifests itself in 
unusual magnitude or character, without becoming subject 
to peculiar laws. Thus in throwing ten coins, it happened 
in four cases out of 2,048 throws, that all the coins 'fell with 
heads uppermost (p. 208) ; these would usually be regarded 
as very singular events, and, according to the theory of 
probabilities, they would be rare ; yet they proceed only 
from an unusual conjunction of accidental events, and from 
no really exceptional causes. In all classes of natural 
phenomena we may expect to meet with similar divergencies 
from the average, sometimes due merely to the principles 
of probability, sometimes to deeper reasons. Among every 
large collection of persons, we shall probably find some 
persons who are remarkably large or remarkably small, 
giants or dwarfs, whether in bodily or mental conformation. 
Such cases appear to be not mere Imus naturm, since they 
occur with a frequency closely accordant with the law of 
error or divergence from an average, as shown by Quetelet 
and Mr. Galton.^ The rise of genius, and the occurrence of 
extraordinary musical or mathematical faculties, are attri- 
buted by Mr. Galton to the same principle of divergence. 

"When several distinct forces happen to concur together, 
we may have surprising or alarming results. Great storms, 
floods, droughts, and other extreme deviations from the 
average condition of the atmosphere thus arise. They 
must be expected to happen from time to time, and will 
yet be very infrequent compared with minor disturbances. 

‘ Maxwell’s' !Z 7 ieory of Heal, (1871), p. 175. 

2 Galtou, on the Height and Weight ot Boys. Jmrnal of the 
Anthropological institute, 1875, p. 174. 
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They are not anomaloirs hut only extreme events, analogous 
to extreme runs of luck. Tlj^ere seems, indeed, to be a 
fallacious impression in the minds of many persons, that 
the theory of probabilities necessitates uniformity in the 
happening of events, so that in the same space of time there 
will always be nearly the same ipimber of railway accidents 
and murders. Buckle has superficially remarked upon' the 
constancy of such events as ascertained by Quetelet, 'and 
some of his readers acquire the false, notion that there is a 
mysterious inexorable law producing uniformity in human 
affairs. But nothing can be more opposed to the teachings 
of the^‘ theory of probability, which always contemplates the 
occurrence of unusual runs of luck. That theory shows 
the great improbability that the number of railway accidents 
per month should be always equal, or nearly so. The 
public attention is strongly attracted to any unusual con- 
junction of events, and there is a fallacious tendency to 
suppose that such conjunction must be due to a peculiar 
new cause coming into operation. Unless it can be clearly 
shown that such unusual conjunctions occur more frequently 
than they should do according to the theory of probabilities, 
we should regard them as merely divergent exceptions. 

Eclipses and remarkable conjunctions of the heavenly 
bodies may also be regarded as results of ordinary laws 
which nevertheless appear to break the regular course of 
nature, and never fail to excite surprise. Such events vary 
greatly in frequency. One or other of the satellites of 
Jupiter is eclipsed almost every day, but the simultaneous 
eclipse of three satellites can only take place, according to 
the calculations of Wargentin, after the lapse of 1,317,900 
years. The relations of the four satellites are so remarkable, 
that it is actually impossible, according to the theory of 
gravity, that they should all suffer eclipse simultaneously. 
But it may happen that while some of the satellites are 
really eclipsed by entering Jupiter's shadow, the others are 
either occulted or rendered invisible by passing over his 
disk. Thus on. four occasions, in 1681, 1802, 1826, and 
1843, Jupiter has been witnessed in the singular condition 
of being apparently deprived of satellites. A close con- 
junction of two planets always excites admiration, though 
such conjunctions must occur at intervals in the ordinary 
course of their motions. We cannot wonder that when 
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three or four planets approach each #ther closely, the event 
is long remembered. A njost remarkable eonj unction of 
Mars, Jupiter, Saturn, and Mercury, which took place in 
the year 2*446 B.O., was adopted hy the Chinese Emperor, 
Chuen Hio, as a new epoch for the chronology of liis 
Empire, though there is sgme doub*t whether the conjunc- 
tiorr was really observed, or was calculated from the supposed 
luvm of motion of the planets. It is certain that on the 
iith November, 1524, the planets Ye^ius, Jupiter, Mars, 
and Saturn were seen very* close together, while Mercury 
was only distant by about 16'' or thirty apparent diameters 
of the sun, this conjunction being probably the miAt re- 
markable which has occurred in historical times. 

Among the perturbations of the planets we find divergent 
exceptions arising from the peculiar accumulation, of effects, 
as in the case of the long inequality of Jupiter and Saturn 
(p. 45 5). Leverrier has shown that there is one place between 
the orbits of Mercury and Venus, and another between those 
of Mars and Jupiter, in either of which, if a small planet 
happened to exist, it would suffer comparatively immense 
disturbance in the elements of its orbit. Now between 
Mars and Jupiter there do occur the minor [danets, the 
orbits of which are in many cases exceptionally divergent.^ 

Under divergent exceptions we might j)lace all or nearly 
all the instances of substances possessing physical pro- 
perties in a very high or low degree, which were described 
in the chapter on Generalisation (p. 607). Quicksilver is 
divergent among metals as regards its melting point, and 
potassium and sodium as regards their specific gravities. 
Monstrous productions and variations, whether in the animal 
or vegetable kingdoms, should probably be assigned to this 
class of exceptions. 

It is worthy of notice that even in such a subject as 
formal logic, divergent exceptions seem to occur, not of 
course due to chance, but exhibiting in an unusual degree 
a phenomenon which is more or less manifested in all 
other cases. I pointed out in p. 141 that propositions of 
the general type A = BC J be are capable of expression 
in six equivalent logical forms, so that they manifest in a 
higher degree than any other proposition yet discovered 
the phenomenon of logical equivalence. 

* Qrant^s History of Physical Astronomy f p. 1 16. 

U U 
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Accidental Exceptions, 

The third and largest class of exceptions contains those 
which arise from the *'casual interference of ‘extraneous 
causes. A law may he in operation, and, if so, must be 
perfectly fulfilled ; but, while .we conceive that we are 
examining its results, we may have before us the effects 
of a different cause, possessing no connexion with^’the 
subject of our inquiry. The Igw is not really broken, but 
at the same time the supposed exception is not illusory. 
It may be a phenomenon which cannot occur but under 
the condition of the law in question, yet there has been 
such interference that there is an apparent failure of 
science. There is, for instance, no subject in which more 
rigorous and invariable laws have been established than in 
crystallogfaphy. As a general rule, each chemical sub- 
stance possesses its own definite form, by which it can be 
infallibly recognised ; but the mineralogist has to be on his 
guard against what are called pseudomorphic crystals. In 
some circumstances a substance, having assumed its proper 
crystalline form, may afterwards undergo chemical change ; 
a new ingredient may be added, a former one removed, or 
one element may be substituted for another. In calcium 
carbonate the carbonic acid is sometimes replaced by 
sulphuric acid, so that we find gypsum in the form of 
calcite; other cases are known where the change is inverted 
and calcite is found in the form of gypsum. Mica, talc, 
steatite, hematite, are other min(3rals subject to these curious 
transmutations. Sometimes a crystal embedded in a matrix 
is entirely dissolved away, and a new mineral is subse- 
quently deposited in the cavity as in a mould. Quartz is 
thus found cast in many forms wholly unnatural to it. A 
still more perplexing case sometimes occurs. Calcium 
carbonate is capable of assuming two distinct forms of 
crystallisation, in which it bears respectively the names of 
calcite and arragonite. Now arragonite, while retaining its 
outward form unchanged, may undergo an internal mole- 
cular change into calcite, as indicated by the altered 
cleavage. Thus we may come across crystals apparently 
of arragonite, which seem to break all the laws of crystallo- 
graphy, by possessing the cleavage of a different system of 
crystallisation. 
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Some of the most invariable la'^s nature are disguised 
by interference of unlooked-for causes. While the baro- 
meter was yet a new and curious subject of investigation, 
its theory, as stated by Torricelli and Pascal, seemed to be 
contradicted by the fact that in a well-constmcted in- 
strument the mercury would often stand far above 31 inches 
ill height. Boyle showed^ that mercury could be made 
to stand as high as 75 indies in a perfectly cleansed tube, 
or about two and a lij^lf times as high •as could be due to 
the pressure of tlie atmos*phere. Many theories about 
the pressure of imaginary Iluids were in consequence put 
forth,^ and the subject was involved in much contlision 
until the adhesive or cohesive force between glass and 
mercury, when brought into perfect contact, was pointed 
out as the real interfering cause. It seems to jne, how- 
ever, that the phenomenon is not thoroughly understood 
as yet. 

Gay-Lussac observed that the temperature of boiling 
water wa.s very diilerent in some kinds of vessels from 
what it was in others. It is only when in contact with 
metallic surfaces or sharply broken edges that the tem- 
perature is fixed at 100'' C. The suspended b’cezing of 
liquids is another case where the action of a law of nature 
appears to be interrupted. Spheroidal ebullition was at 
first sight a most anomalous phenomenon ; it was almost 
incredible that water shoidd not boil in a rod-hot vessel, or 
that ice could actually be produced in a red-hot crucible. 
These paradoxical results are now fully exjdaiiied as due to 
the interposition of a non-conducting film of vapour between 
the globule of liquid and the sides of the vessel. The feats 
of conjurors who handle liquid metals are accounted for in 
the same manner. At one time the passive state of steel 
was regarded as entirely anomalous. It may be assumed 
as a general law that when pieces of electro-negative and 
electro-positive metal are placed in nitric acid, and made to 
touch each other, the electro-negative metal will undergo 
rapid solution. But when iron is the electro-negative and 
platinum the electro-positive, the solution of the iron 
entirely and abruptly ceases. Faraday ingeniously proved 

* Discourse to the lioyal Society, 28th May, 1684. 

^ Robert Hooke's Posthumous Works, p. 365. 
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that this effect is due to a thin film of oxide of iron, which 
forms upon the surface of the iron and protects it.^ 

The law of gravity is so simple, and disconnected from 
the other laws of nature, that it never suffers atny* disturb- 
ance, and « is in no way disguised, but by the complication 
of its own effects. It is other^^ise with those secondary 
laws of the planetary system which have only an ‘em- 
pirical basis. The fact that all the long known pla'Iiets 
and satellites have** a similar motioi\, from west to east is 
not necessitated by any principles of mechanics, but 
points to some common condition existing in the nebulous 
mass from which our system has been evolved. The 
retrograde motions of the satellites of Uranus constituted 
a distinct breach in this law of uniform direction, which 
became all the more interesting when the single satellite of 
Neptune was also found to be retrograde. It now became 
probable, as Haden Powell well observed, that the anomaly 
would cease to be singular, and become a case of another 
law, pointing to some general interference which has taken 
place on the bounds of the planetary system. Not only 
liave the satellites suffered from this perturbance, but 
Uranus is also anomalous in having an axis of rotation 
lying nearly in the ecliptic; and Neptune constitutes a 
partial exception to the empirical law of Bode concerning 
the distances of the planets, which circumstance may 
possibly be due to the same disturbance. 

Geology is a science in which accidental exceptions are 
likely to occur. Only when we find strata in their original 
relative positions can we surely infer that the order of 
succession is the order of time. But it not uncommonly 
happens that strata are inverted by the bending and 
doubling action of extreme pressure. Landslips may carry 
one body of rock into proximity with an unrelated series, 
and produce results' apparently inexplicable.^ Floods, 
streams, icebergs, and other casual agents, may lodge 
remains in places where they would be wholly unexpected. 
Though such interfering causes have been sometimes 
wrongly supposed to explain important discoveries, the 
geologist must bear the possibility of interference in mind. 

^ Experimented Researches in Electricity, vol. ii. pp. 240—245. 

® Murchison's Silurian System, vol. ii. p. 733, &c. 
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Scarcely more than a century ago was held that fossils 
were accidental productions of nature, mere forms into 
which minerals had been sliaped by no peculiar cause. 
Voltaire ’appears not to have accepted such an explanation ; 
but learing that the occurrence of fossil fishes oa the Alps 
would support the Mosai(j account* of the deluge, he did 
not 4iesitate to attribute them to the remains of fishes 
acckleiitally brought there by pilgrims. In archaudogical 
investigations the grejitest caution is requisite in allowing 
for secondary burials in ancient tombs and tumuli, for 
imitations, forgeries, casual coincidences, disturbancr> by 
subsequent races or by other archaeologists. In coAimon 
life extraordinary events will happen from time to time, 
as when a shepherdess in France was astonished at an iron 
chain falling out of the sky close to her, the fact being tlnit 
Gay-Lussac had thrown it out of Ids balloon, whicli vras 
passing over her head at the time. 

Novel and Unexplained Exceptions^ 

When a law of nature appears to fail because some other 
law has interfered with its action, two cases may present 
themselves; — the interfering law may be a known uiie, or 
it may have been ])roviously undetected. In the lirst case, 
which we have sufficiently considered in the preceding 
section, we have nothing to do but calculate as exactly as 
possible the amount of interference, and make allowance 
for it ; the apparent failure of the law under examination 
should then disappear. Put in tlie second case the results 
may be much more important. A phenomenon which 
cannot be explained by any known laws may indicate the 
interference of undiscovered natural forces. The ancients 
could not help perceiving that the general tendency of 
bodies downwards failed in the case of the loadstone, nor 
would the doctrine of essential lightness explain the excep- 
tion, since the substance drawn upwards by the loadstone 
is a heavy metal. We now see that there was no breach in 
the perfect generality of the law of gravity, but that a new 
form of energy manifested itself in the loadstone for the first 
time. 

Other sciences show us that laws of nature, rigorously 
true and exact, may be developed by those who are 
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ignorant of more complex phenomena involved in their 
apjdication. *'Ncw ton’s comprehension of geometrical optics 
was sufficient to explain all the ordinary refractions and 
reflections of light. The simple laws of the'' bending of 
rays apply to all rays, whatever the character of the 
undulations composing them.^ Newton suspected the 
existence of other classes of phenomena when he spoke of 
rays as having sides; but it remained for later ex|)eri~ 
mentalists to show that light, is a ^transverse undulation, 
like the bending of a rod or cord. 

Djilton’s atomic theory is doubtless true of all chemical 
compounds, and the essence of it is that the same com- 
pound will always be found to contain the same elements 
in the same definite proportions. Pure calcium carbonate 
contains 48 parts by weight of oxygen to 40 of calcium 
and 12 of carbon. But wlien careful analyses were made 
of a great many minerals, this law appeared to fail. What 
was unquestionably the same mineral, judging by its 
crystalline form and physical properties, would give varying 
proportions of its components, and would sometimes contain 
unusual elements which yet could not be set down as 
mere impurities. Dolomite, for instance, is a compound of 
the carbonates of magnesia and lime, but specimens from 
different places do not exhibit any fixed ratio between the 
lime and magnesia. Such facts could be reconciled with 
tlie laws of Dalton only by supposing the interference of a 
new law, that of Isomorphism. 

It is now established that certain elements are related to 
each other, so that they can, as it were, step into each other’s 
places without apparently altering the shapes of the crystals, 
which they constitute. The carbonates of iron, calcium, 
and magnesium, are nearly identical in their crystalline 
forms, hence they may crystallise together in harmony, 
producing mixed minerals of considerable complexity, 
which nevertheless perfectly verify the laws of equivalent 
proportions. This principle of isomorphism once esta- 
blished, not only explains what was formerly a stumbling- 
block, but gives valuable aid to chemists in deciding upon 
the constitution of new salts, since compounds of isomor- 
phous elements which have identical crystalline forms 
must possess corresponding chemical formulse. 

We may expect that from time to time extraordinary 
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phenomena will be discovered, and^will lead to new views 
pjof nature. The recent observation, for instance, tliat the 
resistance of a bar of selenmm to a current of electricity is 
afiFected*in»an extraordinary degre^ by rays of light falling 
upon the selenium, points to a new relation between light 
and electricity. The allotropic Changes which sulphur, 
selenium, and phosphorus undergo by an alteration in the 
amount of latent lieat which they contain, will probably 
lead at some future time to important inferences concerning 
the molecular constitution of solids and liquids. The 
curious substance ozone has perplexed many chemists, arid 
Andrews and Tait thought that it afforded evidence# ot the 
decomposition of oxygen by the electric discharge. The 
researches of Sir B. C. Brodie negative tliis notion, and afford 
evidence of the real constitution of the substance,^ wiiich 
still, however, remains exceptional in its properties and 
relations, and affords a hope of important discoveries in 
chemical theory. 


Limiting Excerptions, 

We pass to cases where exceptional phe omena are 
actually irreconcilable with a law of nature previously 
regarded as true. Error must now be allowed to have been 
committed, hut the error may be more or less extensive. 
It may happen that a law holding rigorously true of the 
facts actually under notice had been extended by generalisa- 
tion to other series of facts then unexaTnined. Subsequent 
investigation may show the falsity of this generalisation, 
and the result must be to limit the law for the future to 
those objects of which it is really true. Tlie contradiction 
to our previous opinions is partial and not total. 

Newton laid down as a result of experiment that every 
ray of homogeneous light has a definite refrangihility, which 
it preserves throughout its course until extinguished. This 
is one case of the general principle of undid atory movement, 
which Herschel stated under the title “ lYinciple of Forced 
Vibrations (p. 451), and as.serted to be absolutely without 
exception. But Herschel himself described in the Fhilo- 
sophical Transactions for 1845 a curious appearance in a 


Philosophical Tiamc^clions (1872), vol. clxii. No. 23. 
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solution of quinine ; Viewed by transmitted light the 
solution appeared colourless, but in certain aspects it exhi- 
bited a beautiful celestial blue ‘tint. Curiously enough the 
colour is seen only in the first portion of liquid Vhich the 
light enters. Similar phenomena in fluor-spar had been 
described by Brewster in 1838.^ Professor Stokes, having 
minutely investigated the phenornerm, discovered that they 
were more or less present in almost all vegetable infusions, 
and in a number of mineral substances. He came to the 
conclusion that this phenomenon, called by him Fluores- 
cence, could only he explained by an alteration in the 
refrarigibility of the rays of light; he asserts that light-rays 
of very short length of vibration in falling upon certain 
atoms excite undulations of greater length, in opposition to 
the principle of forced vibrations. No complete explana- 
tion of the mode of change is yet possible, because it depends 
upon the intimate constitution of the atoms of the sub- 
stances concerned ; but Professor Stokes believes that the 
principle of forced vibrations is true only so long as the 
excursions of an atom are very small compared with the 
magnitude of the complex molecules.^ 

It is well known that in Calorescence the refrangibility 
of rays is increased and the wave-length diminished. Eays 
of obscure heat and low refrangibility may be concentrated 
so as to heat a solid substance, and make it give out rays 
belonging to any part of the spectrum, and it seems pro- 
bable that this effect arises from the impact of distinct but 
conflicting atoms. JNor is it in light only that we discover 
limiting exceptions to the law of forced vibrations ; for if 
we notice gentle waves lapping upon the stones at the edge 
of a lake we shall see that each larger wave in breaking 
upon a stone gives rise to a series of smaller waves. Thus 
there is constantly in progress a degradation in the magni- 
tude of water-waves. The principle of forced vibrations 
seems then to be too generally stated by Herschel, but it 
must be a difficult question of mechanical theory to dis- 
criminate the circumstances in which it does and does not 
hold true. 

We sometimes foresee the possible existence of exceptions 
yet unknown by experience, and limit the statement of our 
discoveries accordingly. Extensive inquiries have shown 

' Philosophical Transactions (18152), vol. cxlii. pp. 465, 548, &c. 
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that all substances yet examined fAl into one of two classes ; 
they are all either ferro-magnetic, tliat is, magnetic in the 
same way as iron, or they^re diamagnetic like bismuth. 
But it daes«iiot follow that every substance must -be ferro- 
magnetic or diamagnetic. The lAagiietic properties a^’e 
shown by Sir W. Thomson ^ to depend upon tRe specific 
inductive capacities of th(f substance in three rectanguLar 
directions. If these inductive capacities are all positive, we 
have a ferro-magnetic substance ; if negative, a diamagnetic 
substance ; but if thb specific inductive capacity were 
positive in one direction and negative in the others, we 
should have an exception to previous experiencG| and 
could not place the substance under either of the present 
recognised classes. 

So many gases have been reduced to the liquid state, and 
so many solids fused, that scientific men ratliCr hastily 
adopted the generalisation that all substances could exist 
in all three states. A certain number of gases, such as 
oxygen, hydrogen, and nitrogen, have resisted all efforts to 
liquefy them, and it now seems probable from the experi- 
ments of Dr. Andrews that they are limiting exceptions. 
He finds that above 31'' C. carbonic acid cannot be liquefied 
by any pressure he could apply, whereas below this tem- 
perature liquefaction is always possible. By analogy it 
becomes probable that even hydrogen might be liquefied if 
cooled to a very low temperature. We must modify our 
previous views, and either assert that helow a certain critical 
temperature every gas may be liquefied, or else we must 
assume that a highly condensed gas is, when above the 
critical temperature, undistinguishable from a liquid. At 
the same time we have an explanation of a remarkable 
exception presented by liquid carbonic acid to the general 
rule that gases expand more by heat than liquids. Liquid 
carbonic acid was found by Thilorier in 1835 to expand 
more than four times as much as air ; but by the light of 
Andrews’ experiments we learn to regard the liquid as 
rather a highly condensed gas than an ordinary liquid, and 
it is actually possible to reduce the gas to the apparently 
liquid condition without any abrupt condensation.^ 

^ Philosophical Magazine, 4tL Seiies, vol. L p. 182. 

^ Maxwell, Theory of Heat, p, 123. 
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Limiting exceptioi^ c^cur most frequently in the natural 
sciences of Bptany, Zoology, Geology, &c., the laws of which 
are empirical. In innumerable instances the confident 
belief of one generatipn has been falsified by the wider 
observatipn of a succeeding one. Aristotle confidently 
lield that all swans ar6 white, ^ and the proposition seemed 
true until not a hundred years ago black swans were dis- 
covered in Western Australia. In zoology and physiology 
we may expect a fundamental identity to exist in the vital 
processes, but continual discoveries show that there is no 
limit to the apparently anomalous expedients by which 
life is reproduced. Alternate generation, fertilisation for 
several successive generations, hermaphroditism, are op- 
posed to all we should expect from induction founded 
upon the higher animals. But such phenomena are only 
limiting ^exceptions showing that what is true of one 
class is not true of another. In certain of the cephal- 
opoda we meet the extraordinary fact that an arm of the 
male is cast off and lives independently until it encounters 
the female. 


Real Exceptions to Supposed Laws, 

The exceptions which we have lastly to consider are 
tlie most important of all, since they lead to the entire 
rejection of a law or theory before accepted. No law of 
nature can fail ; there are no such things as real excep- 
tions to real laws. Where contradiction exists it must be 
in the mind of the experimentalist. Either the law is 
imaginary or the phenomena which conflict with it ; if, 
then, by our senses we satisfy ourselves of the actual 
occurrence of the phenomena, the law must be rejected 
as illusory. The followers of Aristotle held that nature 
abhors a vacuum, and thus accounted for the rise of water 
ill a pump. When Torricelli pointed out the visible fact 
that water would not rise more than 33 feet in a pump, 
nor mercury mor^ than about 30 inches in a glass tube, 
they attempted to represent these facts as limiting excep- 
tions, saying that nature abhorred a vacuum to a certain 
extent and no further. But the Academicians del Cimento 


^ Prim Arujuytics, ii. 2 , 8, aiid elsewhere 



EXCEPTIONAL PHENOMENA. 


«67 


XXIX.] 

completed their discomfiture by s^ioiving that if we remove 
the pressure of the surrounding air, and in. proportion as 
we remove it, nature’s feelings of ahliorrence decrease and 
finally Sisflppcar altogether. Even Aristotelian ‘doctrines 
could not stand such direct coiitrauiction. ^ 

Lavoisier’s ideas concerning tlfe constitution of acids 
received complete refutation. He named oxygen the acid 
gemratoT, because he believed that all acids were com- 
pounds of oxygen, generalisation teased on insufficient 
data. Berthollet, as early as 1789, proved by analysis that 
hydrogen sulphide and prussic acid, both clearly acting 
the part of acids, were devoid of oxygen ; the formeit might 
perhaps have been interpreted as a limiting exception, but 
when so powerful an acid as hydrogen chloride (muriatic 
acid) was found to contain no oxygen the theory had to be 
relinquished. Berzelius’ theory of the dual formation of 
chemical compounds met a similar fate. 

It is obvious that all conclusive experimcnta critcis con- 
stitute real exceptions to the supposed laws of the theory 
which is overthrown. Newton’s corpuscular theory of light 
was not rejected on account of its absurdity or incon- 
ceivability, for in these respects it is, as we h; ve seen, far 
superior to the undulatory theory. It was rejected because 
certain small fringes of colour did not appear in the exact 
place and of the exact size in which calculation showed 
that they ought to appear according to the theory (pp. 5 16- 
521). One single fact clearly irreconcilable with a theory 
involves its rejection. In the greater number of cases, 
what appears to be a fatal exce[)tion may be afterwards 
explained away as a singular or disguised result of the 
laws with which it seems to conflict, or as due to the inter- 
ference of extraneous causes ; but if we fail thus to reduce 
the fact to congruity, it remains more powerful than any 
theories or any dogmas. 

Of late years not a few of the favourite doctrines of 
geologists have been rudely destroyed. It was the general 
belief that human remains were to be found only in those 
deposits which are actually in progress at the present day, 
so that the creation of man appeared to have taken place 
in this geological age. The discovery of a single worked 
flint in older strata and in connexion with the remains of 
extinct mammals was sufficient to explode such a doctrine. 



6Q8 


THE PRINCIPLES OF SCIENCE. 


[chap. 


Similarly, tlie opinion^ d. geologists have been altered by 
the discovery of the Eozoon in the Laurentian rocks of 
Canada ; it was previously heM that no remains of life 
occurred ‘in any older strata than those of the Cambrian 
system. As the exanknation of the strata of the globe 
becomes more complete, our views of the origin and suc- 
cession of life upon tlie globe mlist undergo many changes. 

'Unclassed ExceptiQUS, 

At every period of scientific progress there will exist a 
multifmde of unexplained* phenomena which we know not 
how to regard. They are the outstanding facts upon 
which tlie labours of investigators must be exerted, — the 
ore from which the gold of future discovery is to be ex- 
tracted. It might be thought that, as our knowledge of 
the laws of nature increases, the number of such exceptions 
should decrease ; but, on the conti*ary, the more we know 
the more there is yet to explain. This arises from several 
reasons ; in the first place, the principal laws and forces in 
nature are numerous, so that he who bears in mind the 
wonderfully large numbers developed in the doctrine of 
combinations, will anticipate the existence of immensely 
numerous relations of one law to another. When we are 
once in possession of a law, we are potentially in possession 
of all its consequences ; but it does not follow that the 
mind of man, so limited in its powers and capacities, can 
actually work them all out in detail. Just as the aberra- 
tion of light was discovered empirically, though it should 
have been foreseen, so there are multitudes of unexplained 
facts, the connexion of which with laws of nature already 
known to us, we should perceive, were we not hindered by 
the imperfection of our deductive powers. But, in the 
second place, as will be more fully pointed out, it is not to 
be supposed that we have approximated to an exhaustive 
knowledge of nature's powers. The most familiar facts 
may teem with indications of forces, now secrets hidden 
from us, because we have not mind-directed eyes to 
discriminate them. The progress of science will consist 
in the discovery from time to time of new exceptional 
phenomena, and their assignment by degrees to one or 
other of the heads already described. When a new fact 
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proves to be merely a false, appJtrejit; singular, divergent, 
or accidental exception, we gain a more minute and ac- 
curate acquaintance with the effects of laws already known 
to exist,* We have indeed no addition to what* was im- 
plicitly in our possession, but tlfere is much ^difference 
between knowing the laws of nafure and perceiving all 
their complicated effects. ‘Should a new fact prove to be a 
limiting or real exception, we have to alter, in part or in 
wliole, our views of nature, and are saved from errors into 
which we had fallen. LaJitly, the new fact may come 
under the sixth class, and may eventually prove to be a 
novel phenomenon, indicating the existence of ne\^ laws 
and forces, complicating but not otlierwise interfering with 
the effects of laws and forces previously known. 

The best instance which I can find of an unresolved 
exceptional phenomenon, consists in the anomalous vapour- 
densities of phosphorus, arsenic, mercury, and cadmium. 
It is one of the most important laws of chemistry, dis- 
covered by Gay-Lussac, that equal volumes of gases exactly 
conespond to equivalent weights of the substances. Never- 
theless phosphorus and arsenic give vapours exactly twice 
as dense as they should do by analogy, and in >rcury and 
cadmium diverge in the other direction, giving vapours 
half as dense as we sliould expect. We cannot treat these 
anomalies as limiting exceptions, and say that the law 
holds true of substances generally but not of these ; for 
the properties of gases (p. 6oi), usually admit of the 
widest generalisations. Besides, the preciseness of the 
ratio of divergence points to the real observance of the law 
in a modified manner. We might endeavour to reduce the 
exceptions by doubling the atomic weiglits of phovsphorus 
and arsenic, and halving those of mercury and cadmium. 
But this step has been maturely considered by chemists, 
and is found to conflict with all the other analogies of the 
substances and with tlie principle of isomorphism. One 
of the most probable explanations is, that phosphorus and 
arsenic produce vapour in an allotropic condition, which 
might perhaps by intense heat be resolved into a simpler 
gas of half the density ; but facts are wanting to support 
this hypothesis, and it cannot be applied to the other two 
exceptions without supposing that gases and vapours 
generally are capable of resolution into something simpler. 
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In short, chemists can at present make nothing of these 
anomalies. As Hofmann says, “ Their philosophical inter- 
pretation belongs to the future * . . . They may turn out to 
he typica'l facts, round which many others of tlic like "kind 
may come hereafter to Ife grouped ; and they may prove to * 
be allied with special properties, or dependent on particular 
conditions as yet unsuspected.” 

It would be easy to point out a great number of o/^^her 
unexplained anomalies. Physicists assert, as an absolutely 
universal law, that in liquefaction heat is absorbed;'^ 
yet sulphur is at least an apparent exception. The tu^o 
substances, sulphur and selenium, are, in fact, very ano- 
malous in their relations to heat. Sulphur may be said 
to have two melting points, for, though liquid like water 
at 120° C., it becomes quite thick and tenacious between 
221° and ^ 49 °, and melts again at a higher temperature. 
Both sulphur and selenium may be thrown into several 
curious states, which chemists conveniently dispose of by 
calling them allotropicy a term freely used when they are 
puzzled to know what has happened. The chemical and 
physical liistory of iron, again, is full of anomalies ; not 
only does it undergo inexplicable changes of hardness and 
texture in its alloys with carbon and other elements, but 
it is almost the only substance which conveys sound with 
greater velocity at a higher than at a lower temperature, 
the velocity increasing from 2o° to icx:>° C., and then de- 
creasing. Silver also is anomalous in regard to sound. 
These are instances of inexplicable exceptions, the bearing 
of which must be ascertained in the future progress of 
science. 

When the discovery of new and peculiar phenomena 
conflicting witii our theories of the constitution of nature 
is reported to us, it becomes no easy task to steer a philo- 
sophically correct course between credulity and scepticism. 
We are not to assume, on the one hand, that there is any 
limit to the wonders which nature can present to us. 
Nothing except the contradictory is really impossible, and 
many things which we now regard as common-place were 
considered as little short of the miraculous when first 

* ^Introduction to Chemistry ^ p. 198. 

2 Stewort^s Elementary Treatise on HecUy p. 8a 
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perceived. The electric telegi*aph\ was* a visionary dream 
among mediseval physicists ; ^ it has^liardly yet ceased to 
excite oiir wonder; to onf descendants centuries hence 
it wiW ftrokably appear inferior in ingenuity to some 
inventions which they will posses*. Now ever^ strange 
phenomenon may he a secret spiing wliich, if rightly 
touched, will open tlie door* to new chambers in tlie palace 
of nt^ure. To refuse to believe in tlie occurrence of any- 
thing strange would be to neglect the iiiQst precious chances 
of discovery. We may* say With Hooke, that the believing 
strange things possible may perhaps be an occasion of taking 
notice of such things as another would pass by wiiiiout 
regard as useless.’* We are not, therefore, to shut our ears 
even to such apparently absurd stories as those concerning 
second-sight, clairvoyance, animal magnetism, ode force, 
table-turning, or any of the popular delusions wj^ich from 
time to time are current. The facts recorded concerning 
these matters are facts in some sense or otliei', and they 
demand explanation, either as new natural phenomena, or 
as the results of credulity and imposture. Most of the 
supposed phenomena referred to have been, or by careful 
investigation would doubtless be, referred to the latter 
head, and the absence of scientific ability in many of 
those who describe them is sufficient to cast a doubt upon 
their value. 

It is to be remembered that according to the principle 
of the inverse method of probability, the probability 
of any hypothetical explanation is affected by the pro- 
bability of each other possible explanation. If no other 
reasonable explanation could be suggested, we should be 
forced to look upon spiritualist manifestations as indicating 
mysterious causes. But as soon as it is shown that fraud 
has been committed in several important cfises, and that in 
other cases persons in a credulous and excited state of mind 
have deceived themselves, the probability becomes very con- 
siderable that similar explanations may apply to most like 
manifestations. The performances of conjurors sufficiently 
prove that it requires no very great skill to perform tricks 
the modus operandi of which shall entirely escape the 

* Jevons, Proceedings of the Munchester Literary and Philosophical 
Society^ 6th March, 1877, vol, xvi. p. 164. See also Mr. W. E. 
A. Axon’s note on the same subject, ibid. p. 166. 
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notice of spectators. It is on these grounds of proba- 
bility that ype should reject the so-called spiritualist 
stories, and not simply becau'se they are strange. 

Certai5aly in the obscure pheuomena of mifid, ‘those 
relating to memory, dreams, somnambulism, and other 
peculiar states of the nervous system, there are many 
inexplicable and almost incredible facts, and it is equally 
unphilosophical to believe or to disbelieve without slear 
evidence. There ,are many facts, too, concerning the 
instincts of animals, and the* mode in which they find 
their way from place to place, which are at present quite 
inexplicable. No doubt there are many strange things 
not dreamt of in our philosophy, but this is no reason 
why we should believe in every strange thing which is 
reported to have happened. 



CftAPTER XXX. 

CLASSIFIGATFON. 

The extensive subject of Classification has been deferred 
to a late part of this treatise, because it involves questions 
of difficulty, and did not seem naturally to fall into an 
earlier place. But it must not be supposed that, in now 
formally taking up the subject, we are for the first time 
entertaining the notion of classification. All logical in- 
ference involves classification, which is indeed the necessary 
accompaniment of the action of judgment. It is impossible 
to detect similarity between objects without tin .'el)y joining 
them together in thought, and forming an incipiemt class. 
Nor can we bestow a common name upon oljects without 
implying the existence of a class. Every (common name is 
the name of a class, and every name of a class is a common 
name. It is evident also that to speak of a general notion 
or concept is but another way of speaking of a class. Usage 
leads us to employ the word classification in some cases 
and not in others. We are said to form the fjeneral notion 
parallelogram wh(m we regard an infinite number of possible 
four-sided rectilinear figures as resembling each other in 
the common property of possessing parallel sides. Wc 
should be said to form a class, Trilobite, wlien we placij 
together in a museum a number of specimens resembling 
each other in certain defined characters. But the logical 
nature of the operation is the same in both cases. We 
form a elevss of figures called parallelograms ami we ibrm 
a general notion of trilobites. 

Science, it was said at the outset, is the detection of 
identiiy, and classification is the placing together, either in 

X ^ 
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thought or in actual proximity of space, those objects be- 
tween which identity has been detected. Accordingly, the 
value of classification is co-ex tensive with the value of 
science and general reasoning. Whenever we form a class 
we reduce multiplicity to unity, and detect, as Plato said, 
the one in the many. ' The result of such classification is 
to yield generalised knowledge, as distinguished froiA the 
direct and sensuous knowledge of particular facts. Of 
every class, so far ^as it is correctly formed, the principle 
of substitution is true, and whatever we know of one object 
in a class we know of the other objects, so far as identity 
has been detected between them. The facilitation and 
abbreviation of mental labour is at the bottom of all mental 
progress. The reasoning faculties of Newton were not 
different in nature from those of a ploughman; the dif- 
ference lay ill the extent to which they were exerted, and 
the number of facts which could be treated. Every think- 
ing being generalises more or less, but it is the depth and 
extent of his generalisations which distinguish the philo- 
sopher, Now it is the exertion of the classifying and 
generalising powers which enables the intellect of man to 
cope in some degree with the infinite number of natural 
phenomena. In the chapters upon combinations and 
permutations it was made evident, that from a few element- 
ary differences immense numbers of combinations can be 
produced. The process of classification enables us to resolve 
these combinations, and refer each one to its place according 
to one or other of the elementary circumstances out of which 
it was produced. We restore nature to the simple condi- 
tions out of which its endless variety was developed. As 
Professor Bowen has said,^ “ The first necessity which is 
imposed upon us by the constitution of the mind itself, is 
to break up the infinite wealth of Nature into groups and 
classes of things, with reference to their resemblances and 
affinities, and thus to enlarge the grasp of our mental 
faculties, even at the expense of sacrificing the minuteness 
of information which can be acquired only by studying 
objects in detail. The first efforts in the pursuit of know- 
ledge, then, must be directed to the business of classification. 

^ A Treatise on Logic, or, the Laws of Pure Thought, by Francis 
Bowen, ft-ofessor of Morcil Philosophy in Harvard - College, Cam- 
bridge, United States, i866, p. 3tJ. 
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Perhaps it will be found in the sec|ueX that classification 
is not only the beginning, but the culminatioif and the end, 
of hujnaii knowledge.” 


Clansification Involving, Induction. 

• 

The purpose of classification is the detection of the laws 
of nature. However much the process may in some cases 
be disguised, classificsition ^is not really distinct trom the 
process of perfect induction, whereby we endeavour to 
ascertain the connexions existing between properties, of the 
objects ipider treatment. There can be no use in placing 
an object in a class unless something more than the fact 
of being in the class is implied. If we arbitrarily formed 
*a class of metals and placed therein a selection^ from the 
list of known metals made by ballot, we should liave no 
reason to expect that the metals in question would resemble 
each other in any ]H)ints except that they are metals, and 
have been selected by the ballot. But when chemists 
select from the list the five metals, potassium, sodium, 
caesium, rubidium, and lithium and call them the Alkaline 
metals, a great deal is implied in this classification. On 
comparing the qualities of these substances they ar(^ all 
found to combine very energetically with oxygen, to decom- 
pose water at all temperatures, and to form strongly basic 
oxides, which are higlily soluble in water, yielding power- 
fully caustic and alkaline hydrates from which water cannot 
be expelled by heat. Their carbonates arc also soluble in 
water, and each metal forms only one chloride. It may also 
be expected that each salt of one of the metals will correspond 
to a salt of each other metal, there being a general analogy 
between the compounds of these metals and their properties. 

Now in forming this class of alkaline metals, we have 
done more than merely select a convenient order of 
statement. AVe have arrived at a discovery of certain 
empirical laws of nature, the probability being very con- 
siderable that a metal which exhibits some of the properties 
of alkaline metals will also possess the others. If we 
discovered another metal whose carbonate was soluble in 
water, and which energetically combined with water at all 
temperatures, producing a strongly basic oxide, we should 
infer that it would form only a single chloride, and that 

X X 2 
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generally speaking, would enter into a series of com- 
pounds corrasponding to the salts of the other allcaline 
metals. The formation of this class of alkaline metals 
then, is no mere matter of convenience; it is an important 
and successful act of inductive discovery, enabling us to 
register many undoubted propositions as results of perfect 
induction, and to make a great number of inferurices 
depending upon the principles of imperfect induction 

An excellent instance as to what classification can do, is 
found in Mr. Lockyer’s researches on the sun.^ Wanting 
some guide as to what more elements to look for in the 
sun’s" photosphere, he prepared a classification of the ele- 
ments according as they had or had not been traced in 
the sun, together with a detailed statement of tlm chief 
chemical^ characters of each element. He was then able 
to observe that the elements found in the sun were for the 
most part those iorming stable compounds with oxygen. 
He then inferred that other elements forming stable 
oxides would probably exist in the sun, and he was 
rewarded by the discovery of five such metals. Here 
we have empirical and tentative classification leading to 
the detection of the correlation between existence in the 
sun, and the power of forming stable oxides and then 
leading by imperfect induction to the discovery of more 
coincidences between these properties. 

Professor Huxley has detined the process of classifica- 
tion in the following terms.^ “ By the classification of any 
series of objects, is meant the actual or ideal arrangement 
together of those which are like and the separation of 
those which are unlike ; the purpose of this arrangement 
being to facilitate the operations of the mind in clearly 
conceiving and retaining in the memory the characters of 
the objects in question.” 

This statement is doubtless correct, so far as it goes, but it 
does not include all that Professor Huxley himself implicitly 
treats under classification. He is fully aware that deep 
correlations, or in other terms deep uniformities or laws of 
nature, will be disclosed by any well chosen and profound 
system of classification. I should therefore propose to 

^ Proceedings of the Eoyal Society, November, 1873, ^<^ 1 * xxl p. Si2* 

^ Le^ctures on the Elements of Comparaiive Anatomy, 1864, p. i. 
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modify the above statement, as follbw^:— “By the classifica- 
tion of any series of objects, is meant the a^-tual or ideal 
aiTangemeiit together of those which are like and the separa- 
tion (Tf tfloac which are unlike, thejuirpose of thi^ a rrange- 
ment being, primarily, to disclose t ne correlation^ or laws of 
union of properties and circumstanSes, and, secondarily, to 
facilitate the operations of the iniiul in clearly conceiving 
and retaining in the memory the characters of the objects 
in question.'' 

MultiqMcity of Modes of Classification. 

In approaching the question how any given .group 
of objects may be best classified, let it be remarked that 
•there niiist generally be an unlimited number of modes 
of classifying a group of objects. Misled, as we* shall see, 
by tlie problem of classification in the natural sciences, 
philosopliers seem to think that in each subject there 
must be one essentially natural system of classification 
which is to be selected, to the exclusion of all others. 
This erroneous notion probably arises also in part from the 
limited powers of thought and tbe inconvenient mechani- 
cal conditions under wliicli we labour. If we arrange the 
books in a library catalogue, we must arrange them in 
some one order; if we compose a treatise on mineralogy, 
the minerals must be successively described in some one 
arrangement ; if we treat such simjile things as geometrical 
figures, they must be taken in some fixed order. We shall 
naturally select that arrangement which appears to be most 
convenient and instructive for our principal purpose. But 
it does not follow that this method of arrangement possesses 
# any exclusive excellence, and there will be usually many 
other possible arrangements, each valuable in its own way. 
A perfect intellect wnuld not confine itself to one order of 
thought, but would simultaneously regard a group of 
objects as classified in all the ways of which they are 
capable. Thus the elements may be classified according 
to their atomicity into the groups of monads, dyads, triads, 
tetrads, pentads, and hexads, and this is probably the most 
instructive classification ; but it does not prevent us from 
also classifying them according as they are metallic or non- 
metallic. solid liouid or raseous at ordinary temperatures, 
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useful or useless, p.bunflant or scarce, lerro- magnetic or 
diamagnetic, and so o/i. 

Mineralogists have spent a great deal of labour in trying 
to discover the supposed natural system of clas^fiGation for 
minerals. They have cVnstantly encountered the difficulty 
that the chemical composition does not run together with 
the crystallographic ibrm, and' the various physical .pro 
perties of the mineral. Substances identical in the forms 
of their crystals, especially those belonging to the first or 
cubical system of crystals, are often found to have no 
resemblance in chemical composition. The same sub' 
stance, again, is occasionally found crystallised in two 
essentially different crystallographic forms ; calcium car- 
bonate, for instance, appearing as calc-spar and arriigonite. 
The simple truth is that if we are unable to discover any, 
correspondence, or, as we may call it, any correlation between 
the properties of minerals, we cannot make any one arrange- 
ment which will enable us to treat all these properties in a 
single system of classification. We must classify minerals 
in as many different ways as there are different groups of 
unrelated properties of sufficient importance. Even if, for 
the purpose of describing minerals successively in a treatise, 
we select one chief system, that, for instance, having regard 
to chemical composition, we ought mentally to regard the 
minerals as classified in all other useful modes. 

Exactly the same may be said of the classification of 
plants. An immense number of different modes of classi- 
fying plants have been proposed at one time or other, an 
exhaustive account of which will be found in the article on 
classification in Rees’ “ Cyclopaedia, ” or in the introduc- 
tion to Lindley’s Vegetable Kingdom.” There have been 
the Fructists, such as Ca^salpinus, Morison, Hermann, 
Boerhaave or Gaertner, who arranged plants according to 
the form of the fruit. The Corollists, Rivinus, Ludwig, 
and Tournefort, paid attention chiefly to the number and 
arrangement of the parts of the corolla. Magnol selected 
the calyx as the critical part, while Sauvage arranged plants 
according to their leaves ; nor are these instances more than 
a small selection from the actual variety of modes of classi- 
fication which have been tried. Of such attempts it may 
be said that every system will probably yield some infor- 
mation concerning the relations of plants and it is only 
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after trying many inodes that it is possible to approximate 
to the best. * 

^Ndtuml and Artificial System.^ of ClassificaHon. 

• 

It has been usual to distinguisk systems of'classifica- 
tioii, as natural and aiiifKiial, those being called natural 
which seemed to express the order of existing things as 
detefminetl by nature. Artilicial methods of classilication, 
on the other hand, ilicluckd those formed for the mere 
convenience of men in remembering or treating natural 
objects. . 

The dilTerence, as it is commonly regarded, has been well 
described by Am})6re,^ as follows: “We can distinguish 
,two kinds of classilications, the natural and the artificial. 
In the latter kind, some characters, arbitrarily chosen, 
serve to determine the place of each object; we abstract 
all other characters, and the objects Jire thus Ibund to be 
brought n^ar to or to be separated from t'ach otluu*, often 
in the most bizarre manner. In natural systems of classic 
ficatioii, on the contrary, we employ concurrently all the 
characters essential to the objects with which we are 
occupied, discussing the importance of each of them ; and 
the results of this labour are not adopted unless ihe 
objects which present the closest analogy are brought 
most near together, and the groups of the several orders 
which are formed fi*om them are also a])proximated in pro- 
yiortion as they offer more similar characters. In this way 
it arises that there is always a kind of connexion, more or 
less marked, between each group and the group wliich 
follows it.” 

Tliere is much, however, that is vague and logically 
false in this and other definitions whicli liave been pro- 
posed by naturalists to express their notion of a natural 
system. We are not informed how the iuiportancc of a 
resemblance is to be determined, nor what is the measure 
of tlie closeness of analogy. Until all the words employed 
in a definition are made clear in meaning, the definition 
itseK is worse than useless. Now if the views concerning 
classification here upheld are true, there can be no sharp 


* Essai iur la FkiloMiiuli ic des Sciences^ p. 9. 
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and precise distinction between natural and artificial 
systems. AH arrangements \^hicli serve any purpose at 
all iiiust.be more or less natural, because, if closely epough 
scrutinised, they will’^ involve more resemblances than 
those whereby the cla^ was defined. 

It is true that in the biological sciences there would be 
one arrangement of plants or animals which would be 
conspicuously instructive, and in a certain sense natural, 
if it could be attaihed, and it js that after which natural- 
ists have been in reality striving for nearly two centuries, 
namely, that arrangement which would display the genea- 
logical descent of every form from the original life germ. 
Those morphological resemblances upon which the classi- 
fication of living beings is almost always based are in- 
herited resemblances, and it is evident tliat descendant^' 
will usually resemble theii* parents and each other in a 
great many points. 

I have said that a natural is distinguished from an 
arbitrary or artificial system only in degree. It will be 
found almost impossible to arrange objects according to 
any circumstance without finding that some correlation of 
other circumstances is thus made apparent. No arrangement 
could seem more arbitrary than the common alphabetical 
arrangement according to the initial letter of the name. 
But we cannot scrutinise a list of names of persons without 
noticing a predominance of Evans’s and Jones’s, under the 
letters E and J, and of names beginning with Mac under 
the letter M. The j)redominance is so great that we could 
not attribute it to chance, and inquiry would of course 
show that it arose from important facts concerning the 
nationality of the persons. It would appear that the 
Evans’s and Jones’s were of Welsh descent, and those 
whose names bear the prefix Mac of Keltic descent. 
With the nationality would be more or less strictly 
correlated many , peculiarities of physical constitution, 
language, habits, or mental character. In other cases I 
have been interested in noticing the empirical inferences 
which are displayed in the most arbitrary arrangements.. 
If a large register of the names of ships be examined it 
will often be found that a number of ships bearing the same 
naB^e were built about the same time, a correlation due to 
the occurrence of some striking incident shortly previous 
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to tlie Imilding of the sliips. Tlie |Lgc of ships or other 
structures is usually correlated with tlieir general form, 
nature o^iuaterials, &c, so that ships of the same lyime will 
often resemtde each other in many j;)oinls. 

It is impossible to examine the ^details of some of the 
so-called ariiticial systems of classification of plants, 
without {iiiding that many of the classes are natural in 
character. Thus in Tournefort’s arrangement, depending 
almost entirely on the forijiation of ttie corolla, we tind 
the natural orders of the Lahiatae, Cruciferae, Kosaceae, 
Umbelli ferae, Lilifieeie, and Papilionaceie, recognised iii his 
4th, 5th, 6th, 7th, 9th, and loth classes. Many dl the 
classes in Linnaeus’ celebrated sexual systcun also approxi- 
mate to natural classes. 

Correlation of Properties. 

Habits and usages of language are apt to lead us into 
tlie eiTt)!* of imagiiiLiig that when we employ different 
woids we always mean different things. In introducing the 
subject of classificittiou nominally 1 was careful to draw 
the readet’:. atlenlion to the fact that all reason ’ng and all 
operations of scientific method really involve classitication, 
though we are accustomed to use the name in some cases 
and not in others. Tlui name correlation requires to be 
used with tlie same qualilication. Things are correlated 
(con, relata) when they are so related or bound to each 
other that where one is the other is, and 'where one is not the 
other is not. Throughout this work we have then been 
dealing with correlations. In geometry the occurrence 
of three equal angles in a triangle is correlated with the 
existence of three equal sides ; in physics gravity is corre- 
lated with inertia ; iu botany exogenous growth is correlated 
with the possession of two cotyledons, or the production 
of flowers with that of spiral vessels. .Wherever a propo- 
sition of the form A = B is true there correlation exists. 
But it is in the classificatory sciences especially that 
the word correlation has been employed. 

We find it stated that iu the class Mammalia the 
possession of two occipital condyles, with a well-ossified 
basi-occipital, is coiTelated with the possession of man- 
dibles, each ramus of which is composed of a single piece 
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of bone, articulated with the squamosal element of the 
skull, and also with the jjossossion of rnammse and non- 
nucleated reel blood-corpuscles/’ Professor Huxley remarks ^ 
that this statement of the character of the claso ifiaiifmalia 
is something more than an arbitrary definition ; it is a 
statement* of a law of correlation or co-existence of animal 
structures, from which most 'important conclusions are 
deducible. It involves a generalisation to the effect,, that 
in nature the strjictures mentioned are always found 
associated together. This afnounts to saying that tlie 
formation of the class mammalia involves an act of induc- 
tive discovery, and results in the establishment of certain 
empirical laws of nature. Professor Huxley has excellently 
expressed the mode in which discoveries of this kind enable 
naturalists to make deductions or predictions with con-© 
siderable confidence, but he has also pointed out that such 
inferences are likely from time to time to prove mistaken. 
I will quote his own words : 

If a fragmentary fossil be discovered, consisting of no 
more than a ramus of a mandible, and that ])art of the 
skull with which it articulated, a knowledge of this law 
may enable the paheontologist to affirm, with great con- 
fidence, that the animal of which it formed a part 
suckled its young, and had non-nucleated red blood-cor- 
puscles ; and to ])redict that should the back ]mrt of that 
skull be discovered, it will exhibit two occipital condyles 
and a well- ossified basi-occipital bone. 

“ Deductions of this kind, such as that made by Cuvier 
in the famous case of the fossil opossum of Montmartre, 
have often been verified, and are w^ell calculated to im- 
press the vulgar imagination ; so that they have taken 
rank as the triumphs of the anatomist. 13ut it should 
carefully be borne in mind, that, like all merely empirical 
laws, which rest upon a comparatively narrow observa- 
tional basis, the reasoning from them may at any time 
break down. If Cuvier, for example, had had to do with a 
fossil Thylacinus instead of a fossil Opossum, he would 
not Iiave found the marsupial bones, though the inflected 
angle of the jaw would have been obvious enough. And 

‘ Lectures on the KlemenU of Comparative Anatomy ^ and on the 
Clas$iJicatio 7 i of AniinaUj *864, p. 3. 
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SO, though, practically, any one wVo met with a character- 
istically mammalian jaw would be ^'ustified in expecting 
to find the characteristically mammalian occiput asso- 
ciated witl^it; yet, he would be a bold man indcMHl, wIkj 
should strictly assert the belief wiich is implied in this 
expectation, viz., that at no period * 0 ! the world’s history 
did ^inimals exist which .combined a mammalian occiput 
with a reptilian jaw, or rice versdy 

One of the most distinct and remarkable instances of 
correlation in the anhnal world is that which occurs in 
ruminating animals, and which could not be better stated 
than in the following extract from the classical w(>!k of 
Cuvier:^ 

“I doubt if any one would have divined, if untaught 
^by observation, that all ruminants have the foot (deft, 
and that they alone have it. 1 doubt if any due would 
have divined that there are frontal horns only in this 
class : that those among them which have sharp (canines 
for the most part luck horns. 

'' However, since these relations are constant, th(3y must 
have some sufficient cause ; but since we are ignorant oi' 
it, we must make good the defect of the theorv^ by means 
of observaiiori : it enables us to establish empijical laws 
which become almost as certain as rational laws when 
they rest on sufficiently repeated observations ; so that 
now whoso sees merely the ])rint of a cleft foot may con- 
clude that tlie animal which h^ft this impressioji rumi- 
nated, and this conclusion is as certain as any other in 
physics or morals. This footprint alone then, yitdds, to 
him wdio observes it, the form of the teeth, the form of 
the jaws, the form of the vertebrai, the form of all tlie 
bones of the legs, of the thighs, of the shoulders, and of 
the pelvis of the animal which has passed by : it is a 
surer mark than all tliose of Zadig.” 

We meet with a good instance of the purely empirical 
correlation of circumstances when we classify the planets 
according to tlieir densities and periods of axial rotation. 
If we examine a table specifying the usual astronomical 
elements of the solar system, we find that four planets 

^ Osseuten# Fom/e«, 4th edit, vol. i. p, 164. Quoted by Huxley, 
Lectures, &c., p. 5. 

Chambers, Descriptive Astronomy, ist edit. p. 23. 
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resemble each othdr ^v^ry closely in the period of axial 
rotation, anddhe same four planets are all found to have 
high densities, thus : — 


Name of 

f Period of Axial 

0 

Planet. 

notation. 

Density. 

Mercury • . 

. 1 24 hours 5 minutes 

. . . 7*94 

Venus .... 

■ 23 „ (21 

• • • 5*33 

Earth .... 

23 ,, 56 

• • . 5 * 6 / 

Mars .... 

• 24 „ 37 „ 

. . . 5*84 

A similar tabid 
follows : — 

for the 9 ther , larger 

planets, is 


^Tupiter 9 hour.*^ 55 miniitofl . . . 1*36 

Saturn 10 „ 29 „ ... 74 

Uranus 9 3 o „ • • ‘97 

Neptune .... — „ — . . ro2 

It will. be observed that in neither group is the equality 
of the rotational period or the density more than rudely 
approximate; nevertheless the diflerence of the numbers in 
the first and second group is so very well marked, the 
periods of the first being at least double and the densities 
four or five times those of the second, that the coincidence 
cannot be attributed to accident. The reader will also 
notice that the first group consists of the planets nearest 
to the sun; that with the expeption of the earth none of 
them possess satellites; and that they are all comparatively 
small. The second group are furthest from the sun, and 
all of them possess several satellites, and are comparatively 
great. Therefore, with but slight exceptions, the following 
correlations hold true : — 


Interior planets. Long period. Small size. High Density. No satellites- 

Exterior ,, Short „ Great „ Low „ Many „ 

These coincidences point with much probabilty to a 
difference in the origin of the two groups, but no further 
explanation of the matter is yet possible. 

The classification of comets according to their periods 
by Mr. Hind and Mr. A. S. Davies, tends to establish the 
conclusion that distinct groups of comets have been 
brought into the solar system by the attractive powers of 
Jupiter, Uranus, or other planets.^ The classification of 
nebulai as commenced by the two Herschels, and continued 

* Fhilosophical Magazine^ 4tli Series, vol. xxxix. p. 396 ; vol xL 
p. 183 ; vol. xli. p. 44. See also Proctor, Popular Science Eeview, 
October 1874, !>• 350. 
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by Lord Eosse, Mr. Huggins, and 'gthere, wUl probably lead 
at some future time to the discovery^f important empirical 
laws concerning the consthiution of the universe. The 
minute -lexjmiiiation and classifiC|ation of metoorites, as 
carried on by Mr. Sorby and others, seems likely to afford 
us, an insight into the formation of the heavenly *bodies. 

MJe should never fail totemember the slightest and most 
inexplicable correlations, for tliey may prove of importance 
in trie future. Discoveries begin when we are least ex- 
pecting them. It is significant fact, for instance, that 
the greater number of variable stars are ol a reddish 
colour. Not all variable stars are red, nor all red stars 
variable ; but considering that only a small fraction of the 
observed stars are known to be variable, and only a small 
fraction are red, the number which iall into both classes is 
too great to be accidental.^ It is also remarkable that the 
greater number of stars posse.ssing great proper motion are 
(louble stars, the star 6i Cygni being especially noticeable 
in this respect.^ The (x)rrelation in these cases is not 
wiUiout exception, but the preponderance is so great as 
to point to some natural connexion, the exact nature of 
which must be a matter for future investigation. Ilerschel 
remarked that the two double stars 6i Cygni ana a Oentauri 
of which the orbits were well ascertained, evidently be- 
longed to the same family or genus,^ 

( 'liissijication in Crj/stallography. 

Perhaps the most perfect and instructive instance of 
classification which we can find is furnished by the science 
of crystallography (p. 133). The system of arrangement 
now generally adopted is conspicuously natural, and is even 
mathematically perfect. A crystal consists in every part 
of similar molecules similarly related to the adjoining 
molecules, and connected with them by forces the nature 
of which we can only learn by their apparent effects. But 
these forces are exerted in space of three dimensions, so 
that there is a limited number of suppositions which can 
be entertained as to the relations of these forces. In one 

‘ Humboldt, Cosmos (Bohn), vol. iii. p. 224. 

2 Baily, British Association Oatalofpiej p. 48. 

3 (Jutlines of Astrommy^ § 850, 4tlj ♦nlit. p. 578. 
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cas-e each molecule be similarly related to all those 
which are nexit to it ; in a secopd case, it will be similarly 
related to those in a certain plane, but differently related 
to those not in that plane. In the simpler cases iJhe arrange- 
ment of molecules is rectangular; in the remaining cases 
oblique either in one or two plapes. 

In order to simplify the explanation and conceptidn of 
the complicated phenomena which crystals exhibit^ an 
hypothesis has beeiv invented which is an excellent instance 
of the Descriptive Hypotheses before mentioned (p. 522). 
Crystallographers imagine that there are within eacli 
crystal certain axes, or lines of direction, by the comparative 
length and the mutual inclination of whicli the nature of 
the crystal is determined. In one class of crystals there 
are three such axes lying in one plane, and a fourth perpen-*"' 
(licular to that plane ; but in all the other classes there are 
imagined to be only three axes. Now these axes can be 
varied in three ways as regards length: they may be (i) all 
equal, or (2) two equal and one unequal, or (3) all unequal. 
They may also be varied in four ways as regards direction : 
(i) they may be all at right angles to each other; (2) two 
axes may be oblique to each other and at right angles to 
the third ; (3) two axes may be at right angles to each other 
and the third oblique to both; (4) the three axes may be 
all oblique. Now, if all the variations as regards length 
were combined with those regarding direction, it would 
seem to be possible to have twelve classes of crystals in all, 
the enumeration being then logically and geometrically 
complete. But as a matter of empirical observation, many 
of these classes are not found to occur, oblique axes being 
seldom or never equal. Tliere remain seven recognised 
classes of crystals, but even of these one class is not posi- 
tively known to be represented in nature. 

The first class of crystals is defined by possessing three 
equal rectangular axes, and equal elasticity in all directions. 
The primary or simple form of the crystals is the cube, but 
by the removal of the corners of the cube by planes vari- 
ously inclined to the axes, we have the regular octohedron, 
the dodecahedron, and various combinations of these forms. 
Now it is a law of this class of crystals that as each axis is 
exactly like each other axis, every modification of any 
cornel^ of a crystal must be repeated symmetrically with 
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regard to the other axes ; thus forms produced are 
syiniuetiical or regular, and the class is called the llcgular 
System, of crystals. It inchufes a great variety of substances, 
some of Thtmi being elements, suclt as carbon in ^Iie form 
of diamond, others more or less coihplex compmvnds, sucli 
as rock-salt, potassium io^lide amr bromide, the several 
kinds of alum, lluor-s[)ar, iron bisulphide, garnet, spinelle, 
&c. .NTo corndatioii then is apparent between the form of 
crystallisation and thg eheniical com])f)sition. But what 
we have to notice is that Ihe ])hysi(*a] |)roperties of the 
crystallised substances witli r(\gard to light, heat, electrieity, 
&c., are closely similar. Idght and heat undulations, Wher- 
ever they enter a crystal of the regular system, s])refi(l with 
equal rapidity in all directions, just as tlu^y would in a uni- 
form fluid, (hystals of the regular syst(mi accordingly do 
not in any case exhibit the phenomena of double refraction, 
unless by mechanical com))ression we alter the conditions 
of elasticity. 'ITiese crystals, again, (expand equally in all 
directions when heated, and if wo could cut a snfRciently 
large plate from a cubical crystal, and examine the sound 
vibrations of which it is capable, we should find that they 
indicated aTi ectual elasticity in every direction. Thus we 
see that a great iiuiubor of important properties aixt cori e- 
latcd with that of crystallisation in the regular system, and 
as soon as wc know that the primary form of a substance 
is the cube, we are able to infer with approximate (xu'tainty 
that it possesses all these properties. Tiie class of regular 
crystals is then an eminently natural class, one disclosing 
many general laws connecting together the ydiysical and 
mechanical properties of the substances classified. 

Ill the second class of crystals, called the dimetric, square 
prismatic, or pyramidal system, there are also three axes at 
right angles U) each other i two of the axes are equal, but 
the third or princi})al axis is unequal, being either greater 
or less than either of the other two. In such crystals 
accordingly the elasticity and other properties are alike 
in all directions peiqjendicular to the principal axis, but 
vary in all other directions. If a ])oint within a crystal of 
this system be heated, the heat spreads with equal rapidity 
in planes perpendicular to the principal axis, but more or 
less rapidly in the direction of this axis, so that the iso- 
thermal surface is an ellipsoid of revolution round tliat axjp. 



6g8 THE* PRINCIPLES OF SCIENCE. [ohap. 


Nearly the same ,stat€jment may be made concerning the 
third or hexagonal ot rhombohedral system of crystals, in' 
which there &-re three axes lying in one plane and meeting 
at angle? of 6o°, while the fonrth axis is perpendicijlar to 
the other three. The J?exagonal prism attid rhomhohedron 
are the commonest ibrms assumed by crystals of this system, 
and in ice, quartz,- and calc-spar, we have abundance of 
beautiful specimens of the various shapes produced by the 
modification of the primitive form. Calc-spar alone is said 
to crystallise in at least 700 varieties of form. Now of all 
the crystals belonging both to this and the dimetric class, 
we h^now that a ray of light passing in the direction of the 
principal axis will be refracted singly as in a crystal of 
the regular system ; but in every other direction the light 
will suffer double refraction being separated into two rays^ 
one of which obeys the ordinary law of refraction, but the 
other a much more complicated law. The other physical 
properties vary in an analogous manner. Thus calc-spar 
expands by heat in the direction of the principal axis, but 
contracts a little in directions perpendicular to it. So 
closely are the physical properties correlated that Mits- 
cherlich, having observed the law of expansion in calc- 
spar, was enabled to predict that the double refracting 
power of the substance would be decreased by a rise of 
temperature, as was proved by experiment to be the 
case. 

In the fourth system, called the trimetric, rhombic, or 
right prismatic system, there are three axes, at right angles, 
but all unequal in length. It may be asserted in general 
terms that the mechanical properties vary in such crystals 
in every direction, and heat spreads so that the isothermal 
surface is an ellipsoid with three unequal axes. 

In the remaining three classes, called the moiioclinic, 
diclinic, and triclinic, the axes are more or less oblique, 
and at the same time unequal. The complication of 
phenomena is therefore greatly increased, and it need only 
be stated that there are always two directions in which a 
ray is singly refracted, but that in all other directions 
double refraction takes place. The conduction of heat is 
unequal in all directions, the isothermal surface being an 
ellipsoid of three unequal axes. The relations of such 
crystals to other phenomena are often very complicated, 
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and hardly yet reduced to law? ^dme crystals, called 
pyro-electric, manifest vitreous electricity a 1 > some points 
of their surface, and resinous electricity at other points 
when rifing in temperature, the character of the ^ectricity 
being changed when the temperature sinks again. This 
production of electricity believed to be connected with 
the diemihedral character of the crystals exhibiting it. 
The ..crystalline structure of a substance again influences 
its magnetic behavioyr, the general k\w being that the 
direction in which the molecules of a crystal are most 
approximated tends to place itself axially or eqiiatoi’ially 
between tlie poles of a magnet, respectively as the body is 
magnetic or diamagnetic. Furtlirr (piestions arise if we 
apply pressure to crystals. Thus doubly refracting crystals 
•with one principal axis acquire two axes when the pressure 
is perpendicular in direction to the principal axis. 

All the phenomena peculiar to crystalliuo bodies are 
thus closely correlated with the formation of the crystal, or 
will almost certainly be found to be so as investigation 
proceeds. It is upon empirical observation indeed that 
the laws of connexion are in the first place founded, but 
the simple hypothesis that the elasticity and ap} oximation 
of the particles vary in the directions of the crystalline 
axes allows of the application of deductive reasoning. 
The wliole of the phenomena are gradually being proved 
to be consistent with this hypothesis, so that we have in 
this subject of crystallography a beautiful instance of 
successful classification, connected with a nearly perfect 
physical hypothesis. Moreover this hypotliesis was verified 
experimentally as regards the mechanical vibrations of 
sound by Savart, who found that the vibrations in a plate 
of biaxial crystal indicated the existence of varying 
elasticity in varying directions. 

Classification an Inverse and Tentative Operation. 

If attempts at so-called natural classification are really 
attempt^ at perfect induction, it follows that they are 
subject to the remarks which wore made upon the inverse 
character of the inductive process, and upon the diflSculty 
of every inverse operation (pp. ii, 12, 122, &c.). There 
will be no royal road to the discovery of the best system, 

Y Y 
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and it will even be i^jSossible to lay down rules of pro- 
cedure to assist those who are Jn search of a good arrange- 
ment. The only logical rule would be as follows — Having 
given certain objects, 'group them in every Way'^ in which 
they can<,be grouped, Jmd then observe in which method 
of grouping the correlation pf properties is most con- 
spicuously manifested. But this method of exhaustive 
classification will in almost every case be impracticable, 
owing to the immensely great nuiuber of modes in which 
a comparatively small number of objects may be grouped 
together. About sixty-three elements have been classified 
by chemists in six principal groups as monad, dyad, triad, 
&c., elements, the numbers in the classes varying from three 
to twenty elements. Now if we were to calculate the 
whole number of ways in which sixty-three objects can be 
arrangedin six groups, w^e should firjd the number to be so 
great that the life of the longest lived man would be wholly 
inadequate to enable liim to go through these possible 
groupings. The rule of exhaustive arrangement, then, is 
absolutely impracticable. It follows that mere haphazard 
trial cannot as a general rule give any useful result. If 
we were to write the names of the elements in succession 
upon sixty-three cards, throw them into a ballot-box, and 
draw them out haphazard in six handfuls time after time, 
the probability is excessively small that we should take 
them out in a specified order, that for instance at present 
adopted by chemists. 

The usual mode in which an investigator proceeds to 
form a classification of a new group of objects seems to 
consist in tentatively arranging them according to their 
most obvious similarities. Any two objects which present 
a close resemblance to each other will be joined and formed 
into the rudiment of a class, tlie definition of which wdll 
at first include all the apparent points of resemblance. 
Other objects as they come to our notice will be gradually 
assigned to those groups witli which they present the 
greatest number of points of resemblance, and the defi- 
nition of a class will often have to be altered in order to 
admit them. The early chemists could hardly avoid 
classing together the common metals, gold, silver, copper, 
lead, and iron, which present such conspicuous points of 
similarity as regards density, metallic lustre, malleability. 
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&c. With the progress of discov(^yi however, difficulties 
began to present themselv^ in such a grouping. Anti- 
mony, bismuth, and arsenic are distinctly metallic as 
regards fus^re, dcMsity, and some cAemical properties, but 
are w'anting in malleability. TRe recently discovered 
tellurium presents greater .difficulties, for it lias many of 
the physical properties of metal, and yet all its chemical 
propQrties are analogous to those of sulphur and selenium, 
u'hicli have never been,regarded as mettds. Great chemical 
differences again are discovered by degrees between the five 
metals mentioned ; and the class, if it is to have any f‘,he- 
niical validity, must be made to include other elements, 
having none of the original properties on which the class 
was founded. Hydrogen is a transparent colourless gas, 
ftnd the least dense of all substances ; yet in its .chemical 
analogies it is a metal, as suggested by Faraday^ in 1838, 
and almost proved by Graham ; ^ it must be placed in 
the same class as silver. In this way it comes to pass that 
almost every classification which is proposed in the early 
stages of a science will he found to break down as the 
deeper similarities of the objects come to be detected. Tlie 
most obvious points of difference will have to be neglected. 
Chlorine is a gas, bromine a liquid, and iodine a solid, and 
at first sight these might have seemed formidable circum- 
stances to overlook ; hut in chemical analogy the substances 
are closely united. Tiie progress of organic chemistry, 
again, has yielded wholly ideas of the similarities of 
compounds. Wlio, for instance, would recognise without 
extensive researcli a close similarity between glycerine and 
alcohol, or between fatty substances and etlier ? The class 
of paraffins contains three substances ga.seous at ordinary 
tempeiatures, several liquids, and some crystalline solids. 
It required much insight to detect the analogy which exists 
between such apparently different substances. 

The science of chemistry now depends to a great extent 
on a correct classification of tlie elements, as will be learnt 
by consulting the able article on Classification by Pro- 
fessor G. C. Foster in Watts' Dictionary of Chemistry. 
But the present system of chemical classification wu*? not 

> Lift of Faraday, vol. ii. p. 87. 

* ProceMings of the Royal Society, vol. xvii. p. 212. Chemical and 
Physical Researches, reprint, by Young and Angus Smith, p. 290. 
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reached until at ie^.st‘ three previous false systems had 
been long entertained. And^ though there is much reason 
to believe that the present mode of classification according 
to atomicity is substantially correct, «errors^' may yet be 
discovered in the details of the grouping. 

Symholic Statement of the Theory of Classificatioa. 

The theory of classification can be explained in tho most 
complete and gerteral manney, by. reverting for a time to 
the use of the Logical Alphabet, which was found to be of 
supreme importance in Formal Logic. That form expresses 
the necessary classification of all objects and ideas as depend- 
ing on the laws of thought, and there is no point concerning 
the purpose and methods of classification which may not be 
stated precisely by the use of letter combinations, the onty 
inconvenience being the abstract form in which the subject 
is thus represented. 

If we pay regard only to three qualities in which thingfc 
may resemble each other, namely, the qualities A, B, C, 
there are according to the laws of thought eight possible 
classes of objects, shown in the fourth column of the 
Logical Alphabet (p. 94). If there exist objects belonging 
to all these eight classes, it follows that the qualities A, B, 
C, are subject to no conditions except the primary laws of 
thought and things (p. 5). There is then no special law ofi 
nature to discover, and, if we arrange the objects in any 
one order rather than another, it must be for the purpose of 
showing that the combinations are logically complete. 

Suppose, however, that there are but four kinds of objects 
possessing the qualities A, B, C, and that these kinds are 
represented by the combinations ABC, A6C, aBc, ale. 
The order of arraiigemenc will now be of importance ; for if 
we place them in the order 

f ABC I A6C 

( oBc ( ale 

placing the B’s first and those which are Vb last, we shall 
perhaps overlook the law of correlation of properties in- 
volved Bub if we arrange the combinations as follows 
f ABC ( aBc 

\ AIG ’ 1 ahe 

it becomes apparent at once that where A is, and only 
where A is, the property C is to be found, B being 
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indifferently present and absent. The secon4 arrangement 
then wouhl be called a natural one^ as rendering mani- 
fest tire conditions under which the combinations exist. 

As it fif!‘tl^r in^^jiuce, let us suppose that eightf objects 
are preiBeiited to us for classificatioiif which exhibit combi- 
nations of the five })ioperties, A, 1 >, I), E, in the follow- 

imi: nviiiner : — * 

AliCV/E alUViE 

AWede ^tVn'de 

AhCDK ahCDK 

Ahrlh ahcDc 

They are now classified, so that those containing A stiiiid 
first, and those devoid of A second, but no oilier property 
seems to be correlated with A. Let us alter this arrange- 
ment and grou]) the coinbiiiations thus : — 

" ALCWE A^CDE .* 

AV>cde AhcDe 

f(V>CdE ahCDE 

aErde abc\)c 

It requires little examination to discover tliat in the first 
group L is always present and D absent, whereas in the 
second grouis E is always absent and D ]>resent This is 
the result which follows from a law of the form E — d 
{p. 136), so that in this mode of arrangement we readily 
discover correlation between two .letters. Altering the 
groups again as follows : — 


ABCuE 

AEcde 

aBCt/E 

ciEcde 

i\/;CDE 

AbcDr 

u^CDE 

ahcA)t, 


we discover another evident correlation between C and E. 
Between A and the other letters, or between the two pairs 
of letters E, D and C, E, there is no logical connexion. 

This example may seem tedious, but it will be found 
instructive in this way. We are classifying only eight 
objects or coml)inations, in each of which only five qualities 
are considered. There are only two laws of correlation 
between four of those five qualities, and those aws are 
of the simplest logical character. Yet the reader would 
hardly discover what those laws are, and confidently assign 
them by rapid contemplation of the combinations, as given 
in the fii'St group. Several tentative classifications must 
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probably be made belbrQ we can resolve the question. Let 
us now suppose tha^u instead of eight objects and five 
qualities, we have, say, five* hundred objects and fifty 
qualities'. If we wero: to attempt the^samec method of 
exhaustive grouping which we before employed, we ^should 
have to arrange the five hundred objects in fifty different 
ways, before we could be silre that we had discavered 
even the simpler laws of correlation. But even the succes- 
sive grouping of g,ll those possessing each of the fifty 
properties would not necessarily ^ve us all the laws. 
There might exist complicated relations between several 
properties simultaneously, for the detection of which no 
rule of procedure whatever can be given. 

Bifurcate Classification. 

Every '.system of classitication ought to be formed on 
the principles of the Logical Alphabet. Each superior 
class should be divided into two inferior classes, distin- 
guished by the possession and non-possession of a single 
specified difference. Each of these minor classes, again, is 
divisible by any other quality whatever which can be 
suggested, and thus every classification logically consists 
of an infinitely extended series of subaltern genera and 
species. The classifications which we form are in reality 
very small fragments of those which would correctly and 
fully represent the relations of existing things. But if we 
take more than four or five qualities into account, the 
number of subdivisions grows impracticably large. Our 
finite minds are unable to treat any complex group ex- 
haustively, and we are obliged to simplify and generalise 
scientific problems, often at the risk of overlooking 
particular conditions and exceptions. 

Every system of classes displayed in the manner of the 
Logical Alphabet may be called bifurcate^ because every 
class branches out at each step into two minor classes, 
existent or imaginaiy. It would be a great mistake to 
regard this arrangement as in any way a peculiar or 
special method; it is not only a natural and important 
one, but it is the inevitable and only system which is 
logically perfect, according to the fundamental laws of 
thought. All other arrangements of classes correspond to 
the bifurcate aiiungement, with the implication that some 
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of the minor classes are not represented ajnong existing 
things. If we take the genus A atid divide it into the 
species AB and AC, we iirtply two propositions, namely 
that in tl^ jjlass the properties (sl‘ B and C never occur 
together, and that tliey are never both absent ; these 
propositions are logically equivalent to one* namely 
AB ^ Ac. Our classificatton is then identical with the 
following bifurcate one : — 

• A 

AB Ab 


( ' I ■■ ) 

ABC = 0 ABc AbC Abe = 0 

If, again, we divide the genus A into three s[)ecies, AB, 
AC, AD, we are either logically in error, or else we must 
be understood to imply that, as regards the other letters, 
there exist only three combinations containing A, namely 
Ailed, AhCd, and AIM, 

The logical necessity of bifurcate elassitication has been 
clearly and correctly stated in the Outline of a A^ew System 
of Logic by George Ilentham, the eminent botanist, a work 
of which the logical value has been ([uite overh oked until 
lately. Mr. Bentham points out, in p. 113, tiiat every 
elassitication must be essentially bifurcate, and takes, as 
an example, the division of vertebrate animals into four 
sub-classes, as follows : — 

Mammifera — endowed with manima3 and lungs. 

Birds without mammae but with lungs and wings. 

Fish deprived of lungs. 

Reptiles deprived of mammae and wings but with 
lungs. 

We have, then, as Air. Bentham says, three bifid divi- 
sions, tlms represented : — • 

Vertebrata 

i 

Endowed with lungs deprived of lungs 

[ = Fish. 


Endowed with 
rnammai 
= Mammifera 


with wings 
= Bird.s. 


deprived of 
mammse 

I 


1 

without wings 
= Reptiles. 
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It is quite ej^ideut that according to the laws of thought 
even this arrijngenienfis incomplete. The sub-class mam- 
mifera must either have wings'or be deprived of them ; we 
must either subdivide ihis class, or assyme tbalf ncftie of 
the iiiamniifera liave wi»gs, which is, as a matter of fact, the 
case, the wings of bats 'not bein^ true wings in the meaning 
of the term as applied to birds. Fish, again, ought to be 
considered witli regard to the possession of mammae^ and 
wings ; and in leaving them undivided we really imply that 
they never have mammm nor wings, £he wings of the hying- 
fisli, again, being no exception. If we resort to the use of 
our letters 'xnd define them as follows — 

A = vertebrata, 

B == having lungs, 

C ~ having mammae, 

D = having wings, 

then there are four existent classes of vertebrata which 
appear to be thus described — 

ABC ABcD ABccl Ab, 

But in reality the combinations are implied to be 
ABOd — Mammifera, 

AH^;1) - Birds, 

ABc(^ = Reptiles, 

Abed = Fish, 

and we imply at the same time that the other four con- 
ceivable combinations containing B, C, or D, namely ABCD, 
A6CD, AbCd, and A6cl), do not exist in nature. 

Mr. Bentham points out ^ that it is really this method of 
classification which was employed by Lamarck and De Can- 
dolle in their so-called analytical arrangement of the French 
Flora. He gives as an example a table of the principal 
classes of De Candolle's system, as also a bifurcate arrange- 
ment of animals after the method proposed by Dumeril in 
his Zoologie Analytique, this naturalist being distinguished 
by his clear perception of the logical importance of the 
method. A bifurcate classification of the animal kingdom 
may also be found in Professor Eeay Greene’s Manml of 
the Ccelenterata^ p. i8. 

The bifurcate form of classification seems to be needless 
when the quality according to which we classify any group 

^ Euai mr la Nommdaiwrt et la Classification, Paris, 1823, pp. 
107, loR 
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of things admits of numerical discrimination. It would 
seem absurd to arrange things accoifting as they have one 
degree of the quality or not*one degree, two degrees or not 
two ctegifce^ and ijo on. The elements are classified accord- 
ing aa> the atom of each saturates iOne, two, three, or more 
atoms of a monad element, such as* chlorine, anfl they are 
callod accordingly monad, tiyad, triad, tetrad elements, and 
so ojg. It would be useless to apply the bifid arrangement, 
thus : — 

Element * 


' I 

Monad not- Monad 

I 

r — I 

Dyad not-Dyad 

Triad not-Triad 



Tetrad not-Tetrad. 

The reason of this is that, by the nature of number (p. 157) 
every number is logically discriminated froii’. every other 
number. There can thus be no logical confusion in a nume- 
rical arrangement, and the series of numbers indefinitely 
extended is also exhaustive. Every thing admitting of a 
quality expressible in numbers must find its place some- 
where ill the series of numbers. The chords in music 
correspond to the simpler numerical ratios and must admit 
of complete exhaustive classification in respect to the 
complexity of the ratios forming them. Plane rectilinear 
figures rnny be classified according to the numbers of their 
sides, as triangles, quadrilateral figures, pentagons, hexagons, 
heptagons, &c. The bifurcate arrangement is not false when 
applied to such series of objects; it is even necessarily 
involved in the arrangement which do apply, so that 
its formal stalement is needless and tedious. The same 
may be said of the division of portions of space. Eeid 
and Karnes endeavoured to cast ridicule on the bifurcate 
arrangement^ by proposing to classify the parts of England 
into Middlesex and what iar not Middlesex, dividing the 
latter again into Kent and what is not Kent, Sussex and 

* George Benthaiu, Outline of a Ne to System of LogiCy p. 1 1 5, 
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what is not Sussex ; •and, so on. This is so far, however, 
from being an absurd ^proceeding that it is requisite to 
assure us that we have made an 'exhaustive enumeration of 
the parts #f England. 

The Five PredicahJes. 

$ 

* 

As a rule it is highly desirable to consign to oblivion the 
ancient logical names and expressions, which have infected 
the science for many centuries past. *’ If logic is ever to be 
a useful and progressive science, logicians must distinguish 
between logic and tlie history of logic. As in tlie case of 
any other science it may be desirable to examine the course 
of thought by which logic has, before or since the time of 
Aristotle, been brought to its present state ; the lustory of a 
science is ‘always instructive as giving instances of the 
mode in wliich discoveries take place. But at the same 
time we ought carefully to disencumber the statement of 
the science itself of all names and other vestiges of antiquity 
which are not actually useful at the present day. 

Among the ancient expressions wliich may well be 
excepted from such considerations and retained in use, are 
the ^‘Five Words” or “Five Brcdicables” which were 
described by Poiphyry in his introduction to Aristotle’s 
Organuin. Two of them, Genus and Species^ are the most 
venerable names in philosophy, having probably been first 
employed in their presejit logical meanings by Socrates. 
In the present day it requires some mental effort, as 
remarked by Grote, to see anything important in the 
invention of notions now so familiar as those of Genus and 
Species. But in reality the introduction of such terms 
showed the rise of the first germs of logic and scientific 
method; it showed that men were beginning to analyse 
their processes of thought. 

The Five Predicables are Genus, Species, Difference, 
Property, and Accident, or in the original Greek, 7evo<?, 
eiho<i, Biacpopdf iBiov, avfi^e^rjKo^, Of these, Genus may 
be taken to mean any class of objects which is regarded as 
broken up into two minor classes, which form Species of it. 
The genus is defined by a certain number of qualities or 
circumstances which belong to all objects included in the 
class, and which are sufficient to mark out these objects 
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from all others which we do not ^tend to include. Inter- 
preted as regards intension, tlien, tke genus is a group of 
qualities ; interpreted as regards extension, il is a group of 
objecits f)Ojsessin^' those qualities^ If another quality be 
takei^ into account which is possessed by some of the 
objects and not by the otliers, this quality liecomes a 
difference which divides the genus into two species. We 
may interpret the species either in intension or extension ; 
in the former respect it is more than the genus as containing 
one more quality, the* difference : in the latter respect it is 
less than the genus as containing only a portion of the group 
constituting the genus. We may say, then, with Aiistotle, 
that in one sense the genus is in the species, namely in 
intension, and in another sense the species is in the genus, 
namely in extension. The difference, it is evident, can be 
interpreted in intension only. 

A Property is a quality which belongs to the whole of 
a class, but docs not enter into the definition of that class. 
A generic property belongs to every individual object 
contained in the genus. It is a property of the genus 
parallelogram that the opposite angles are equal. If we 
regard a rectangle as a species of parallelogram, the 
difference being that one angle is a right angle, it follows 
as a specific property that all the angles are right angles. 
Though a property in the strict logical sense must l)elong 
to each of the objects included in the class of which it is a 
property, it may or may not belong to other objects. The 
property of having the opposite angles equal may belong 
to many figures besides parallelograms, for instance, 
regular hexagons. It is a property of the circle that all 
triangles constructed upon the diameter with the apex 
upon the* circumference are right-angled triangles, and 
vice versd, all curves of which this is true must be circles. 
A property which thus belongs to the whole of a class and 
only to that class, corresponds to the 'ISiov of Aristotle and 
Porphyry ; we might conveniently call it a jpeculiar jproperty. 
Every such property enables us to make a statement in the 
form of a simple identity (p. 37). Thus we know it to be 
a peculiar property of the circle that for a given length ol 
perimeter it encloses a greater area than any other possible 
cuive ; hence we may say — 

Curve of equal curvature = curve of greatest area. 
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It is «'i peculiaj: property, of equilateral triangles that they 
are equiangular, and vite versd, it is a peculiar property of 
equiangular triangles that they* are equilateral. It is a 
property erf crystals of trhe regular system thati tltey^are 
devoid of the power of double refraction, but this is uot a 
property peculiar to thetn, because liquids and gases are 
devoid of the same property. * , 

An Accident, the fifth and. last of the Predicables, is any 
quality which may pr may not belong to certain objects, 
and which has no connexion witlf the classification adopted. 
The particular size of a crystal does not in the slightest 
degree tiffect the form of the crystal, nor does the manner 
in which it is grouped with other crystals ; these, then, are 
accidents as regards a crystallographic classification. With 
respect to the chemical composition of a substance, again, 
it is an accident whether the substance be crystallised or 
not, or whether it be organised or not. As regards botan- 
ical classification the absolute size of a plant is an accident. 
Thus we see that a logical accident is any quality or cir- 
cumstance which is not known to be correlated with those 
qualities or circumstances forming the definition of the 
species. 

The meanings of the Predicables ^aii be clearly explained 
by our symbols. Let A be any definite group of qualities 
and P another quality or group of qualities ; then A will 
constitute a genus, and AB, Ab will be species of it, B 
being the difference. I..et C, D and E be other qualities 
or groups of qualities, and on exannning the combinations 
in which A, B, C, I), E occur let them be as follows : — 
ABODE AZ^CrfE 

ABCDc AhOde. 

Here we see that wherever A is we also find C* so that 
C is a generic property; D occurs always with B, so that it 
constitutes a specific property, while E is indifferently 
present and absent, so as not to be related to any other 
letter; it represents, therefore, an accident. , It will now be 
seen that the Logical Alphabet represents an interminable 
series of subordinate genera and species; it is but a concise 
symbolic statement of what was involved in the ancient 
doctrine of the Predicables. 
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Summitm Oenits and^ I'^ma species. 

• 

As a genus means any Slass whatever which is regarded 
as A)m^ 09 ed of ^ninor classes or ^ecies, it folio t\^s that the 
sam^ class will be a genus in ©ne point of view and a 
species in another. Metal is a ^enus as regards alkaline 
metal, a species as regards element, and any extensive 
sy.'^em of classes consists of a series of subordinate, or as 
they are technically^ called, sicbalterrh genera and species. 
The question, however, arises, whether such a chain of 
classes has a definite termination at either end. The 
doctrine of the old logicians was to the effect that it termi- 
nated upwards in a genus generalisdmnm or summum genus, 
which was not a species of any wider class. Some very 
general notion, such as substance, object, or, thing, was 
supposed to be so comprehensive as to include all thinkable 
objects, and for all practical purposes this might be so. 
But as 1 have already explained (p. 74), we cannot really 
think of any object or class without thereby separating it 
from what is not that object or class. All tliinking is 
relative, and implies discrimination, so tli.it every class 
and eveiy logical notion must have its negative. If so, 
there is no such thing as a snmmum genus ; for we cannot 
frame the requisite notion of a class forming it without 
implying the existence of another class discriminated from 
it ; add this new negative class to the supposed mmmum 
genus, and we form a still higher genus, which is absurd. 

Although there is no absolute sunimum genus, neverthe- 
less relatively to any branch of knowledge or any particular 
argument, there is always some class or notion which bounds 
our horizon as it were. The chemist restricts his view to 
material substances and the forces manifested in them ; 
the mathematician extends his view so as to comprehend 
all notions capable of numerical discrimination. The biolo- 
gist, on the other hand, has a narrower sphere containing 
only organised bodies, and of these the botanist and the 
zoologist take parts. In other subjects there may be a 
still narrower siimmum genus, as when the lawyer regards 
only reasoning beings of his own countiy together with 
their property. 

In the description of the Logical Alphabet it was pointed 
out (p. 93) that every series of combinations is re^y the 
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development of a single class, denoted by X, which letter 
was accordingly placet^ in the first column of the table on 
p. 94. This is the formal acknowledgment of the principle 
clearly stated by De Mbrgan, that all reasoning |{ro6eeds 
within an assumed sumrnum genus. But at the same^’-time 
the fact that X as a logical term must have its negative 
X, shows that it cannot be an absolute sumrnum genus/ 

Til ere arises, again, the question whether there be ,any 
such thing as an irifima species, which cannot be divided 
into minor species. The ancient; logicians were of opinion 
that there always was some assignable class which could 
only b^ divided into individuals, but this doctrine appears 
to be theoretically incorrect, as Mr. George Benthain 
long ago stated.^ We may put an arbitrary limit to the 
subdivisioi^ of our classes at any point convenient to our < 
purpose. The crystallographer would not generally treat 
as different species crystalline forms which differ only 
in the degree of development of the faces. The naturalist 
overlooks innumerable slight differences between animals 
which he refers to the same species. But in a strictly 
logical ])oint of view classification might be carried on as 
long as there is a difference, however minute, between 
two objects, and we might thus go on until we arrive at 
individual objects which are numerically distinct in the 
logical sense attributed to that expression in the chapter 
upon Number. Either, then, we must call the individual 
the vtijima species or allow that there is no such thing at all. 

The Tree of Porphyry. 

Both Aristotle and Plato were acquainted with the value 
of bifurcate classification, which they occasionally employed 
ill an explicit manner.^ It is impossible too that Aristotle 
should state the laws of thought, and employ the predicables 
without inqdicitly recognising the logical necessity of that 
method. It is, however, in Porphyry’s remarkable and in 
many respects excellent Introduction to the Categories of 
Aristotle that we find the most distinct account of it. 
Porphyry not only fully and accurately describes the 
Predicables, but incidentally introduces an example for 


* OuUwA 0^ a System of Logic, 1827, p, 117, 
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illustrating those predicables, which constitutes a good 
specimen of bifurcate classification. • Translating his words ^ 
freely we may say that he •bakes Substance as the genus to 
be df^ichad^undci^wliich are succet^vely placed as*Spccies — 
Bod^i^ Animated Body, Animal, Kational Animal, and Man. 
Under Man, again, come Socrates* P][ito, and other parti- 
cular men. Now of thesS notions Substance is the genus 
generalissimutn, and is a genus only, not a species. Man, 
on the other hand, is the species J^pecialissima (infiina 
species), and is a species* only, not a genus. Body is a 
species of substance, but a genus of animated body, which, 
again, is a species of body but a genus of animal. 
Animal is a species of animated body, but a genus of 
rational animal, which, again, is a species of animal, but a 
genus of man. Finally, man is a species of rational animal, 
but is a species merely and not a genus, being divisible 
only into particular men. 

Porphyry proceeds at some length to employ his example 
in further illustration of the predicables. We do not 
find in Porphyry’s own work any scl^eme or diagram 
exhibiting this curious specimen ol’ classification, but some 
of the earlier commentators and epitome wi iters drew what 
has long been called the Tree of Porphyry. Tliis diagram, 
which may be found in most elementary works cn Logic, ^ 
is also called the Kamean Tree, because Eamus insisted 
much upon the value of Dichotomy. With tlie exception 
of Jeremy Bentham^ and George Beritham, liardly any 
modern logicians have sliown an appreciation of the value 
of bifurcate classification. Tlie latter author has treated 
the subject, both in his Outline of a Nev) System of Logic 
(pp. 105-118), and in his earlier work entitled Essai sur la 
Nomenclature et la Classification dcs Principales Branches 
dJ ArLet-Science (Paris, 1823), wliich consists of a free 
translation or improved version of Ins uncle's Essay on 
Classification in the Chrestomathiu. Some interest attaches 
to the history of the Tree of Porphyry and Kamus, because it 
is the prototype of the Logical A]phal>et which lies at the 
basis of logical method. Jeremy Bentham speaks truly 

^ Porphyrii Isagoge, Caput ii. 24. 

2 Jevons, Elementary Lessons in Logic, p. 104 

3 Chrestomathia ; being a Collection of Papers, d^c. London, 1 8x6^ 
Appendix V. 
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of matcjiless ‘ beauty of the Eaiiiean Tree/' After 

fully showing its logital value as an exhaustive method of 
classification, and refuting the objections of Eeid and 
Kamos, bn a wrong glouiid, as I tliinl^:, he •pr6neMs to 
inquire to what length* it may be carried. He conrectly 
points out two objections to the extensive use of bifid 
arrangements, (i) tliat they soon become impracticably 
extensive and unwieldy, and (2) that they are unepono- 
inical. In his day ;*.ihe recorded ntiinber of different species 
of plants was 40,000, and he leaves the reader to estimate 
the immense number of branches and the enormous area of 
a bifurcate talde whicli should exhibit all these species in 
one scheme. He also points out the apparent loss of 
labour in making any large bifurcate classification; but 
this he considers to be fully recompensed by the logical 
value of the result, and the logical training acquired in its 
execution. Jeremy Bentham, then, fully recognises the 
value of the Logical Alphabet under another name, though 
he apprehends also the limit to its use placed by the 
finiteness of our mental and manual powers. 

Does Abstraction im/ply Generalisation 1 

Before we can acquire a sound comprehension of the 
subject of classification we must answer the very difficult 
question whether logical al)straction does or does not imply 
generalisation. It comes to exactly the same thing if we 
ask whether a species may l)e coextensive with its genus, 
or whether, on the other hand, the genus must contain 
more than the species. To abstract logically is (p. 27), 
to overlook or withdraw our notice from some point of 
difference. Whenever we form a class we abstract, for the 
time being, the differences of the objects so united in respect 
of some common quality. If we class together a great 
number of objects as dwelling-houses, we overlook the fact 
that some dwelling-houses are constructed of stone, others 
of brick, wood, iron, &c. Often at least the abstraction of a 
circumstance increases the number of objects included 
under a class according to the law of the inverse relation 
of the quantities of extension and intension (p. 26). 
Dwelling-house is a wider term than brick-dwelling-house. 
House is moTe general than dwelling-house. But the 
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question before us is, whether abstraction always increases 
the number of objects included in a (iass, wliich amounts to 
asking whether the law of 4116 Inverse relation of logical 
quaniti^s js always true. The interest of the •question 
partl]^ arises from the fact, that ^o high a philosophical 
authority as Mr. Herbert Spencer -has denied fliat gene- 
ralis^ition is implied in abstraction,^ making this doctrine 
the ground for rejecting previous methods of classifying 
the sciences, and for forming an ingenious but peculiar 
method of his own. The question is also a fundamental 
one of the highest logical importance, and involves subtle 
difficulties which have made me long hesitate in fc^niing 
a decisive opinion. 

Let us attempt to answer the question by examination of 

few examples. Compare the two classes gun and iron 
gun. It is certain that there are many guns which are not 
made of iron, so that abstraction of the circumstance made 
of iron'’ increases the extent of the notion. Next compare 
gun and metallic gun. All guns made at the present day 
consist of metal, so that the two notions seem to be co- 
extensive: but guns were at first made of pieces of wood 
bound togetlier like a tub, and as the logical term gun 
takes no account of time, it must include all guns that 
have ever existed. Here again extension increases as in- 
tension decreases. Compare once more '' steam-locomotive 
engine ” and '' locomotive engine.” In the present day, as 
far as I am aware, all locomotives are worked by steam, so 
that the omission of that qualification might seem not to 
widen the term ; but it is quite possible that in some future 
age a different motive power may be used in locomotives ; 
and as there is no limitation of time in the use of logical 
terms, we must certainly assume that there is a class of 
locomotives not worked by steam, as well as a class tliat is 
worked by steam. When the natural class of Euphorbiacese 
was originally formed, all the plants known to belong to it 
were devoid of corollas ; it would have seemed therefore 
that the two classes Euphorbiacese,” and “ Euphorbiaceae 
devoid of Corollas,” w^ere of equal extent. Subsequently a 
number of plants plainly belonging to the same class were 
found in tropical countries, and they possessed bright 

^ The Classification of the Sciences^ &c., 3rd edit. p. 7. Essays : 
Scientific^ Political, and Speculative, vol, iii. p. 13. 
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coloured corollas. Natu^^alists believe with tlie utmost con- 
fidence that '‘l^iiininalts'' and ‘‘Kuminants with cleft feet ” 
are identical ierms, because no* ruminant has yet been dis- 
covered without cleft feet. . But we can see no impossibility 
in the conjunction of rumination with uiicleft feet, ^d it 
would be' too great an assumption to say that we are 
certain that an example of it will never be met )yith. 
Instances can be quoted, without end, of objects being 
ultimately disco vercjd combining properties which had never 
before been seen togetlier. In thi animal kingdom the 
Black Swan, tlie Ornithorhynchus Paradoxus, and more 
recently the singular fish called Ccratodus Forsteri, all 
discovered in Australia, have united characters never 
jneviously known to coexist. At the present time deep- 
sea dredging is bringing to light many animals of aiiun-ju. 
precedented nature. Singular exceptional discoveries may 
certainly occur in other branches of science. When Davy 
first discovered metallic potassium, it was a well established 
empirical law that all metallic substances possessed a high 
specific gravity, the least dense of the metals then known 
being zinc, of which the specific gravity is 7*i. Yet to 
the surprise of chemists, potassium was found to be an 
undoubted metal of less density than water, its specific 
gravity being 0*865. 

It is hardly requisite to prove by further examples that 
our knowledge of nature is incomplete, so that we cannot 
safely assume the non-existence of new combinations. 
Logically speaking, we ought to have a place open for 
animals whicli ruminate but are without cleft feet, and 
for every possible iiitermedia^^e form of animal, plant, or 
mineral. A purely logical classification must take account 
not only of what certainly does exist, but of what may in 
after ages be found to exist. 

1 will go a step further, and say that we must have 
places in our scientific classifications for purely imaginary 
existences. A large proportion of the mathematical func- 
tions which are conceivable have no application to the cir- 
cumstances of this world. Physicists certainly do investi- 
gate the nature and cons^uences of forces which nowhere 
exist. Newton’s Pnneipia is full of such investigations. 
In one chapter of his Micaniqm Cdeste Laplace indulges 
in a remarkable speculation as to what the la’ys of motion 
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would have been if momentum, ijistesed of varying simply 
as the velocity, had been a more cimplicat^d function of 
it. I have already meutioiied (p. 223) that Airy content 
plat^ Mie®existence of a world diT which the laws of force 
shouW be such tnat a perpetual motion would be possible, 
and the Law of Conservation of Energy would not hold 
true, ' * 

Thought is ‘not bound down to the limits of what is 
materially existent, but is circumscribed only by those 
Fundamental Laws of Ideiftity, Contradiction and Duality, 
which were laid down at the outset. This is the point at 
which I should differ from Mr. Spencer, lie appears to 
suppose that a classification is complete if it has a place 
for every existing object, and this may perhaps seem to be 
^practically sufficient ; but it is subject to two profound 
objections. Firstly, we do not know all tliat -exists, and 
therefore in limiting our classes we are erroneously. omitting 
multitudes of objects of unknown form and nature wliich 
may exist either on this earth or in other parts of space 
Secondly, as I have explained, the powers of tliought are 
not limited by material existences, and we may, or, for some 
purposes, must imagine objects which probably do not 
exist, and if we imagine them we ought to find places for 
them in the classifications of science. 

The chief difficulty of this subject, however, consists in 
the fact that mathematical or other certain laws may 
entirely forbid the existence of some combinations. The 
circle may be defined as a plane curve of equal curvature, 
and it is a property of the circle that it contains the greatest 
area within the least possible perimeter. May we then 
contemplate mentally a circle not a figure of greatest pos- 
sible areal Or, to take a still simpler example, a parallelo- 
gram possesses the property of having the opposite angles 
equal. May we then mentally divide parallelograms into 
two classes according as they do or do not have their oppo- 
site angles equal ? It might seem absurd to do so, because 
we know that one of the two species of parallelogram 
would be non-existent. But, then, unless the student had 
previously contemplated the existence of both species as 
possible, what is the meaning of the thirty-fourth proposi- 
tion of Euclid's fimt book ? We cannot deny or disprove 
the existence of a certain combination without thereby in 
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a certain way ijecogifisirig that combination as an object of 
thouglit. , 

The conclusion at which I* arrive is in opposition to 
tliat of Mr. Spencer. P think that whenever we^’aVstract 
a quality or circumstanee we do generalise or widen the 
notion from which we 'abstract. Whatever the terms A, 
K, and C may be, I hold that iri strict logic AB is mentally 
a wider term than ABC, because AB includes the, two 
species ABO and ABc. The term A is wider still, for it 
includes the four species ABC, ABc, A&C, Ahc. The Logi- 
cal Alphabet, in short, is the only limit of the classes of 
objects which we must contemplate in a purely logical 
point of view. Whatever notions be brought before us, 
we must mentally combine them in all the ways sanc- 
tioned by the laws of thought and exhibited in the Logicalo 
Alphabet, • and it is a matter for after consideration to 
determine how many of these combinations exist, in out- 
ward nature, or how many are actually forbidden by the 
conditions of space. A classification is essentially a 
mental, not a material thing. 

Discovery of Maries or Characteristics. 

Although the chief purpose of classification is to disclose 
the deepest and most general resemblances of the objects 
classified, yet the practical value of a system will depend 
partly upon the ease with which we can refer an object to 
its proper class, and thus infer concerning it all that is 
known generally of that class. This operation of discover- 
ing to which class of a system a certain‘specimen or case be- 
longs, is generally called a technical term familiarly 

used by physicians, who constantly require to diagnose or 
determine the nature of the disease from which a patient is 
suffering. Xow every class is defined by certain specified 
qualities or circumstances, the whole of which are present 
in every object contained in the class, and not all present in 
any object excluded from it. These defining circumstances 
ought to consist of the deepest and most important circum- 
stances, by which we vaguely mean those probably forming 
the conditions with which the minor circumstances are 
correlated. But it will often happen that the so-called 
important points of an object are not those which can 
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most readily be observed. Thus^ the^two j^reat classes of 
phanerogamous plants are definei respectively by the 
possession of two cotyledotis or seed-leaves, *and one coty- 
ledcA. %Bijt when a plant comes to our iioticie and we 
want* to refer it to the right clt^s, it will often happen 
that we have no seed at all to eKaniine, in oitler to dis- 
cover whether there be ohe seed-leaf or two in the germ. 
Even if we have a seed it will often be small, and a careful 
dissection under the microscope will be requisite to ascer- 
tain the number of cdtylecfons. Occasionally the examina- 
tion of the germ would mislead us, for the cotyledons may 
be obsolete, as in Cuscuta, or united together, as iu Clin- 
tonia. Botanists therefore seldom actually refer to the 
seed for such information. Certain other characters of a 
rplant are correlated with the number of seed-leaves ; thus 
monocotyledonous plants almost always possess .leaves with 
parallel veins like those of grass, while dicotyledonous 
plants have leaves witli reticulated veins like those of an 
oak leaf In monocotyledonous plants, too, the parts of the 
flower are most often three or some multiple of three in 
number, while in dicotyledonous plants the numbers four 
and live and their multiples prevail. Botanists, therefore, 
by a glance at tlie leaves and flowers can almost certainly 
refer a plant to its right class, and can infer not only the 
number of cotyledons which would be found in the seed or 
young plant, but also the structure of the stem and other 
general characters. 

Any conspicuous and easily discriminated property 
which we thus select for the purpose of deciding to which 
class an object belongs, may be called a characteristic. The 
logical conditions of a good characteristic mark are very 
simple, namely, that it should be possessed by all objects 
entering into a certain class, and by none others. Every 
characteristic should enable us to assert a simple identity ; 
if A is a characteristic, and B, viewed intensively, the class 
of objects of which it is the mark, then A = B ought to be 
true. The characteristic may consist either of a single 
quality or circumstance, or of a group of such, provided 
that they all be constant and easily detected. Thus in the 
classification of mammals the teeth are of the greatest 
assistance, not because a slight variation in the number 
and form of the teeth is of importance in the general 
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ecoiiomy of the anmial,, but because such variations are 
proved by empJrical olCservation to coincide with most im- 
portant differences in tlie gen\3ral affinities. It is found 
that the ^ninor classes ‘and genera of ipamm^ls*^ esCa be 
discrimiiiiiled accurately by their teeth, especially by the 
foremost luolars and the hindmost pre-molars. Some teeth, 
indeed, are occasionally missing,^ so that zoologists prefer to 
trust to those characteristic teeth which are most constant,^ 
and to infer from them not only the arrangement of the 
other tcetli, but the whole conformation of the animal. 

It is a very difficult matter to mark out a boundary -line 
between the animal and vegetable kingdoms, and it may 
even be doubted whether a rigorous boundary can be estab- * 
lished. The most fundamental and important difference of 
a vegetable as compared with an animal substance probably, 
consists in the absence of nitrogen from the donstitiient 
membranes. Supposing this to be the case, the difficulty 
arises that in examining minute organisms we cannot ascer- 
tain directly whether they contain nitrogen or not. Some 
minor but easily detected circumstance is therefore needed 
to discriminate between animals and vegetables, and this is 
furnished to some extent by the fact that the production 
of starch granules is restricted to the vegetable kingdom. 
Tims the l)esinidiaccn3 may be safely assigned to the vege- 
table kingdom^ because they contain starcli. But we 
must not employ this characteristic negatively ; the Diato- 
maceoQ are probably vegetables, though they do not pro- 
duce starch. 


Diagnostic Sgstcnis of Classification, 

We have seen that diagnosis is the process of discover- 
ing the place in any system of classes, to which an object 
has been I'eferred by some ]>revious investigation, the 
object being to avail ourselves of the information relating 
to such an object which has been accumulated and re- 
corded. It is obvious that this is a matter of great impor- 
tance, for, unless we can recoguise, from time to time, 
objects or substances which have been investigated, recorded 
discoveries would lose their value. Even a single iiivesti- 

* Owen, Essay on the Classification and Geographical Distribution 
qf the Mmimalia, p. 20. 
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gator must have means of recording and sy|tematising his 
observations of any large groups of t^bjects like the vege- 
table and animal kingdoms.* 

N\\v>wl;^enever a class has* been properly formed, a 
defini^iion must have been laid do^n, stating the qualities 
and circumstances possessed by a>l the objects* which are 
intended to be included "in the class, and not possessed 
coinj^etely by any other objects. Diagnosis, therefore, 
consists in comparing tlie qualities a certain object 
with the definitions of a •series of classes ; the absence 
in the object of any one quality stated in tlie delinition 
excludes it from the class thus defined; whereas, .df we 
find every point of a definition exactly fulfilled in tlie 
specimen, we may at once assign it to the class in 
/][uestion. It is of course by no means certain that every- 
thing which has been affirmed of a class is true of all 
objects afterwards referred to the class; for this would 
be a case of imperfect inference, which is never more 
than matter of probability. A definition can only make 
known a finite number of the qualities of an object, and 
it always remains possible that objects agree' iig in those 
assigned qualities will differ in others. An iiuHvuhial 
cannot he defined^ and can only be made known by the 
exhibition of- the individual itself, or by a material speci- 
men exactly representing it. But this and other questions 
relating to definition must be treated when 1 am able to 
take up the subject of language in another work. 

Diagnostic systems of classification should, as a general 
rule, be arranged on the bifurcate method explicitly. Any 
quality may be chosen which divides the whole group of 
objects into two distinct parts, and each part may be sub- 
divided successively by any prominent and well-marked 
circumstance which is present in a large part of the genus 
and not in the other. To refer an object to its proper 
■ place in such an arrangement we have only to note whether 
it does or does not possess the successive ciitical differentiae 
Dana devised a classification of this kind^ by which to refer 
a crystal to its place in tiie series of six or seven classes 
already described. If a crystal has all its edges modified 
alike or the angles replaced by three or six similar planes, 

^ Dana^s Mineialogy, vol. i. p. 125 ; quoted in Watts’ Dictionary 
if Ckemisti^y, vol, ii. p. 166. 
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it belongs to the inonopetric system ; if not, we observe 
whether the ^ umber ^ of similar planes at the extremity of 
the crystal is three or some inultiple of three, in which 
case it is a crystal of 'the hexagonal system^ atid^^o we 
proceed with further successive discriminations. Toe ascer- 
tain the name of a miileral by examination with the blow- 
pipe, an arrangement more or less evidently on the bifirrcate 
plan, has been laid down by Yon Kobell.^ Minerals 
are divided according as they possess or do not possess 
metallic lustre; as they are fifsible or not fusible, accord- 
ing as they do or do not on charcoal give a metallic bead, 
and SI) on. 

Perhaps the best example to be found of an arrange- 
ment devised simply for the purpose of diagnosis, is 
Mr. George Benthain’s Analytical Key to the NatuM 
Orders and Anomalous Genera of the British Flora, given 
in his Handbook of the British Flora?' In this scheme, 
the great composite family of plants, together with the 
closely approximate genus Jasione, are first separated 
from all other flowering plants by the compound character 
of their flowers. The remaining plants are sub-divided 
according as the perianth is double or single. Since no 
])lants are yet known in which the perianth can be said 
to have three or more distinct rings, this division becomes 
])ractically the same as one into double and not-double. 
Flowers with a double perianth are next discriminated 
according as the corolla does or does not consist of one 
piece ; according as the ovary is free 6r not free ; as it is 
simple or not simple ; as the corolla is regular or irregular ; 
and so on. On looking over this arrangement, it will 
be found that numerical discriminations often occur, the 
numbers of petals, stamens, capsules, or other parts being 
the criteria, in which cases, as already explained (p. 697), 
the actual exhibition of the bifid division would be tedious. 

LiniiaBus appears to have been perfectly acquainted 
with the nature and uses of diagnostic classification, which 
he describes under the name of Synopsis, saying: 3— 

^ Tnsti'uctions for the DiscririfiinatioYi of Minerals hyBiwjple Chemi- 
cal Eimrimmts, by Franz von Kobeli, traniilated from the German 
by R. C. Campbell, Glasgow, 1841. 

® Edition of 1866, p. Ixiii. 

3 Fhilosophia Botanica (1770), § 154, p. 
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Synopsis tradit Divisiones arbitrarias^ longiores aut brevi- 
ores, plures aut pauciores : a Bolanicis *in genere non 
agnoscenda. Synopsis est dichotomia ai1i)itiuria, qufe 
instaN viee ^d B(jtanicem diicitj* •Limites autem non de- 
termimat.” , 

The rules and tables drawn out by chemists fo facilitate 
the discovery of the nature of a substance in (qualitative 
analysis are usually arranged on the bifurcate method, 
and form excellent examples of diagnostic classification, 
the qualities of the substances q)roduced in testing being 
in most cases merely characterislic j)ro];)erties of little im- 
portance in other ,resq)ects. The chemist does not •detect 
potassium by reducing it to the state of metallic potas- 
sium, and then observing whether it has all the priuciq>al 
Qualities belonging to i)otassium. He selects from among 
the whole number of compounds of potassium that salt, 
namely the compound of j)latinum tetra-chloride, and 
potassium chloride, which has the most distinctive ap- 
pearance, as it is comparatively insoluble and produces 
a peculiar yellow and highly crysialline i)recipitate. Ac- 
cordingly, potassium is present whenever thi.> precipitate 
can be produced by adding platinum chloride to a solu- 
tion. The hue purple or violet colour whicli potassium 
salts communicate to the blowpipe llame, liad long been 
used as a characteristic mark. Some other elements were 
readily detected by tlie colouring of the blowpipe flame, 
barium giving a pale yellowish green, and salts of stron- 
tium a bright red. By the use of the spectroscope the 
coloured light given ofif by an incandescent vapour is made 
to give perfectly characteristic marks of the elements con- 
tained in the vapour. 

Diagnosis seems to be identical with the process termed 
by the ancient logicians ahscissio infiniti, the cutting off 
of the infinite or negative part of a genus when we dis- 
cover by observation that an object possesses a particular 
difference. At every step in a bifurcate division, some 
objects possessing the difference will faU into the affirma- 
tive part or species ; all the remaining objects in the world 
faU into the negative part, which will be infinite in extent. 
Diagnosis consists in the successive rejection from further 
notice of those infinite classes with which the specimen in 
question does not agree. 
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Inlex ClassiJicafAom. 

Under classification wq may include all arrangQaif;jts of 
objects or names, which we make for saVlng lalDour jn the 
discovery of an object. Even alphabetical indices are real 
classifications. No such arrangement can be of use unless 
it involves some correlation of circumstances, so that 
knowing one thing we learn anotlier. If we merely 
arrange letters in “the pigeoiirholes of a secretaire we 
establish a correlation, fqp all letters in the first hole will 
be w;i’itten by persons, for instance, whose names begin 
with A, and so on. Knowing then the initial letter of 
the writer's name, we know also the place of the letter, and 
the labour of search is thus reduced to one twenty-sixth 
part of what it would be witliout arrangement. 

Now the purpose of a catalogue is to discover the place 
in which an object is to be found ; but the art of cataloguing 
involves logical considerations of some importance. Wo 
want to establish a correlation between the place of an 
object and some circumstance about the object which 
shall enable us readily to refer to it ; this circumstance 
therefore should be that which will most readily dwell in 
the memory of the searcher. A piece of poetry will be 
best remembered by the first line of the piece, and the 
name of the author will be the next most definite circum- 
stance ; a catalogue of poetry should therefore be arranged 
alphabetically according to the first word of the piece, or 
the name of the author, or, still better, in both ways. It 
would be impossible to arrange poems according to their 
subjects, so vague and mixed are these found to be when 
the attempt is made. 

It is a matter of considerable literary importance to 
decide upon the best mode of cataloguing books,, so that 
any required book in a library shall be most readily 
found. Books may be classified in a great number of 
ways, according to sulyect, language, date, or place of 
.publication, size, the initial words of the text or title-page, 
or colophon, the author’s name, the publisher’s name, the 
printer’s name, the character of the type, and so on. Every 
one of these modes of arrangement may be useful, for we 
may happen to remember one circumstance about a book 
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when we have forgotten all others ; but as we cannot usually 
go to the expense of fornjing mo\% than "two or three 
indices, we must select tlwse circumstances wliich will 
lead N tlie ^discovery of a book, most frequently* Many 
of the criteria mentioned are evidently inapplicable. 

The language in whicli a book ds written i?3 definite 
enough, provided that the Vhole book is written in ihc 
same language ; but it is obvious that language gives n') 
ineans for the subdivision and arrangement of tlie literature 
of any one people. Gfassifit^ation by subjects would be an 
exceedingly useful method if it were practicable, but ex- 
l)erience shows it to be a logical absurdity. It is o, very 
difficult matter to classify the sciences, so complicated 
are the relations' between them. But with books the 
(Dniplication is vastly greater, since the same book 
may treat of difierent sciences, or it may .(liscuss a 
problem involving many branches of knowledge. A 
good account of the steam-engine will be antiquarian, so 
far as it traces out the earliest efforts at discovery; purely 
scientific, as regards the principles of thermodynamics in- 
volved; technical, as regards the mechanical means of apply- 
ing those principles ; economical, as regards the industrial 
results of the invention; biographical, as regards the lives 
of the inventors. A history of Westminster Abbey might 
belong either to the history of arcliitecture, the history of 
the Church, or the history of England. If we abandon the 
attempt to carry out an arrangement according to the 
natural classification of the sciences, and form comprehen- 
sive practical groups, we shall be continually perplexed by 
the occurrence of intermediate cases, and opinions will 
differ ad infinitum as to the details. If, to avoid the dif- 
ficulty about Westminster Abbey, we form a class of books 
devoted to the History of Buildings, the question will then 
arise whether Stonehenge is a huilding, and if so, whether 
cromlechs, mounds, and monoliths are so. We shall be 
uncertain whether to include lighthouses, monuments, 
bridges, &c. In regard to literary works, rigorous classifi- 
cation is still less possible. The same work may partake 
of the nature of poetry, biography, history, philosophy, or 
if we form a comprehensive class of Belles-lettres, nobody 
can say exactly what does or does not come under the 
term. ^ 
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My own experience entirely bears out the opinion of De 
Morgan, that' classil|cation according to tlic name of the 
author is the only one practicable in a large library, and 
this method has been admirably carried out in •thfr*' great 
catalogue of tlm Britisl) Museum. The name of thet^uthor 
is the m(5st precise circumstance concerning a book, which 
usually dwells in the memory. '' It is a better charact^-ristic 
of the book than anything else. In an alphabetical 
arrangement we liave an exhaustive classification, in- 
cluding a place for every name. The following remarks ^ 
of I)e Morgan seem therefore to be entirely correct. 
“ From much, almost daily use, of catalogues for many 
years, I am perfectly satisfied that a classed catalogue is 
more difficult to use tlian to make. It is one man’s theory 
of the subdivision of knowledge, and the chances axe 
against its suiting any other man. Even if all doubtful 
works ,were entered under several different heads, the 
frontier of the dubious region would itself be a mere matter 
of doubt. I never turn from a classed catalogue to an 
al].)habetical one without a feeling of relief and security. 
With the latter I cjui always, by taking piroper pains, make 
a library yield its utmost ; with the former I can never 
be satisfied that 1 have taken proper pains, until I have 
made it, in fact, as many dilferent (catalogues as tliere are 
different headings, with separate trouble for each. Those 
to whom bibliographical research is familiar, know that 
they have much more frequently to hunt an author than 
a subj(‘ct : they know also that in searching for a subject, 
it is never safe to take another person’s view, however 
good, of the limits of that subject with reference to their 
own particular purposes.” 

It is often desirable, however, that a name catalogue 
should be accompanied by a subordinate subject catalogue, 
but in this case no attempt should be made to devise a 
tlieoretically complete classification. Every principal 
subject treated in a book should be entered separately in 
an alphabetical list, under the name most likely to occur 

1 Philosophical Magazine, 3rd Series (1845), vol. xxvL p. 522. See 
also De Morgan’s evidence before the Royal Commission on the British 
Museum in 1849, Report (i8;o), Questions, 5704*— 5815* 6481— 
6513* This evidence should be studied by every person who wishes 
to understand the elements of Bibliography. 
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to the searcher, or uifder several names.* Tiiis method was 
partially carried out in Watts’ Bil^ioiJieca LHtannica, hut 
it was excellently applied ir^the admirable subject index 
to theV>Vi^^^t Catalogue of BookSf mid equally well in the 
Catalo§ue of the Manchester Free ^Library at Campfield, 
drawn up under the direction of ‘Mr. Crestacfero, this 
latter^being the most perfect model of a printed catalogue 
with ^which I am acquainted. Tlie Catalogue of the 
London Library is also in the right form, and has a useful 
index of subjects, though ^ is too much condensed and 
abbreviated. The public catalogue of the Lritish Museum 
is arranged as far as possible according to the alphabetical 
order of the authors’ names, but in writing the titles for 
this catalogue several copies are simultaneously produced 
manifold writer, so that a catalogue according to the 
order of the books on the shelves, and another .according 
to the first words of the title-page, are created by^a mere 
rearrangement of the spare copies. In the Fnglish Cyclo- 
pcedia it is suggested that twenty copies of the book titles 
might readily have been utilised in Ibiining additional 
catalogues, arranged according to the place of ])nblicatioii, 
the language of the book, the general nature of liie subject, 
and so forth.i excellent suggestion has also been made 
to the effect tliat each book when published should have a 
fly-leaf containing half a dozen printed copies of the title, 
drawn up in a form suitable for insertion in catalogues. 
Every owner of a library could then easily make accurate 
printed catalogues to suit his own purposes, by merely 
cutting out these titles and pasting them in books in any 
desirable order. 

It will hardly be a digression to point out the enormous 
saving of labour, or, wliat comes to the same thing, tlie 
enormous increase in our available knowledge, both literary 
and scientific, which arises from the formation of extensive 
indices. The “ State Papers,” containing the whole history 
of the nation, were practically sealed to literary inquirers 
until the Government undertook the task of calendaring 
and indexing them. The British Museum Catalogue is 
another national work, of which the impc»rtance in 
advancing knowledge cannot be overrated. The Eoyal 


’ Erhglish Cyclopcndia^ Arts and Science‘iy vol. v. p. 233. 
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Society is doing great ^service in publishing a complete 
catalogue of biemoir#; upon physical science. The time 
will perhaps' come when our ^views upon this subject will 
be extended, and either^ Government or s^ome ppbtc J?(>ciety 
will undertake the systematic cataloguing and inde^iing of 
masses ot historical and scientific information which are 
now almost closed against inquiry. 

Glassificof/ion in the Biological Sciences. 

%■ " 

The great generalisations established in the works of 
Herbert Spencer and Charles Darwin have thrown much 
light upon other sciences, and have removed several 
difficulties out of the way of the logician. The subject of 
classification has long been studied in almost exclusive 
reference*, to the arrangement of animals and plants. 
Systematic botany and zoology have been commonly 
known as the Classificatory Sciences, and scientific men 
seemed to suppose that the methods of arrangement, 
which were suitable for living creatures, must be the best 
for all other classes of objects. Several mineralogists, 
especially Mohs, have attempted to arrange minerals in 
genera and species, just as if they had been animals 
capable of reproducing their kind vdth variations. This 
confusion of ideas between the relationship of living forms 
and the logical relationship of things in general prevailed 
from the earliest times, as manifested in th^ etymology of 
words. We familiarly speak of a kind of things meaning 
a class of things, and the kind consists of those things 
which are akin, or come of the same race. When Socrates 
and his followers wanted a name for a class regarded in a 
philosophical light, they adopted the analogy in question, 
and called it a 761^09, or race, the root 76*/- being connected 
with the notion of generation. 

So long as species of plants and animals were believed 
to proceed from distinct acts of Creation, there was no 
apparent reason why methods of classification suitable to 
them should not be treated as a guide to the classification 
of other objects generally. But when once we regard 
these resemblances as hereditary in their origin, we see 
that the sciences of systematic botany and zoology have 
a special character of their own. There is no reason to 
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suppose that the sai|ie kind of natural* classification which 
is best in biology will apply in ifiineralogy, in 

chemistry, or in astronomy.* The logical principles which 
undeTlietfill^ classification are of ooftrse the same iii natural 
historfr as in the sciences of lifeles^ matter, but the special 
resemblances which arise from the •relation of jTarenjj and 
oflfspi'ing will not be foui!d to prevail between different 
kinds of crystals or mineral bodies. 

The genealogical view of the relations of animals and 
plants leads us to discard all* notions of a regular progression 
of living forms, or any theory as to their s3nnmf‘Mical 
relations. It was at one time a question whether the 
ultimate scheme of natural classification would lead to 
arrangement in a simple line, or a circle, or a combination 
#f circles. Macleay’s once celebrated system was a circular 
one, and each class-circle was composed of five order- 
circles, each of which was composed again of five tribe- 
circles, and so on, the subdivision being at eacli step into 
five minor circles. Macleay held that in the animal 
kingdom there are five sub-kingdoms — the Vertebrata, 
Annulosa, Eadiata, Acrita, and Mollusca. Each of these 
was again divided into five — the Vertebrata, consisting of 
Mammalia, Eeptilia, Pisces, Amphibia, find Aves.^ It is 
evident that in such a symmetrical system the animals 
wete made to suit themselves to the classes instead of the 
classes being suited to the animals. 

We now perceive that the ultimate system will have the 
form of an immensely extended genealogical tree, which 
will be capable of representation by lines on a plane 
surface of sufficient extent. Strictly speaking, this genea- 
logical tree ought to represent the descent of each indi- 
vidual living form now existing or which has existed. It 
should be as personal and minute in its detail of relations, 
as the Stemma of the Kings of England. We must not 
assume that any two forms are exactly alike, and in any 
case they are numerically distinct. Every parent then 
must be represented at the apex of a series of divergent 
lines, representing the generation of so many children. Any 
complete system of classification must regard individuals 
as the infimse species. But as in the lower races of animals 

* Swainson, “ Treatise on the Geography and Classification of 
Auimals/’ Oahinet Cyclopcedia, p. 201. 
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aaid plants the diffarences between in|iiividuals are slight 
and apparently nnimjjoAant, while the numbers of such 
individuals afe immensely great, beyond all possibility of 
separate treatment, scientific men have always^ st^pp'ed at 
some convenientf but arbitrary point, alid have asgjumed 
that forms so closely resembling each other as to present 
no constant difference were albof one kind. They have, 
in short, fixed their attention entirely upon the main 
features of family difference. In the genealogical* tree 
which they have been unconsciously aiming to construct, 
diverging lines meant races diverging in character, and 
the purpose of all efforts at so-called natural classification 
was to trace out the descents between existing groups of 
plants or animals. 

NTow it is evident that hereditary descent may have ii^ 
different cases produced very difierent results as regards 
the problem of classification. In some cases the differ- 
entiation of characters may have been very frequent, and 
specimens of all the characters produced may have 
been transmitted to the present time. A living form 
will then have, as it were, an almost infinite number of 
cousins of various degrees, and there will be an immense 
number of forms finely graduated in their resemblances. 
Exact and distinct classification will then be almost 
impossible, and the wisest course will be not to attempt 
arbitrarily to distinguish forms closely related in nature, 
but to allow that there exist transitional forms of every 
degree, to mark out if possible the extreme limits of the 
family relationship, and perhaps to select the most 
generalised form, or that which presents the greatest 
number of close resemblances to others of the family, as 
the type of the whole. 

Mr. Darwdn, in his most interesting work upon Orchids, 
points out that the tribe of Malaxeee are distinguished from 
Epidendreae by the absence of a caudicle to the poUinia ; 
but as some of the Malaxeae have a minute caudicle, the 
division really breaks dowm in the most essential point. 
** This is a misfortune,*’ he remarks,^ “ which every natu- 
ralist encounters in attempting to classify a largely 
developed or so-called natural group, in which, relatively 


* Darwin, Fertilisation of Orchids, p. 159. 
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to other groups, thefe has been litijle e5ctinction. In order 
that the naturalist may he enablec> to givg precise and 
clear^ definitions of his divisions, whole ranks of inter- 
media^ 6r gfradatipnal forms must^liave bgen uttel'ly swept 
away .• if here and there a mernher of the intermediate 
ranks has escaped annihilation, it ^uts an effectual bar to 
any absolutely distinct defmition.’' 

In^ther cases a particular plant or animal may perhaps 
have transmitted its iovm from geneaxtion to generation 
almost unchanged, or, what*comes to the same result, those 
forms which diverged in character from the parent stock 
may have proved unsuitable to their circumstanced, and 
perished. We shall then find a particular form standing 
^art from all others, and marked by many distinct 
ffiaracters. Occasionally we may meet with specimens of 
a race which was formerly far more common but is now 
undergoing extinction, and is nearly the last of ks kind. 
Thus we explain th« occurrence of exceptional forms sucli 
as are found in the Amphioxus. The Equisetacere perplex 
botanists by their want of affinity to other orders of Acro- 
genous plants. This doubtless indicates that t!ieir genea- 
logical connection with other plants must be souglit for in 
the most distent ages of geological development. 

Constancy of character, as Mr. Darwin has said,^ is 
what is chiefly valued and sought after by naturalists ; 
that is to say, naturalists wish to find some distinct family 
mark, or group of characters, by which they may clearly 
recognise the relationship of descent between a large 
group of living forms. It is accordingly a great relief to 
the mind of the naturalist when he comes upon a defi- 
nitely marked group, such as the Diatomacem, which are 
clearly separated from their nearest neighbours the Des- 
midiaceae by their siliceous framework and the absence of 
chlorophyll. But we must no longer think that because 
we fail in detecting constancy of character the fault is 
in our classificatory sciences. Where gradation of charac- 
ter really exists, we must devote ourselves to defining and 
registering the degrees and limits of that gradation. The 
ultimate natural arrangement will often be devoid of strong 
lines of demarcation. 


A 


^ Descend of Man, vol. i. p. 214. 
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Let iiatural,ists, \oo, cform their l^ystems of natural 
classification. with aK care they can, yet it will certainly 
happen from time to time that new and exceptional , forms 
of animals or ,vege tabled will be discoverell lanti will 
require tlv3 modification of the system. A natural System 
is diiected, as we have seen, to^, the discpvery of empirical 
laws of correlation, but these, laws being purely empirical 
will frequently be falsified by more extensive invaotiga- 
tioii. From time to time the^ notions of naturalists have 
been greatly widened, especially in the case of Australian 
animals and . plants, by the discovery of unexpected com- 
binations of organs, and such events must often happen 
in tlie i'utnre. If indeed the time shall come when all 
the forms of plants are discovered and accurately de- 
scribed, the science of Systematic Botany will then b^e 
})laced in a new and more favourable position, as remarked 
by Alphonse Decandolled 

It ought to be remembered that thoagh the genealogical 
classification of plants or animals is doubtless the most in- 
structive of all, it is not necessarily the best for all purposes. 
There may be corielations of properties important for 
medicinal, or other practical purposes, which do not cor- 
respond to the correlations of descent. We must regard 
the bamboo as a tree rather than a grass, although it is 
botanically a grass. For legal purposes we may continue 
with advantage to treat the whale, seal, and other cetaoesp., 
as fish. We must also class plants according as they 
belong to arctic, alpine, temperate, sub-tropical or tropical 
regions. There are causes of likeness apart from hereditary 
relationship, and wt must not atiriibutz exclusive excellence 
to any one method of classification. 

Glassification by Types. 

Perplexed by the difiiculties arising in natural history 
from the discovery of intermediate forms, naturalists have 
resorted to what they call classification by types. Instead 
of forming one distinct class defined by the invariable 
possession of certain assigned properties, and rigidly in- 
cluding or excluding objects according as they do or do not 


' Itaws of jPotanical Nomenclature, p. 
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possess all these |roperties, naturalists seject a typical 
specimen, and they group around ft all otter specimens 
whiiili res(?inble this type more ^liaii aii}^ otlier selected 
type.^ ‘*lfte tfp% of eacli genus*” we areitold,^ “Should be 
that Ipecies in which the charsicters of its 
best exhibited and most, evenly * balanced.” It Would 
usiuflly consist of those descendants of a form which liad 
undwgone little alteration, while otlier descendants had 
suffered slight differentiation in various directions. 

It would be a great mistake to suppose tliat this rlassi- 
ficatioii by types is a logically distinct method. It is 
either not a real method of classilKtatioii at all, or it is 
merely an abbreviated mode of representing a compliciated 
system of arrangement. A class must be deliiied by the 
invariable presence of certain common properties. If, 
then, we include an individual in which one of tliese 
properties does not appear, we either fall into logical con- 
tradiction, or else# we form a new class with a new 
definitiom Even a single exception constitutes a new 
class by itself, and by calling it an exception we merely 
imply that tins new class closely resembles that from 
which it diverges in one or two points only. Thus in the 
definition of* the natural order of Itosacem, we lind that 
the seeds are one or two in each carpel, but that in the 
genus Spiraea there are tliree or four ; this must mean 
either that the mimhcr of seeds is not a part of the fixed 
definition of the class, or else that Spiriea does not belong 
to that class, though it may closely apiu'oximate to it. 
I^aturalists continually find themselves between two horns 
of a dilemma ; if they restrict the number of marks 
specified in a definition so that every form intended to 
come within the class shall possess all those marks, it will 
then be usually found to include too many forms ; if the 
definition be made inoi'e particular, the result is to produce 
so-called anomalous genera, whicli, while they are held to 
belong to the class, do not in all respects conform to its 
definition. The practice has lienee arisen of allowing con- 
siderable latitude in the definition of natural orders. The 
family of Crucifene^for instance, forms an exceedingly well- 
marked natural order, and among its characters we find it 

1 Waterhouse, <piu(ed l>y WoiMlw.inl in Ih’h Hudiuiej.tanj Tnuitise 
of Recent and Fossil ^SheMs, p. 6i. 
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specitied that Jhe fihit V5 a pod, divided into two cells by 
a thin partiti/jn, fron/ which the valves generally separate 
at maturity ; but we are also inlormed that, in a few gjjnera, 
the pod *is one-belled, or' indehiscent, Q;r sepftra<;esr== trans- 
versely ii\to several joints.^ Now this must eithef- mean 
that ‘the formation of the pod is not an essential point in 
the definition of the family, or tliat there are several closely 
associated families. « 

The same holds tame of typical classification. The type 
itself is an individual, not a class, and no other object can 
be exactly like the type. But as soon as we abstract tlie 
individual peculiarities of the type and thus specify a 
finite number of qualities in which other objects may 
resemble the type, we immediately constitute a class. If 
some objects resemble the type in some points, and otliefs 
in other points, then each definite collection of points of 
resemblance constitutes intensively a separate class. The 
veiy notion of classification by types (is in fact erroneous 
in a logical point of view. The naturalist is constantly 
occupied in endeavouring to mark out definite groups 
of living forms, where the forms themselves do not in 
many cases admit of such rigorous lines of demarcation. 
A certain laxity of logical method is thus apt to creep in, 
the only remedy for which will be the frank recognition of 
the fact, that, according to the theory of hereditary descent, 
gradation of characters is probably the rule, and precise 
demarcation between groups the exception. 

Natural Genera and Species, 

One important result of tlie establishment of the theory 
of evolution is to explode all notions about natund groups 
constituting separate creations. Naturalists long held that 
every plant belongs to some species, marked out by in- 
variable characters, which do not change by difference of 
soil, climate, cross-breeding, or other circumstances. They 
were unable to deny the existence of such things as sub- 
species, varieties, and hybrids, so that a species of plants 
was often subdivided and classified within itself. But 
then the differences upon which this sub-classification 

^ Benthain’s Handbool' of the Br itish Flora (1866), p. 25. 
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depended wore si^posed to be ,varfable, ^and tluis dis- 
tinguished from the invariable chara^e*rs imposed upon the 
whole species at its creation. Similarly a natural genus 
was ^ ^’otp of species, and wfts niarke^l out ffom other 
geneif, by eternal diflerences of still greater importance. 

We now, however, perceive thal; the existence of any 
suclf groups as genera and species is an arhitrarv creation 
of the naturalist’s mind. All resemblances of plants are 
natural so far as they express hereditaiy alhnities ; but this 
applies as well to the variations within the species as to 
the species itselJ', or to the larger groups. All is a matter 
of degree. The deeper differences between plants have 
been produced by the differentiating action of cii’cum- 
stances during millions of years, so that it would naturally 
^■equire millions of years to undo this result, and [)rove 
experimentally that the forms can be approximuted again. 
Sub-species may sometimes have arisen within historical 
times, and varieties^ approaching to sub-species may often 
be produced by the horticulturist in a few years. Such 
varieties can easily be brought back to their original forms, 
or, if placed in the original circumstances, will themselves 
revert to those forms; but according to Darwins views 
all forms ar^ capable of unlimited change, and it might 
possibly be, unlimited reversion if suitable circumstances 
and sufficient time be granted. 

Many fruitless attempts have been made to establish a 
rigorous criterion of specific and generic difference, so that 
these classes might have a definite value and rank in all 
branches of biology. Linnaeus adopted the view that the 
species was to be defined as a distinct creation, saying,^ 
“ Species tot numeramus, quot diversse forrnee in principle 
sunt creatae ; ” or again, Species tot sunt, quot diversas 
formas ab initio produxit Infinitum Ens ; qiue format, 
secundum generationis inditas leges, produxere plures, at 
sibi semper similes.” Of genera he also says,^ '' Genus 
omne est naturale, in primordio tale creatura.” It was a 
common doctrine added to and essential to that of distinct 
creation that these species could not produce intermediate 
and variable forms, so that we find Linnseus obliged by the 
ascertained existence of hybrids to take a different view 

^ Fhilosopkia Botanica (1770), § i57> P* 99- 

2 IbiiL § 1 59, p. 100. 
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in anotliei’ work; he say^/ ‘"!Novas spejies immo et genera 
ex copula diversarutn^^pecierum in regno vegetabilium oriri 
prime intuitu paradoxum videtur ; interim observation's sic 
fieri non tta dissyadent/^ Plvcii supposi^ig in ]<l’csont 
day that we could assen-fc to the notion of a cerburj nlimber 
of distinct creational acts, this notion would not help us in 
the theory of classiffcation. Naturalists have never pointed 
out any method of deciding what arc the results of distinct 
creations, and wliai are not. As blarwin says,- “the de- 
linition must not include an element which cannot possibly 
be ascertained, such as an act of creation.’' It is, in fact, 
by investigation of forms and classification that we should 
ascertain what were distinct creations and what were not ; 
this information would-be a result and not a means of 
classification. 

Agassiz sticmed to consider that he had discovered an im- 
portant principle, to the effect that general plan or structure 
is the true ground for the discriminatioij of the great classes 
of animals, which may be called branches of the animal 
kuigdoiii.^ He also thought that genera are definite and 
natural groups. “Genera,” he says,^ “are most closely 
allied groups of animals, differing neither in form, nor in 
complication of structure, but simply in the ultimate struc- 
tural peculiarities of some of their parts ; and this is, I be- 
lieve, the best definition which can be given of genera.” 
Hut it is surely apparent that there are endless degrees both 
of structural peculiarity and of complication of structure. 
It is impossible to define the amount of structural pecu- 
liarity which constitutes the genus as distinguished from 
the species. 

Tlic form which any classification of plants or animals 
tends to take is that of an unlimited series of subaltern 
classes. Originally botanists confined themselves for the 
most part to a small nuniber of such classes. Linnseus 
adopted Class, Order, Genus, Species, and Variety, and even 
seemed to think that there was something essentially natu- 
ral in a five*fold aiTangement of groups.^ 

i Ammitates Academics (1744), vol. i. p. 70. Quoted in Edin* 
burgh Beview, October 1868, vol. cxxviii. pp. 416, 417. 

^ Descent of Man, vol. i. p. 228. 

3 Agassiz, Essay on Classification, p. 219. * Ibid, p. 249. 

* Pnilosofihia Botanica, § 155, p. 98. 
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With the progreA of botany ini^rmediate and additional 
groups have gradually been introductd*. Acgordiiig to the 
Law^ of Botanical Nomeifclature adopted by the Inter- 
national Botanical Congress, hefd at I^aris^ in August 
i867,'*nrt) less than twenty-one n^iines of classes are re- 
cognised — namely, Kingdom, Diviston, Sub -division, Class, 
Sub<jlass, Cohort, Sub-coliort, Order, Sub-order, Tribe, Sub- 
tribe* Genus, Sub-genus, Section, Sub-section, Species, Sub- 
species, Variety, Sub-yariety, Variation, Sub -variation. It 
is allowed by the authors 6f this scheme, that the rnnk or 
degree of importance to be attributed to any of these divi- 
sions may vary in a certain degree according to ind?vudual 
opinion. The only point on which botanists are not allowed 
discretion is as to the order of the. successive sub-divisions ; 
%,ny inversion of the arrangement, such as division of a 
genus into tribes, or of a tribe into orders, is ‘quite inad* 
missible. There is no reason to sn])pose tliat even the 
above list is comj)lete and inextensible. The Botanical 
Congress itself recognised the distinction between variations 
according as they are Seedlings, Hall-breeds, or Lusits 
Naiurce, The complication of the inferior < lasses is in- 
creased again by the existence of hybrids, arising liom the 
fertilisation ,of one species by another deemed a distin(;t 
species, nor can we place any limit to the minuteness of 
discrimination of degrees of breeding short of an actual 
pedigree of individuals. 

It will be evident to the reader that in the remarks 
upon classification as applied to tlie Natural Sciences, 
given in this and the preceding sections, I have not in the 
least attempted to treat the subject in a manner adequate 
to its extent and importance. A volume would be insuf- 
ficient for tracing out the principles of scientific method 
specially applicable to these branches of science. What 
more I may be able to say upon the subject will be better 
said, if ever, when I am able to take up the closely- 
connected subjects of Scientific Nomenclature, Terminology, 
and Descriptive Representation. In the meantime, 1 have 
wished to show, in a negative point of view, that natural 
classification in the animal and vegetable kingdoms is 
a special problem, and that the particular methods and 

^ Laws of Botanical Nomenclature^ by Alphonse DecandoJle, trans- 
lated from the French, i 868 , jp. 19 . 
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difliculties to whicll it /rives rise aTe^iiot those common 
to all cases of clasfeification, as so many physicists have 
supposed. Genealogical reseniblaiices are only a special 
case of rel^emblapces in general. ‘ 

<> 

Unique or Exccj^t\onal Objects, 

In framing a system of classification in almost^, any 
branch of science, , we must expect ^ to meet with unique 
or peculiar objects, which stand klone, having comparatively 
few analogies with other objects. They may also be said 
to be cui generis y each unique object forming, as it were, a 
genus by itself ; or they are called because from 

thus standing apart it is difficult to find terms in which to 
describe their properties. The rings of Saturn, for instance^' 
form a unique object among the celestial bodies. We 
have indeed considered this and many other instances of 
unique objects in the preceding chapter on Exceptional 
Phenomena. Apparent, Singular, ana Divergent Excep- 
tions especially, are analogous to unique objects. 

In the classification of the elements. Carbon stands 
apart as a substance entirely unique in its powers of 
producing compounds. It is considered to ,be a quadri- 
valent element, and it obeys all the ordinary laws of 
chemical combination. Yet it manifests powers of affinity 
in such an exalted degree that the substances in which it 
appears are more numerous than all the other compounds 
known to chemists. Almost the whole of the substances 
which have been called organic contain carbon, and are 
probably held together by the carbon atoms, so that many 
chemists are now inclined to abandon the name Organic 
Chemistry, and substitute the name Chemistry of the 
Carbon Comiiounds. It used to be believed that the 
production of organic compounds could be effected only 
by the action of vital force, or of some inexplicable cause 
involved in the phenomena of life ; but it is now found 
that chemists are able to commence with the elementary 
materials, pure carbon, hydrogen, and oxygen, and by 
strictly chemical operations to combine these so as to form 
complicated organic compounds. So many substances have 
already been formed that we might be inclined to genera- 
lise and infer that all organic compounds might ultimately 
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be produced witWut the agency^ of Kving beings. Thus 
the distinction b^ween the orgarmc* and* .the inorganic 
kingdoms seems to be briaking^down, but our wonder at 
tlie p^culii»r powers of carbon must inci’case at* the same 
time.® \ • 

In considering generalisation, th§ law of continuity was 
applied chiefly to physical properties capable of mathe- 
matical treatment. But in the classiflcatory sciences, also, 
the same important. princi})le is often beautifully cx- 
emplifled. Many objects* or events seem to be entirely 
exceptional and abnormal, and in regard to degree or 
magnitude they may be so termed ; but it is often easy to 
show that they are connected by intermediate links with 
ordinary cases. In the organic kingdoms theie is a coiniiKm 
^groundwork of similarity running through ^ill classes, 
but particular actions and processes present -themselves 
conspicuously in particular families and classes. .'I’enacity 
of life is most n^^rked in the llotifera, and some other 
kinds of microscopic organisms, which can be dried and 
boiled without loss of life. Eeptiles arc distinguished 
by torpidity, and the length of time they can live without 
food. Birds, on the contrary, exhibit ceaseless activity and 
high muscular power. The ant is as conspicuous for 
intelligence and size of brain among insects as the quad- 
rumana and man among vertebrata. Among plants the 
Leguminosae are distinguished by a tendency to sleep, 
folding their leaves at the approach of night. In tlie 
genus Mimosa, especially the Mimosa pudica, commonly 
called the sensitive plant, the same tendency is magnifled 
into an extreme irritability, almost resembling voluntary 
motion. More or less of the same irritability probably 
belongs to vegetable forms of every kind, but it is of 
course to be investigated with special ease in such an 
extreme case. In the Gymnotus and Torpedo, we find that 
organic structures can act like galvanic batteries. Are we 
to suppose that such animals are entirely anomalous ex- 
ceptions ; or may we not justly expect to find less intense 
manifestations of electric action in all animals ? 

Some extraordinary differences between the modes of re- 
production of animals have been shown to be far less than 
was at first sight apparent. The lower animals seem to 
differ entirely from the higher ones in the power of repro- 
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ducing lost limbs. A kipd of crab has f he habit of casting 
portions of its,.claws‘\«dien much frightened, but they soon 
grow again. There are multitudes of smaller anipaals 
which, lild^ th(3 Hydra, ma^ be cut in twcv and yat 'li^e and 
develop into new conijplete individuals. No mannAalian 
einimal can reproduce a limb, and in appearance there is no 
analogy. But it was suggested by Blumenbach that the 
healing of a wound in the higher animals really represents 
in a lower degree the power of repro(liicirjg a limb. That 
this is true may be shown by adducing a multitude of in- 
termediate cases, each adjoining pair of which are clearly 
analogous, so that we pass gradually from one extreme to 
the other. Darwin holds, moreover, that any such re- 
storation of parts is closely connected with that perpetual 
replacement of the particles which causes every organised* 
body to be ‘after a time entirely new as regards its con- 
stituent " substance. In short, we approach to a great 
generalisation under which all the pliefiombna of gi’owth, 
restoration, and maintenance of organs are effects of one 
and the same power.^ It is perhaps still more sur- 
prising to find that the complicated process of reproduc- 
tion in the higher animals may be gradually traced down 
to a simpler and simpler form, which at last becomes un- 
distinguishable from the budding out of one plant from the 
stem of another. By a great generalisation we may regard 
all the modes of reproduction of organic life as alike in their 
nature, and varying only in complexity of development.^ 

Limits of Classification. 

Science can extend only so far as the power of accurate 
classification extends. If we cannoj; detect resemblances, 
and assign their exact character and amount, we cannot 
have that generalised knowledge which constitutes science ; 
we cannot infer from case to case. Classification is the 
opposite process to discrimination. If we feel that two 
tastes differ, the tastes of two kinds of wine for instance, 
the mere fact of difference existing prevents inference. 
The detection of the difference saves us, indeed, from false 

' Darwin, The Variation of Animals and PlantSf vol. ii. pp, 293, 
359, &c. ; quoting Paget, Lectures on Pathology ^ 1853, PP* * 52 ; 164. 

Ibid, vol, ii. p. 372* 
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inference, because io far as diffejencft exists, inference is 
impossible. But cnassification consiitf? in dej^ecting resem- 
blances of all degrees of* generality, and ascertaining 
exactly bow far ^ich resemblances extend, while* assigning 
precilfely the points at winch difference b*egins. It enables 
us, then, to generalise, and make* inferences "v^here. it is 
possible, and it saves us al the same time from going too 
f^r. ^ A full classification con sti lutes a complete record of 
all our knowledge of ,the objects or twonts classified, and 
the limits of exact knowletlge are identical with the limits 
of classification. 

It must by no means be su])])Osed that every* group 
of natural objects will be found capable of rigorous 
classification. There may be substances which vary by 
insensible degrees, consisting, for instance, in varying 
mixtures of simpler substances. Granite is* a mixture 
of quai’tz, felspar, and mica, but there are ha»dly two 
specimens in whigh the proportions of these three con- 
stituents are alike, jind it would be impossible to lay 
down definitions of distinct species of granite without 
finding aji inliriite variety of intermediate species. The 
only true cl a?ssifi cation of granites, then, would be founded 
on the pre^ortions of the constituents ])resent, and a 
chemical or microscopic analysis w^ould be requisite, in 
order that we might assign a specimen to its ti’ue ])ositioii 
in the series. Granites vary, again, by insensible degrees, 
as regards the magnitude of tlie crystals of felspar and 
mica. Ihecisely similar remarks might be made concern- 
ing the classification of other plutonic rocks, such as 
syenite, basalt, pumice-stone, lava. 

The nature of a ray of homogeneous light is strictly 
defined, either by its place in the spectrum or by the cor- 
responding wave-length, hut a ray of mixed light admits 
of no simple classification; any of the infinitely numerous 
rays of the continuous spectrum may be present or absent, 
or present in various intensities, so that we can only class 
and define a mixed colour by defining the intensity and 
wave-length of each ray of homogeneous light which is 
present in it. Complete spectroscopic analysis and the 
determination of the intensity of every part of the spec- 
trum yielded by a mixed ray is requisite for its accurate 
classificatiom Nearly the same may he said of complex 
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sounds. A simple * soupd undulationt if we could meet 
with such a SQuiid, >^atild admit of precise and exhaustive 
classification as regards pitch, the lengtli of wave, or the 
number of waves reaching the ear per secpnd being a suf- 
ficient criterion. But almost all ordinary sounds,*^ even 
those of musical instruments, consist of complex aggregates 
of undulations of different pitches, and in order to classify 
the sound we should have to measure the intensities of 
each of the constituent sounds, a wjork which has been 
])artially accomplished by Helm'holtz, as regards the vowel 
sounds. The different tones of voice distinctive of different 
individuals must also be due to the intermixture of minute 
waves of various pitch, which are yet quite beyond the 
range of experimental investigation. We cannot, then, at 
present attempt to classify the different kinds or iimhres of 
sound. 

The difficulties of classification are still greater when a 
varying phenomenon cannot be shown be a mixture of 
simpler phenomena. If we attempt to classify tastes, we 
may rudely group them according as they are sweet, bitter, 
saline, alkaline, acid, astringent or fiery; but it is evident 
that these groups are bounded by no sharp lines of defini- 
tion. Tastes of mixed or intermediate character may exist 
almost ad infinitum, and what is still more troublesome, 
the tastes clearly united within one class may differ more 
or less from each other, without our being able to arrange 
them in subordinate genera and species. The same remarks 
may be made concerning the classification of odours, which 
may be roughly grouped according to the arrangement of 
Linnaeus as, aromatic, fragrant, ambrosiac, alliaceous, fetid, 
virulent, nauseous. Within each of these vague classes, 
however, there would be infinite shades of variety, and 
each class would graduate into other classes. The odours 
which can be discriminated by an acute nose are infinite ; 
every rock, stone, plant, or animal has some slight smell, 
and it is well known that dogs, or even blind men, can 
discriminate persons by a slight distinctive odour which 
usually passes unnoticed. 

Similar remarks may be made concerning the feelings 
of the human mind, called emotions. We know what is 
anger, grief, fear, hatred, love ; and many systems for 
classifying these feelings have been proposed, They may 
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be roughly (Jistinguj.slied according as they are pleasurable 
* or painful, prospecftve or retrospective, seffisli or syinpa- 
^ thetip, active or passive, and possibly in many otlier ways ; 
but ea%h''nn)de o4 arrangement will be indefinite and un- 
satishfct^ry when followed into derails. *As a general rule, 
the emotional state of the mind dt any moment vtill be 
neither pure anger nor pure fear, nor any one pure feeling, 
but gn indefinite and complex aggregate of feelings. It 
may be that the state, of mind is realiy a sum of se.veiul 
distinct modes of agitation^ just as a mixed colour is the 
sum of the several rays of the spectiaim. In this case 
there may be more hope of some method of analysis being 
successfully applied at a future time. But it may be 
found that states of mind really graduate into eiich other 
^0 that rigorous classification would be hopeless.. 

A little reflection will show that there are whole worlds 
of existences which in like manner are incapable of logical 
analysis and classification. One friend may be able to 
single out and identify another friend by his countenance 
among a million other countenances. Faces are ca})able of 
infinite discrimination, but who shall classify and define 
them, or say'by what particular shades of feature he does 
judge ? There are of course certain distinct types of face, 
but each tyi^e is connected with each other tyjje by in- 
finite intermediate specimens. We may classify meiodies 
according to the major or minor key, the character of the 
time, and some other distinct points ; but every melody 
has, independently of such circumstances, its own distinctive 
character and effect upon the mind. We can detect differ- 
ences between the styles of literary^ musical, or artistic 
compositions. We caxi even in some cases assign a picture 
to its painter, or a symphony to its composer, by a subtle 
feeling of resemblances or differences which may be felt, 
but cannot be described. 

Finally, it is apparent that in human character there is 
unfathomable and inexhaustible diversity. Every mind is 
more or less like every other mind ; there is always a basis 
of similarity, but there is a superstructure of feelings, 
impulses, and motives which is distinctive for each person. 
We can sometimes predict the general character of the 
feelings and actions which will be produced by a given 
external event in an individual well known to us ; but 



7^4 


THE PRINCIPLES OF SCIENCE. [ch. xxx. 


we also know that \vc f^ro often inexplicably at fault in 
our inference?.' Nr/- ene can safely gcrneralise upon the ' 
subtle variations of temper aifU emotion which may jarise 
even in a* persoii of ordinary character, ^s husnsnAiiow- 
ledge and civilisation progress, these characteristic ^ilfer- 
ences.tend' to develop a'nd multiply themselves, rather tlian 
decrease. Character grows more many-sided. Two >. well 
educated Phiglishmen are far better distinguished /rom 
each other than two common labourers, and these arc 
better distinguished than two .Australian aborigines. The 
complexities of existing phenomena probably develop them- 
selves’ more rapidly than scientific method can overtake- 
them. Ill spite of all the boasted powers of science, we 
cannot really apply scientific method to onr own minds 
and charapters, which arc more important to us than all 
the stars and uebulse. 



BOOK VI. 


CHAPTER XXXI. 

REFLECTIONS ON THE RESULTS AND LIMITS OF 
SCIENTIFIC METHOD. 

Before coiiduding a work on tlie Principles of Science, 
it will not Ije inappropriate to add some remarks upon 
the limits and ultimate hearings of the knowledge which 
we may acquire by tlie employment of scientific method. 
All science consists, it has several times been stated, in the 
detection bf identities in the action of natural agents. The 
purpose of inductive inquiry is to ascertain the apparent 
existence of necessary connection between causes and 
effects, expressed in the form of natural laws. Now so far 
as we thus learn the invariable course of nature, the future 
becomes the necessary sequel of the present, and we are 
brought berieath the sway of powers with which nothing 
can interfere. 

By degrees it is found, too, that the chemistry of 
organised substances is not entirely separated from, but is 
continuous with, that of earth and stones. Life seems to 
be nothing but a special form of energy which is mani- 
fested in heat and electricity and mechanical force. The 
time may come, it almost seems, when the tender me- 
chanism of the brain will be traced out, and every thought 
Induced to the expenditure of a determinate weight of 
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nitrogen and phosphorus. No apparent limit exists to the 
success of scientific method in weigm-ng and measuring,' 
and reducing beneath the sway of law, the phenomena^both 
of mattertand of mind. ‘And if mental phenom^enist J?e thus 
capable of treatment by, the balance and the raijg^rOlneter, 
can we any longer hold that mind is distinct from mat{er ? 
Must not the same inexorable reign of law which is 
apparent in the motions of brute matter be extended Jto the 
subtle feelings of the human heart ? Are not plants and 
animals, and ultimately man himself, merely crystals, as it 
were, of a complicated form ? If so, our boasted free will 
becomes a delusion, moral responsibility a fiction, spirit a 
mere name for the more curious manifestations of material 
energy. All that happens, whether right or wrong, plea- 
surable or painful, is but the outcome of the necessar5 
relations of time and space and force. 

Materialism seems, then, to be the coming religion, and 
resignation to the nonentity of humai\will the only duty. 
Such may not generally be the reflections of men of 
science, but I believe that we may thus describe the 
secret feelings of fear which tlie constant advance of 
scientific investigation excites in the minds of many. Is 
science, then, essentially atheistic and materialistic in its 
tendency ? Does the uniform action of material causes, 
which we learn with an ever-increasing approximation to 
certainty, preclude the liypothesis of a benevolent Creator, 
who has not only designed the existing universe, but who 
still retains the power to alter its course from time 
to time ? 

To enter upon actual theological discussions would be 
evidently beyond the scope of this work. It is with the 
scientific method common to all the sciences, and not with 
any of the separate sciences, that we are concerned. 
Theology therefore would be at least as much beyond 
my scope as chemistry or geology. But I believe that 
grave misapprehensions exist as regards the very nature 
of scientific method. There are scientific men who assert 
that the interposition of Providence is impossible, and 
prayer an absurdity, because the laws of nature are in- 
ductively proved to be invariable. Inferences are drawn 
not so much from particular sciences as from the logical 
nature of science itself, to negative the impulses and 
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hopes of men. Now I may state tliat my own studies in 
logic lead me to call in question siic^i •negaljve inferences. 
Laws of nature are uniformtties observed to exist in the ac- 
tion o^^rl^in material agents, bill it is logically impossible 
to that air other agents mjist behave as these do. 

The too exclusive study of particular branches flf pl)^^sical 
science seems to generate *an over-confident and dogmatic 
spirit. Kejoicing in the success with which a few groups 
of facts are brought beneath the apparent sway of laws, the 
investigator hastily assume that he is close upon tin* ulti- 
mate springs of being. A particle of gelatinous matter is 
found to obey the ordinary laws of chemistry ; yet it*moves 
and lives. The world is therefore asked to believe that 
chemistry can resolve the mysteries of existence. 


The Mcanhuj of Natural Law. 

Pindar speaks of Law as the Puler of the Mortals and 
the Immortals, an¥l it seems to be commonly supposed 
that the so-called Laws of Nature, in like manner, rule 
man and his Creator. The course of nature is rc^garded 
as being determined by invariable principles of mechanics 
which have acted since the world began, and will act for 
evermore. Lven if the origin of all things is attributed 
to an intelligent creative mind, that Being is regarded as 
having yielded up arbitrary power, and as being subject like 
a human legislator to the laws whicli he has himself 
enacted. Such notions I should describe as superficial and 
erroneous, being derived, as I think, from false views of 
the nature of scientific inference, and the degree of certainty 
of the knowledge which we acquire by inductive investi- 
gation. 

A law of nature, as I regard the meaning of the 
expression, is not a uniformity wliich must be obeyed by 
all objects, but merely a uniformity which is as a matter of 
fact obeyed by those objects which have come beneath 
our observation. There is nothing whatever incompa- 
tible with logic in the discovery of objects which should 
prove exceptions to any law of nature. Perhaps the best 
established law is that which asserts an invariable cor- 
relation to exist between gravity and inertia, so that all 
gravitating bodies are found to possess inertia, and all 
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bodies possessing iKertia are found to gravitate. But it 
■would be no re*proaali^o bur scientific itiethod, if something 
were ultimately discovered te possess gravity without 
inertia. Strictly defined* and correctly interpreljsd, ^e^ law 
itself would ackhowledge the possibility ; for the 
statei^ientbf every law* we ought properly to join an e^iti- 
mate of the number of instan'ees in which it has ^beeu 
observed to hold true, and the probability thence calcu- 
lated, that it will hpld true in the next case. Now, &s we 
found (p. 259), no finite number of instances can warrant 
us in expecting with certainty that the next instance will 
be of like nature ; in the formulas yielded by the inverse 
method of probabilities a unit always appears to represent 
the probability that our inference will be mistaken. I 
demur to the assumption that there is any necessary trutl^ 
eVen in such fundamental laws of nature as the Indestruc- 
tibility of Matter, the Conservation of Energy, or the Laws 
of Motion. Certain it is that men of science have recog- 
nised the conceivability of other laws, ahd even investigated 
their inathematical consequences. Airy investigated the 
mathematical conditions of a perpetual motion (p. 223), 
and Laplace and Newton discussed imaginary laws of forces 
inconsistent witli those observed to operate in the universe 
(pp. 642, 706). 

The laws of nature, as I venture to regard them, are 
simply general propositions concerning the correlation of 
properties which have been observed to hold true of 
bodies hitherto observed. On the assumption that our 
experience is of adequate extent, and that no arbitrary 
interference takes place, we ard*then able to assign the 
probability, always less than certainty, that the next 
object of the same apparent natui*e will coliforin to the 
same laws. 


liijiniteness of the Universe. 

We may safely accept as a satisfactory scientific hypo- 
thesis the doctrine so grandly put forth by Laplace, who 
asserted that a perfect knowledge of the universe, as it 
existed at any given moment, would give a perfect know- 
ledge of what w^ to happen thenceforth and for ever 
after. Scientific inference is impossible, unless we may 
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regard the present as the outcome of \¥hat is past, and the 
cause of what is tS come. To thh v^e*v of* perfect intelli- 
gence nothing is uncertain. • The astronomer can calculate 
the pj^iJtic^s of the heavenly .b5dies when thousands of 
gencniui^ns of m^n shall have pasged awa'y, and in this fact 
\v(?have some illustration, as Laplaee remarks, of the power 
whi(J:i ficientilic prescience*may attain. Doubtless, too, all 
elforts in the investigation of nature tend to bring us nearer 
to tffe possession of that ideally perfr-Xt power of intelli- 
gence. Nevertheless* as Laplace with profound wisdom 
adds, ^ we must ever remain at an infinite distance from the 
goal of our aspirations. 

Let us assume, for a time at least, as a highly probable 
hypothesis, tliat whatever is to happen must be the out- 
ijome of wliat is ; there then arises the question,^ What is ? 
Now our knowledge of what exists must ever .remain im- 
perfect and fallible in two respects, firstly, wq do not 
Iviiow all the matter that has been created, nor the exact 
manner in which ft has been distributed through space. 
Secondly, assuming that we had that knowledge, we 
should still be Avanting in a perfect knowledge of the 
wcy in whiqli the particles of matter will act iq.on each 
other. The power of scientific prediction extends at the 
most to the limits of the data employed. Every con- 
clusion is purely hypothetical and conditional upon the 
non-interference of agencies previously undetected. The 
law of gravity asserts that every body tends to approach 
towards every other body, with a certain determinate 
force ; but, even supposing the law to hold true, it does 
not assert that the body toill approach. No single law 
of nature can warrant us in making an absolute predic- 
tion. We must knoAv all the laws of nature and all the 
existing agents acting according to those laws before we 
can say what will happen. To assume, then, that scientific 
method can take everything within its cold embrace of 
uniformity, is to imply that the Creator cannot outstrip 
the intelligence of his creatures, and that the existing 
Universe is not infinite in extent and complexity, an as- 
sumption fdr \^ich I see no logical basis whatever. 


* Theory Analyiiqut dcs Frobabilites, quoted by Babbage, Ninth 
Bfidgemier Tnaiist, p. 173. 

3 B 2 
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ITie.tndetSr'j^inate Problem of^reation, 

( 

A secc^id and very 'soa'ious misapproliensi<jp.^^cern- 
ing the import bf a law of nature maf now b^^inted 
oat. ^It ife not uncommonly supposed that a law deter- 
mines the character of the results which shall take place, 
as, for instance, that the law of gravity determines wliat 
force of gravity shgill act upon a given particle. S\ircly 
a little reflection must render it plaih that a law by itself 
determines nothing. It is lata plus agents obeying law 
whicluhas results, and it is no function of law to govern or 
define the number and place of its own agents. Whether 
a particle of matter shall gravitate, depends not only upon 
the law of Newton, but also upon the distribution of sun- . 
rounding particles. The theory of gravitation may perhaps 
be true4throughout all time and in all parts of space, and 
the Creator may never find occasion to create those possible 
exceptions to it which I have asserted to be conceivable. 
Let this be as it may ; our science cannot certainly deter- 
mine the question. Certain it is, that the law of gravity 
does not alone determine the forces which m^y be brought 
to bear at any point of space. The force of gravitation act- 
ing upon any particle depends upon the mass* distance, and 
relative position of all the other particles of matter within 
the bounds of space at the instant in question. Even 
assuming that all matter when once distributed through 
space at the Creation was thenceforth to act in an in- 
variable manner without subsequent interference, yet the 
actual configuration of matter at any moment, and the 
consequent results of the law of gravitation, must have 
been entirely a matter of free choice. 

Chalmers has most distinctly pointed out that the 
existing collocations of the material world are as important 
as the laws which the objects obey. He remarks that a 
certain class of writers entirely overlook the distinction, 
and forget that mere laws without collocations would 
have afforded no security against a turbid and disorderly 
chaos.^ Mill has recognised- the truth df Chalmers’ 
statement^ without drawing the proper inferences from 

J First Bridgewater Treatise 1 1834), pp, 16-24. 

® S'^steni of Logic, 5th edit. bic. III. chap. V. § 7 ; chap. XVT. § 3. 



XXXI.] LIMITS OF SOIENTIFIO METHOD. 741 

: » 

it. He says^ of the distribution of luatter through space, 
We can discover nlbthing regular In distVibiition ilself ; 
we can reduce it to no uniformity, to.no law.’^ More lately 
the c^f Argyll in his well-known work on ihe Reign 

of Zc»^^as drawn attention to yie profound distinction 
hetVeen laws and collocations of caases. ^ ^ 

The original conforniatibn of tlie material universe, as 
far as w'e can tell, was free from all restriction. There 
W’as unlimited space in wdiich to frame, it, and an unlimited 
number of material particles, each of wliich could be ]>laced 
in any one of an infinite number of different positions. It 
should be added, that each particle might bo endowed 
with any one of an infinite number of quantities of vis 
viva acting in any one of an infinite number of different 
directions. The })roblem of Creation was, theii, what a 
mathematician would call an indctemiinatc frohlcia, and it 
was indeterminate in a great number of w'ays. Infinitely 
numerous and various universes might then have been 
fashioned by the various distribution of the original 
nebulous matter, although all the particles of matter 
should obey the law of gravity. 

Lucretius fells us how in tlie original rain of atoms 
some of the^e little bodies diverged from the rectilinear 
direction, and coming into contact Avith otlier atoms gave 
rise to the various combinations of substances which exist 
He omitted to tell us wlience the atoms came, or by what 
force some of them were caused to diverge ; but surely 
these omissions involve tlie wdiole question. I accept the 
Lucfetiari conception of creation wlien properly supple- 
mented. Every atom which existed in any point of space 
must have existed there previously, or must have been 
created there by a previously existing Power. When 
placed there it must have liad a definite mass and a 
definite energy. Kow, as before remarked, an unlimited 
number of atoms can be placed in unlimited space in an 
unlimited number of modes of distribution. Out of in- 
finitely infinite choices which were open to the Creator, 
that one choice must have been made which has yielded 
the Universe as it now exists. 

It would be a mistake, indeed, to suppose that the law 


' System of LogiCj vol. i. J). 384 . 
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of gravity, when i1! holds true, is,. no restriction on the 
distribution ofTorcef |»Tliat law is a gfemetrical law, and ^ 
it would in many cases ^be m&thematically impossiblf., as 
far as we can see, that the^force of grav^y actings »n one 
particle should be small while that on a neigJ^J/tiring 
particle i^ great. We' cannot conceive that even Omni- 
potent Power should make the angles of a triangle greater 
than two right angles. The primary laws of though^ and 
the fundamental notions of the mathematical sciences do 
not seem to admit of error or rflteration. Into the meta- 
physical origin and meaning of the apparent necessity 
attaching to such laws I have not attempted to inquire in 
this work, and it is not requisite for my present purpose. 
If the law of gravity were the only law of nature and th<3 
Creator h^d chosen to render all matter obedient to thafr 
law, there would doubtless be restrictions upon the effects 
derivable from any one distribution of matter. 

c 

Hierarch u of Nqtural Laws. 

A further consideration presents itself. A natural law 
like that of gravity expresses a certain uniformity in* the 
action of agents submitted to it, and this produces, as we 
have seen, certain geometrical restrictions upon the effects 
which those agents may produce. But there are other 
forces and laws besides gravity. One force may override 
another, and two laws may eacli be obeyed and may each 
disguise the action of the other. In the intimate constitu- 
tion of matter there may be liidden springs which, ifrhile 
acting in accordance with their own fixed laws, may lead 
to sudden and unexpected changes. So at least it has 
been found from time to time in the past, and so there 
is every reason to believe it wdll be found in the future. 
To the ancients it seemed incredible that one lifeless stone 
could make another leap towards it. A piece of iron 
while it obeys the magnetic force of the loadstone does 
not the less obey the law of gravity, A plant gravitates 
downwards as regards every constituent cell or fibre, and 
yet it persists in growing upwards. Life is altogether an 
exception to the simpler phenomena of mineral substances, 
not in the sense of disproving those laws, but in superadding 
forc^^of new and inexplicable character* Doubtless no 



XXXJ.] LIMITS OF SCJENTIFIO METHOD. 743 

law of chemistry is broken by the aetion of the nervous 
cells, and no law pnysics by tHe ni^lses the nervous 
hbres, but something requires to be added tf> our sciences 
in ordgr.th^t we may explain tl\c?e subtle phenomena. 

Nc«Kthere is ^fbso]utely nothing in science or in scien- 
tiffc method to warrant us in assigning a limit to this 
hierg,rchy of laws. Wlieh in many undoubted cases we 
find law overriding law, and at certain points in our 
exp^ience producing unexpected Jesuits, we cannot 
venture to affirm tfiat we have exhausted the strange 
phenomena which may have been provided for in tlie 
original constitution of matter. The Universe might liave 
been so designed that it should go ibr long intervals 
through the same round of unvaried existence, and yet 
J^hat events of exceptional character should be ])roduced 
from time to time. Babbage showed in that most [wofound 
and eloquent work, The Ninth Briclgcvxitcr that it 

was theoretically possible for human artists to design a 
machine, consisting of metallic v/heels and levers, which 
should work invariably according to a simple law of action 
during ary finite number of steps, and yet at a fixed 
moment, however distant, should manifest a single breach 
of law. Such an engine might go on counting, for instance, 
the naturaf numbers until they would reach a number 
requiring for its expression a hundred million digits. ‘‘ If 
every letter in the volume now before the reader’s eyes,” 
says Babbage,^ “ were changed into a figure, and if all the 
figures contained in a thousand such volumes werearianged 
in order, the whole together would yet fall far short of the 
vast induction the observer would liave had in favour of 
the truth of the law of natural numbers. . . Yet shall 
the engine, true to the prediction of its director, after the 
lapse of myriads of ages, fulfil its task, and give that one, 
the first and only exception to that time-sanctioned law. 
What would have been the chances against the appearance 
of the excepted case, immediately prior to its occurrence ? ” 

As Babbage further showed,*^ a calculating engine, after 
proceeding through any required number of motions 
accorSing to a first law, may be made suddenly to suffer 
a change, so that it shall then commence to calculate 

^ Ninth Bridgewater Trmim^ p. 140. 

2 Ibid. pp. 34*43- 
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according to a wholly new law. After giving the natural 
numbers for a time, it might suddenly begin to give 

triangular, or Square, tr cube numbers, and these changes 
might be^ conceived the6r9tically as occurring tipie after 
time. Now if sueh occuiTences can be designed a^^ fore- 
seen by a Vuman artist,, ft is surely within the capacity* of 
the Divine Artist to provide for analogous changes of law 
in the meclianism of the atom, or the construction ot the 
heavens. ^ ^ 

Physical science, so far as its highest speculations can 
be trusted, gives some indication of a change of law in 
the p^st history of the Universe. According to Sir W. 
Thomson's deductions from Fourier’s Theory of Heat, we 
can trace down tlie dissipation of heat by conduction and 
radiation to an infinitely distant time when all things will^ 
be uniforiHly cold. Put we cannot similarly trace the 
lieat-history of the Universe to an infinite distance in the 
past. Tor a certain negative value of the time theformulse 
give impossible values, indicating thht there was some 
initial disti’ibution of heat which could not have resulted, 
according to known laws of nature,^ from any previous 
distribution There are other cases in which a considera- 
tion of the dissipalion of energy leads to the conception of 
a limit to the antiquity of the present ordef' of things.^ 
llumaii science, of course, is fallible, and some ovei sight 
or erroneous simplification in these theoretical calculations 
may afterwards be discovered ; but as the present state of 
scientific knowledge is the only ground on which erroneous 
inferences from the uniformity of nature and the supposed 
reign of law are founded, I am right in appealing to the 
present state of science in opposition to these inferences. 
Now the theory of heat places us in the dilemma either of 

^ Professor ClilTord, in liLs most iiiterosthig lecture on “The First 
and Last Catastrojilie ” {Fortnightly llcview, April 1875, P- 4^*^? 
print by the Sunday Lecture Society, p. 24), objects that 1 have 
erroneously substituted “known laws "of nature” for “known laws 
oL conduction of heat,” 1 quite admit the error, without admitting 
all the conclusions which Professor Glilford proceeds to draw ; but I 
maintain the paragraph unchanged, in order that it may be diilbussed 
in the Prelace. 

^ TaiPs Tkm*modynamicSj p. 38. Cmihriilge Mathematical Joitimal, 
vol. iii. p. 174. 

^ Clerk Maxwells Theory oj Heat, p. .245. 
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believing in Creation at an assTgnable .date in the past, or 
j, else of supposing Iha^ some inexplicable ijhange in the 
working of naturaflaws theji took piSice. Physical science 
givfcfs no^countenance to the noticfl:i of infinite duration of 
inatt^Vi^ ^one cifntinuous course of existence. *And if in 
time pa^ there lias been a discoiAyiuity of law, wliy may 
there not be a similar c¥ent awaiting the world In the 
future ? Infinite ingenuity could have im[)laiited some 
agency in matter so that it might never yet have made 
its tremendous power’s nuinifest. AVe have a very good 
theory of the conservation of energy, but the foiL'inost 
physicists do not deny that there may possibly be fc^rms of 
energy, neither kinetic nor potential, and therefore of un- 
known nature.^ 

^ We can imagine reasoning creatures dwelling in a world 
where the atmosphere was a mixture of oxygOii and in- 
Hammablc gas like the fire-damp of coal-mines. If devoid 
of fire, they might have lived through long ages unconscious 
of the tremendousMbrees which a single s])ark would call 
into play. In the twinkling of an eye new laws might come 
into action, and tlie poor reasoning creatures, so confident 
about their knowledge of the reign of law in thei:.' world, 
would have ho time to speculate upon the overthrow of all 
their theoridfe. Can we with our iinitc knowledge be sure 
that such an overthrow of our theories is impossible ? 

The Amhiguoits Expression, ‘‘ Uniformity of Katurcy 

I have asserted that serious misconception arises from 
an erroneous interpretation of tlie expression Uniformity of 
Nature. Every law of nature is tlie statement of a certain 
uniformity observed to exist among phenomena, and since 
the laws of nature are invariably obeyed, it seems to follow 
that the course of nature itself is uniform, so that we can 
safely judge of the future by the pvescnc. Tliis inference 
is supported by some of the results of physical astronomy. 
Laplace proved that the planetary system is stable, so that 
no perturbation which planet produces upon planet can 
become so great as to cause disruption and permanent 
alteration of the planetary orbits. A full compreliension 


^ Maxwell’s Theory of Heat, p. 92 
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of the law of gravity shows that all^such disturbances are 
essentially periodic, r«o that. after the Upse of millions of 
years the planets will Return to«the same relative positions, 
and a new, cycle of distutbancea will then comnjei>ce. 

As oth?er branches of science progress,^"we seem^^ gain 
assurjyrcc that no greab alteration of the world’s condition 
is to be expected. Conflict witlra comet has long been the 
cause of fear, but now it is credibly asserted that we nave 
passed through a coipet’s tail without the fact being kfiown 
at the time, or manifested by any more 'serious a phenomenon 
than a slight luminosity of the sky. More recently still 
the earth is said to have touched the comet Biela, and the 
only result was a beautiful and perfectly harmless display 
of meteors. A decrease in the heating power of the sun 
seems to be the next most probable circumstance from^ 
which we ipight fear the extinction of life on the earth. 
]^)Ut calQulatioiis founded on reasonable physical data show 
that no appreciable change can be going on, and experi- 
mental data to indicate a change afe wholly wanting. 
Geological investigations show indeed thatthere have been 
extensive variations of climate in past times ; vast glaciers 
and icebergs have swept over the temperate regions at one 
time, and tropical vegetation has flourished near the poles 
at another time. But here again the vicissitudes of climate 
assume a periodic character, so that ,the stability of the 
earth’s condition does not seem to be threatened. 

All these statements may be reasonable, but they do not 
establish the Uniformity of Nature in the sense that exten- 
sive alterations or sudden cata.strophes are impossible. In 
the first place, Laplace’s theory of the stability of the 
planetary system is of an abstract character, as paying 
regard to nothing but the mutual gravitation of the 
planetary bodies and the sun. It overlooks several 
physical causes of change and decay in the system which 
were not so well known in his day as at present, and it also 
presupposes the absence of any interruption pf the course 
of things by conflict with foreign astronomical bodies. 

It% now acknowledged by astronoihers that there are at 
least two ways in which the vis viva of the planets and 
satellites may suffer loss. The friction of the tides upop 
t|ie earth produces a small quantity of heat which is 
radiated intb space, and this loss of energy mPst result in a 
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decrease of the rotational velocity, S9 that ultimately the 
terrestrial day wijl become identical >dth the year, just as 
the^ periods of revolution ef the mpon upon its axis and 
around earth have already Cecome equal. • Secondly, 
ther^^^n be liftle doubt that pertain “manifestations of 
eKctricity upon the earth’s suiface depend* upqn the 
relative motions of the phfnets and the sun, which give rise 
to periods of increased intensity. Such electrical pheno- 
mena must result in the production ai^d dissipation of heat, 
the energy of which Tnust 4 .>e drawn, partially at least, from 
the moving bodies. This effect is probably identical (p. 570) 
with tlie loss of energy of comets attributed to the s»-calle(i 
resisting medium. But whatever be the theoretical expla- 
nation of these phenomena, it is almost certain that there 
► exists a tendency to the dissipation of the energy of tlie 
planetary system, which will, in the indefinite course of 
time, result in the fall of the planets into the sun. 

It is hardly probable, ho\vever, that the planetary system 
will be left undilftrbed throughout tlie enormous interval 
of time required for the dissipation of its energy in this way. 
Conflict vith other bodies is so far from being improbable, 
that it becomes approximately certain when we take very 
long intervg-ls of time into account. As regards cometary 
conflicts, I am by no means satisfied with the negative 
conclusions drawn from the remarkable display 011 the 
evening of the 27th of November. 1872. We may often 
have passed through the tail of a comet, tlie light of which 
is probably an electrical manifestation no more substantial 
than the aurora borealis. Every remarkable shower of 
shooting stars may also be considered «ns proceeding from a 
cometary body, so thaf we may be said to have passed 
through the thinner parts of innumerable comets. But the 
earth has probably never passed, in times of which wo have 
any record, through the nucleus of a comet, whicli consists 
perhaps of a dense swarm of small meteorites. We can 
only speculate upon the effects which might be produced 
by such a conflict, but it Avould probably be a niuch^ more 
serious event than any yet registered in history. Tlie 
probability of its occurrence, too, canliot be assigned ; for 
though the probability of conflict with any one cometary 
nucleus is almost infinitesimal, yet the number of comets 
is immensely great (p. 408). 
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It is far from impossible, again^ that the planetary 
system may be inv|ided*by bodies of greater mass than 
comets. Tlie *sun serins to be placed in so extensive a 
portion of , empty space tfia^ its own proper moi^oi^ wdnld 
not bring it to th^ nearest known star (a \Jentauri|/ii less 
than 139,300 years. Eiit in order to be sure that this 
interval of undisturbed life is granted to our globe, ^ we 
must prove that there are no stars moving so as to meet 
us, and no dark bodips of considerable size flying thrSugli 
intervening space unknown to us< The intrusion of cornets 
into our system, and the fact that many of them have 
hyperbolic paths, is sufficient to show that the surround- 
ing parts of space are occupied by multitudes of dark 
bodies of some size. It is cpiite probable that small suns 
may have cooled sufficiently to become non-luminoas 
for even if. we discredit the theory that the variation of 
brightness of periodic stars is due to the revolution of 
dark companion stars, yet there is in our own globe 
an unquestionable example of a smallSr body which has 
cooled below the luminous point. 

Altogether, then, it is a mere assumption that the 
uniformity of nature involves the unaltered existence of 
our own globe. There is no kind of catastrophe 'Which 
is too great or too sudden to be theoretically consistent 
with the reign of law. For aT that our science can tell, 
human history may be closed in the next instant of time. 
The world may be dashed to pieces against a wandering 
star; it may be involved in a nebulous atmosphere of 
hydrogen to be exploded a second afterwards ; it may be 
scorched up or dissipated into vapour by some great 
explosion in the sun ; there might even be within the 
globe itself some secret cause of disruption, which only 
needs time for its manifestation. 

There are some indications, as already noticed (p. 660), 
that violent disturbances have actually occurred in the 
history of the solar system. Olbers sought for the minor 
planets on the sui)position that they were fragments of an 
exploded planet, and lie was rewarded with the discovery 
of some of them, f he retrograde motion of the satellites 
of the more distant planets, the abnormal position of the 
poles of Uranus and the excessive distance of Neptune, are 
other indications of some violent event, of which we have 
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no other evidence. I^adduce all these* facts and arguments, 
not to show that jj^ierc is any c(fnsid(|rabl(? probability, as 
far as we can judge, of iuterruptioji withih the scope of 
human lii^ory, but to prove tln^tlbhe Uniformity of Nature 
is th^etically c?Snsistent with the most Unexpected events 
ofVliich we can form a conception 

Possible States of the Universe. 

When we give the rain to scientific imagination, it 
becomes apparent that conilict of body witli body must 
not be regarded as the rare exception, but as the general 
rule and tlie in^ivitable fate of each star system. So far 
as we can trace out the results of the law of gravitation, 
^and of the di5bip2itioii of energy, the universe must be re- 
garded as undergoing gradual condensation into a single 
cold solid body of gigantic cliinensions. Those who so 
frequently use the expression Uniformity of Nature seem 
to forget that tluf Universe might exist consistently witli 
the laws of nature in the most diverse conditions. It 
might consist, on the one hand, of a glowing nebulous 
mass of gaseous substances. The heat might be sc intense 
tliat all elements, even carbon and silicon, would be 
ill tlie state of gas, and all atoms, of wliatever nature, 
would be Hying about in chemical independence, diffusing 
themselves almost uniformly in the neighbouring parts 
of space. There would then be no life, unless we can 
apply that name to the passage througli eacli part of 
space of similar average trains of atoms, the particular 
succession of atoms being governed only by the tlieory 
of probability, and thS law of divergence from a mean 
exhibited in the Arithmetical Triangle. Such a universe 
would* correspond partially to the Lucretiari rain of atoms, 
and to that nebular liypothesis out of wliich Laplace 
proposed philosophically to explain the evolution of the 
planetary system. 

According to another extreme supposition, tlie intense 
heat-energy of this nebulous mass might be radiated away 
into the unknown regions of outer space. The attraction 
of gravity would exert itself between each two particles, 
and the energy of motion thence arising would, by in- 
cessant conflicts, be resolved into heat and dissipated. 
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Inconceivable ages might be* required for the completion of 
this process, but the dissipation of eher^ thus proceeding 
coxild end only in the production of a cold and motionless 
universe. ^The relation 6f cause and effect, as vjb see it 
manifested in life and growth, would degenirate into ifm con- 
stant existence of every •p*article in a fixed position^ relative 
to every other particle. Logical and geometrical resem- 
blances would still exist between atoms, and between 
groups of atoms crystallised in their appropriate fi)rins 
lor evermore. But time, the great t^ariable, would bring 
no variation, and as to"* human hopes and troubles, they 
would have gone to eternal rest. 

Science is not really adequate to prov^ig that such is 
the inevitable fate of the universe, for we can seldom trust 
our best-established theories far from their data. Never-j 
theless, the most probable speculations which we can 
form as do the history, especially of our own planetary 
system, is that it originated in a heated revolving nebulous 
mass of gas, and is in a state of excessfvely slow progress 
towards the cold and stony condition. Other speculative 
hypotheses might doubtless be entertained. Every hypo^ 
thesis is pressed by difficulties. If the whole ^ universe be 
cooling, whither does the heat go ? If we are to get rid 
of it entirely, outer space must be infinite fn extent, so 
that it shall never be stopped and reflected back. But not 
to speak of metaphysical difficulties, if the medium of heat 
undulations he infinite in extent, why should not the 
material bodies placed in it be infinite also in number and 
aggregate mass ? It is apparent that we are venturing into 
speculations which surpass our powers of scientific inference. 
But then I am arguing iiegativeij^ ; I wish to show that 
those who speak of the uniformity of nature, and tlie reign 
of law, misinterpret the meaning involved in those expres- 
sions. Law is not inconsistent with extx'eme diversity, 
and, so far as we can read the history of this planetary 
system, it did probably originate in heated nehnlous "matter, 
and inaii*s history forms but a brief span in its progress 
towards the cold and stony condition. It is by doubtful 
and specalative hypotheses alone that we can avoid 
such » conclusion, and I depart least from " undoubted 
facts and well-established laws when I assert that, what- 
ever uniformities may underlie the phenomena of nature, 
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constant variety and ever-prd^ressing change is the real 
outcome. * 

^p^tdaiions ou the Reeoiic?ntratio 7 i of Energy, 

• 

,triier#are unequivocal indicatibps, as I liavg said, that 
tlie material universe, as we at present see it, is progfessing 
froi 3 some act of creation, or some discontinuit}' of exist- 
ence of which the date may be approximately fixed by 
scientific inference. •It progressing towards a state in 
which the available energy of matter will be dissipated 
through infinite surrounding space, and all matter will 
become cold and lifeless. This constitutes, as it were, the 
historical period of physical science, that over which our 
^scientific foresight may more or less extend. But in this, 
as in other cases, we have no right to interpret our ex- 
perience negatively, so as to infer that because the present 
state of things began at a particular time, there* was no 
previous existence* It may be that the present period of 
material existence is but one of an indefinite series of like 
periods. All that we can see, and feel, and infer, and 
reason about may be, as it were, but a part of one single 
pulsation in* the existence of the universe. 

After Sif W. Thomson had pointed out the prepon- 
derating tendency which now seems to exist towards the 
conversion of all energy into heat-energy, and its equal 
diffusion by radiation throughout space, the late Piofessor 
Kankine put forth a remarkable speculation. He suggested 
that the ethereal, or, as I have called it, the adamantine 
medium in which all the stars exist, and all radiation 
takes place, may have Iteunds, beyond which only empty 
space exists. All l^jeat undulations reaching this boundary 
will be totally reflected, according to the theory of undu- 
lations, and will be reconcentrated into foci situated In 
various parts of the medium. Whenever a cold and 
extinct star happens to pass through one of these foci, it 
will be instantly ignited and resolved by intense heat into 
its constituent elements. Discontinuity will occur in thd* 
history of that portion of matter, and the star will begin 
its history afresh with a renewed store of energy. 

* of the British Association (iS $2), Report of Sections, p, 12. 



7S2 THE PIUNCIPLES ^OF SCIENCE. [chap. 

^ 

This is doubt! esa a Tnelbe speculation, practically in- 
capable of verification by observation)!, and almost free 
from restrictions anA’ded by* present knowledge. We 
might attij-butc various sheyies to the adamantiim piediurn, 
and the consequences would be various. ^But ther/te this 
value in siu'h speculatio>rfs, that they draw attention to J?he 
finiteness of our knowledge. We cannot deny the poS|Silble 
truth of such an hypothesis, nor can we place a limit to 
the scientific imagipation in the framing of othei^'like 
liypotheses. It is impossible, *indeM, to follow out our 
scientific inferences without falling into speculation. If 
heat b^ radiated into outward space, it must either proceed 
ad infinitum, or it must be stopped somewhere. In the 
latter case we fall upon Ilankine’s hypothesis. But if the 
material universe consist of a finite collection of heatedf> 
matter situated in a finite portion of an infinite adamantine 
medium^ then either tliis universe must have existed for a 
finite time, or else it must have cooled down during the 
infinity of past time indefinitely near td the absolute zero 
of temperature. I objected to Lucretius’ argument against 
the destructibility of matter, that we have no knowledge 
whatever of the laws according to which it would undergo 
destruction. But we do know the laws accorduig to which 
the dissipation of he'st appears to proceed, and the con- 
clusion inevitably is that a finite heated material body 
placed in a perfectly cold infinitely extended medium 
would in an infinite time sink ter zero of temperature. 
Now our own world is not yet cooled down near to zero, 
so that physical science seems to place us in the dilemma 
of admitting either the finiteness of past duration of the 
world, or else the finiteness of tlfe portion of medium in 
wljich we exist. In either case we become involved in 
rnetapliysical and mechanical difficulties surpassing our 
mental powers. 

The Divirgent Scope for New Discovery, 

In the writings of some recent philosophers, especially 
of Auguste Comte, and in some degree John Stuart Mill, 
there is a& erroneous and hurtful tendency to represent 
our knowledge as assuming an approximately complete 
character. At least these and many other writers fail to 
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impress upon their readers a* truth w-hicli cannot he too 

constantly borne in nAnd, namely^ that^the utmost successes 
which our scienlinc method can acccfinplish not enable 
us to cpnyjreliend more than at! infinitesimal fraction of 
whattSiere doubtless is to comprehend.^ •Professor Tyndall 
scorns t5 me open to tlie same clnft'j^e in a less di'.gree. He 
remarks - that we can probably never bring natural pheno- 
mena completely under mathematical laws, because the 
ftj^^pfbach of our sciences towa*rds completeness may be 
asymptotic, so that •lmw«ver far wo may go, there may 
still remain some facts not subject to scientific explanatibn. 
He thus likens the supply of novel phenomena to^u; con- 
vergent series, the earlier and huger terms of which have 
been successfull;jj disposed of, so that comparatively minor 
^groups of phenomena alone remain for future investigators 
to occupy themselves upon. 

On the contrary, as it appears to me, 
and unexplained facts is divergent^in extent, so that the 
more we have ex^)lained, the more there is to explain. 
The further we advance in any generalisation, the more 
numerous and intricate are the exceptional cases still 
demanding further treatment. The ex})eriments of Poyle, 
Mariotte, Ualton, Gay-Lussac, and others, upon the physical 
properties df gases, might seem to have exhausted that 
subject by showing that all gases obey the same laws 
as regards temperature, ])ressure, and volume. But in 
reality these laws are only approximately true, and the 
dit^eigences afford a wide and quite unexhausted field for 
further generalisation. The recent discoveries of Professor 
Andrews have up some of these exceptional facts 

under a wider generalffeation, but in reality they have 
opened to us vast new regions of interesting inquiry, and 
they leave wholly untouched the question why one gas 
behaves differently from another. 

* Mr. C. J, Monroe objects that in this statement I do injustice 
to Comte, who, he thinks, did iinpre^ss imon his readers the inade- 
-quacy of our mental powers compared witn the vastness of the subject 
mutter of science. The error of Comte, he holds, was in maintaining 
that science had been carried about as far as it is worth while to 
carry it, which is a different matter. In either case, Comte^s position 
is so untenable that J am content to leave the question undecided. 

* Fragments of S ieticCj p, 362. 

3 c 
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The science of crystallography is perhaps in which 
the most precise an^ "en^ral laws have yheen detected, but 
it would be untrue to assert that it has lessened the area of 
future discovery. We ca!n ^show that each one of the seven 
or eight hundred "forms of calcite is derivable by^ome- 
trical jnodificatioiia from an hexagonal prism ; but who Ifas 
attempted to explain the molectflar forces producing these 
modifications, or the chemical conditions in which they arise ? 
The law of isomorplnsm is an important generalisation, for 
it establishes a general resemblance between the forms of 
crystallisation of natural classes of elements. But if we 
examipe a little more closely we find that these forms are 
only approximately alike, and the divergence peculiar to 
each substance is an unexplained exception. 

By many similar illustrations it might readily be shown, 
that in wlmtever direction we extend our investigations 
and sncQCssfully harmonise a few facts, the result is only 
to raise up a host of other unexplained facts. Can any 
scientific man venture to state that tKbre is less opening 
now for new discoveries than there was three centuries ago ? 
Is it not rather true that we have but to open a scientific 
book and read a page or two, and we shall come to some 
recorded phonornenon of which no explanation can yQ% 
be given ? In every such fact there is a possible opening 
for new discoveries, and it can only be the fault of the 
investigator s mind if he can look around him and find 
no scope for the exercise of his faculties. 

Infinite Incompleteness of the Matheniaiical Sciences. 

There is one privilege wdiicli a Certain amount of know- 
ledge should confer ; it is that of becoming aware of the 
weakness of our powers compared with the tasks which 
they might undertake if stronger. To the poor savage wlio 
cannot count twenty the arithmetical accomplishments of 
the schoolboy are miraculously great. The schoolboy cannot 
comprehend the vastly greater powers of the student, who 
has acquired facility in algebraic processes. The student^ 
can but look with feelings of surprise and revei^nce at the 
powers of a* Newton or a Laplace. But the question at 
once suggests itself, Do the powers of the highest human 
intellect bear a finite i*atio to the things which are to bo 
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understood and calculated ? How ijiao.y further steps must 
we take in the ri^ of mental abiJity and the extension of 
matliematical methods before we Jogin t<5 exhaust the 
knowab]e? ^ ^ 

1 inclined^ to find fault with matliematical writers 
b€pcause\liey often exult in what •they can accoinplish, and 
omit to point out that w^iat they do is but an infinitely 
small part of what might be done. They exhibit a general 
inclAiation, with few exceptions, noj to do so. much as 
mention the existentje o£ problems of an impriioticable 
character. Tliis may be excusable as far as the immediate 
practical result of their researches is in question, hut the 
custom has the effect of misleading the general public into 
the fallacious notion that matheniatics is a iierfcct science, 
^which accomplishes what it undertakes in a complete 
manner. On the contrary, it may be said that, if a mathe- 
matical problem were selected by chance out of the whole 
number which might be proposed, the proliability is in- 
linitely slight that^a human mathematician could solve it. 
Just as the numbers we can count are nothing compared with 
the numbers which might exist, so the accom])lishments 
of a Laplace or h Lagrange are, as it were, the little corner 
of the mulEiplication-table, which has really an infinite 
extent. * 

I have pointed out that the rude character of our ob- 
servations prevents us from being aware of the greater 
number of effects and actions in nature. It must be added 
tlfkt, if we perceive them, we should usually bo incapable 
of including them in our theories from want of .mathe- 
matical power. Some persons may be surprised that 
though nearly two cenfuries have elapsed since the time 
of Newton’s discoveries, we have yet no general theory of 
molecular action. Some approximations liave been made 
towards such a theory. Joule and Clausius have measured 
the velocity .of gaseous atoms, or even determined the 
average distance between the collisions of atom and atom. 
Thomson has approximated to the number of atoms in a 
given bulk of substance. Rankine has formed some re#> 
sonable hypotheses as to the actual constitution of atoms. 
It would be a mistake to suppose that thbse ingenious 
results of theory and experiment form any appreciable 
approa<jJi to a complete solution of molecular motions- 
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There is every reason k> believe, judging from the spectra 
of the elements, the^r atomic weights ai^.d other data, that < 
chemical atoins are v(^y compttcatcd structures. An atom 
of pure i^ion is probably far more complicacies system 
than that of the planets and their satellites. A cprfi^ound 
atom piay ^perhaps be c^ompared with a stellar syslem, eSch 
star a minor system in itself.*" The smallest particle of 
solid substance will consist of a great number of such stellar 
systems united in regular order, each bounded by the other, 
communicating with it in some manner yet wholly incom- 
prehensible. What are our mathematical powers in com- 
parisoi^ with this problem ? 

After two centuries of continuous labour, the most gifted 
men have succeeded in calculating the mutual effects of 
three bodies each upon the other, under the sirnpl® 
hypothesis of the law of gravity. Concerning these calcu- ’ 
lations we must further remember that they are purely 
approximate, and that the methods would not apply where 
four or more bodies are acting, and all pibduce considerable 
effects upon each other. There is reason to believe that 
each constituent of a chemical atom goes through an orbit 
in the millionth part of the twinkling of an eye. In each 
revolution it is successively or simultaneoiisi}'' under the 
influence of many other constituents, or possibly comes into 
collision with them. It is no exaggeration to say that 
mathematicians have the least notion of the way in which 
they could successfully attack so difficult a problem^ of 
forces and motions. As Herscbel has remarked,^ each of 
these particles is for ever solving differential equations, 
which, if written out in full, migli| belt the earth. 

Some of the most extensive calculations ever made 
were those required for the reduction of the measurements 
executed in the course of the Trigonometrical Survey of 
Great Britain. The calculations arising out of the principal 
triangulation occupied twenty calculators during three or 
four years, in the course of wjiich the computers had to 
solve simultaneous equations involving seventy-seven 
unknown quantities. The reduction of the levellings 
required the, solution of a system of ninety-one equations. 
But these vast calculations present no approach whatever to 


* Familiar Lecturer on Sdentijic Sul^ects, p. 45 S.* 
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what would be requi^te for tlxe complete treatment of any 
one physical prob^m. The motit)n o£ glaciers is supposed 
to be moderately well understood i^ the present day. A 
glacier ^ g viscid, slowly yielding mass, neitheivabsolutely 
solid^ior absolufely rigid, but it is expressly remarked by 
F( 5 rbes,^ that not even an approximate solution pf the 
matjiematical conditions cff such a moving mass can yet be 
possible. ‘‘ Every one knows,’' lie says, that siudi problems 
arelSeyond the compass of exact mathematics;*' but though 
mathematicians may*know this, they do not often enough 
impress tliat kjiowledge on other people. 

The proldems which are solved in oiir matlio^natical 
books consist of a small selection of those which hap[)cn 
from peculiai' conditions to be solvable. But the very 
tsimplest problem in appearance will often give rise to 
impracticable calculations. Mr. Todhunter ^ seems to blame 
Condorcet, because in one of his memoirs he mentions a 
problem to solve which would require a great and imprac:- 
ticable number oT successive integrations. Now, if our 
mathematical scimices are to cope with the jnoblems which 
^ await solutibn, we must be ])repared to effect an unlimited 
number of ^successive integrations ; yet at ])resent, and 
almost beyond doubt for ever, the probability thab an 
integration taken haphazard will come within our powers 
is exceedingly small. 

In some passages of that remarkable work, the Ninth 
Bridgewater Treatise (pp. 113 — 115), Babbage has pointed 
out that if wo had power to follow and detect the minutest 
elfects of any disturbance, each particle of existing matter 
•would furnish a register of all that has happened. “ The 
track of every canoe — 0? every vessel that has yet disturbed 
the surface of the ocean, whether impelled by manual force 
or elemental power, remains for ever registered in the future 
movement of all succeeding particles which may occupy its 
place. The furrow which it left is, indeed, instantly filled 
up by the chjsing waters ; but they draw after them other 
and larger poi tions of the surrounding element, and tliese 
again, once moved, communicate motion to others in endless 
succession.” We may even say that The air itself is one 
vast library, on whose pages are for ever written all thiit 

^ Philosophical J/agarJiie^ 31x1 Si-rieP, vol, xxvi. p. 406. 

History of the Thcoi'y of FrohabiliUj^ p. 398. 
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man lias ever said* "or* even wliisp^ed. There, in theii 
mutable but \iherri»^ characters, mixe^^ with the earliest 
as well as the latest fsi<,dis of mortality, stand for ever 
recorded, «rows unredeemed, promises unfulfilleci, 
tuatiiig in the united , movements of each paij:icfe the 
testimony cff maif s chairgeful will.** 

When we read reflections such as these, we may con- 
gratulate ourselves that we have been endov/ed with ipinds 
which, rightly emplo^^ed, can form sqme estimate of their 
incapacity to trace out and account for all that proceeds 
in the simpler actions of material nature. Jt ought to be 
added that, wonderful as is the extent of physical pheno- 
mena open to our investigation, intellectual phenomena are 
yet vastly more extensive. Of this I might present one 
satisfactory proof were space available by pointing out that^ 
the mathenlatical functions employed in the calculations 
of physical science form an infinitely small fraction of the 
functions which might be invented. Copimon trigonometry 
consists of a great series of useful formuloe, all of which arise 
out of the relation of the sine and cosine expressed in one 
eepation, sin -x + cos = i. But this is not the only^ 
trigonometry which may exist ; mathematicians also recog- 
nise hyperbolic trigonometry, of which the fundamental 
equation is cos — sin ^x = De Morgan has pointed 
out that the symbols of ordinary algebra form but three 
of an interminable series of conceivable systems.^ As the 
logarithmic operation is to addition or addition to multi- 
plication, so is the latter to a higher operation, and so on 
without limit. 

We may rely upon it that imi^ense, and to us incon- 
ceivable, advances will be made by the humim intellect, in 
the absence of any catastrophe to the species or the globe. 
Within historical periods we can trace the rise of mathe- 
matical science from its simplest germs. We can prove 
our descent from ancestors who counted only on their 
fingers. How infinitely is a Newton or a Laplace above 
those simple savages. Pythagoras is said to have sacrificed 
a hecatomb when he discovered the forty-seventh propo- 
sition of Euclid, and the occasion was worthy of the sacrifice. 
Archimedes was beside liimself when he first perceiv^ 

* Trigofwmtity and Double Algebra chap, ix 
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his beautiful mode of determifiing gravities. Yet 

these great discovjjries are the cotiimojiplaoes of our scliool 
books. Step by step we cawtrace upSvards ttte acquirement 
of new^n^utal powers. Wliati* could be moro^wonderful 
than •FTapier’s mscovery of logarithms* a new mode of 
calculation which has multiplied -perhaps a Uundredfold 
the working powers of e^ery computer, and has rendered 
easy calculations which were before impracticable ? Since 
the fime of Newton and Leibnitz woijds of problems have 
been solved which belbre were hardly conceived as matters 
of inquiry. Ip our own day extended methods of mathe- 
matical reasoning, such as the system of quaternious, have 
been brought into existence. What intelligent man will 
doubt that the recondite speculations of a Cayley, a Syl- 
>vester, or a Clifford may lead to some new development of 
new mathematical power, at the simplicity . of wliicli a 
future age will wonder, and yet w^onder more that to us they 
were so dark and difficult. May we not repeat tlie words 
of Seneca : Venfet tempus, quo ista qnsB nunc latent, in 
lucem dies extrahat, et longioris (evi diligentia ; ad inqiiisi- 
tionem tanforum aetas uiia non siifficit. Veniet tempus, 
quo posleri postri tarn aperta nos nescissc iniiCnlur." 

IVie Ecign of Laic in Mental and Social Phenomena. 

After we pass from the so-called physical sciences to 
those which attempt to investigate mental and social 
phenomena, the same general conclusions will hold true. 
No one will be found to deny that there are certain uni- 
formities of thinking and acting which can be detected 
ill reasoning beings, afid so far as we detect such law's 
we successfully apply scientiiic method. But those who 
attempt to establish social or moral sciences soon become 
aware that they are dealing with subjects of enormous 
perplexity. Take as an instance the science of political 
economy. If a science at all, it must be a mathematical 
science, because it deals with quantities of commodities, 
But as soon as we attempt to draw out the equations 
expressing the laws of demand and supply, w^e discover 
that they have a complexity entirely surpassing om* powers 
^f mathematical treatment. We may lay down the general 
form of the equations, expressing the demand and supply 
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for two or three commodities among two or three trading 
bodies, but all the functioQS involved^are^so complicated in 
character that there is^aot much fear of scientific method 
making rapid progress iii ^his direction. If be the 
prospects of , a comparatively formal sciefice, like^S^tical 
economy, ^hat shall say of moral science s Ahy, 
complete theory of morals must deal with quantities; of 
j)lcasure and pain, as Bentham pointed out, and must sum 
up the general tendency of each kind of action upon* the 
good of the community. If wc are to apply scientific 
method to morals, we must have a calculus of moral effects, 
a kind pf physical astronomy investigating the mutual per- 
turbations of individuals. But as astronomers Imve not 
yet fully solved the problem of three gravitating bodies, 
when shall we have a solution of the problem of three f 
moral bodies ? 

The sciences of political economy and morality are com- 
paratively abstract and general, treating mankind from 
simple points of view, and attempting*^ to detect general 
principles of action. They are to social phenomena what 
the abstract sciences of chemistry, heat, and electricity 
are to the concrete science of meteorology. Before v'o can 
investigate the actions of any aggregate of mqn, we must 
Iiave fairly mastered all tlie more abstract sciences applying 
to them, somewhat in the way that we have acquired a 
fair comprehension of the simpler truths of chemistry and 
physics. But all our physical sciences do not enable us to 
predict the weather two days hence with any gi'eat proba- 
bility, and the general problem of meteorology is almost 
unattempted as yet. ^ hat shall we say then of the general' 
problem of social science, which sliall enable us to predict 
the course of events in a nation ? 

Several writers have proposed to lay the foundations of 
the science of history. Buckle undertook to write the 
History of Civilisatio)i in JSnyland, and to show how the 
character of a nation could be explained by the nature of 
the climate and the fertility of the soil. He omitted to 
explain the contrast between the ancient Greek nation and 
the present one ; there must have been an extraordinary 
revolution in tlie climate or tlie soil. Auguste Comte 
detected the simple laws of the course of development 
through which nations xmss. There are always three 
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phases of intellectual condition ^the theological, the 

metaphysical, an^ tfie positive^ apjplying this general 
law of progress to concrete casesf Comtfl was enabled 
to pre(iici that in the hierarchy *of European nations, 
Spaiif* would necessarily hold the highest place. Such 
ai^ the parodies of science oilefecl to us by tlie positive 
philpsophers. • 

A science of liistory in the true sense of the term is 
an aC>surd notion. A nation is not ^ mere sum of indi- 
viduals whom we can treat by the method of averages ; 
it is an orgamc whole, held together by ties of ui finite 
complexity. Each individual acts and re-acts upon his 
smaller or greater circle of friends, and those who acquire 
a public position exert an influence on much larger sections 
► of the nation. There will always be a few great leaders 
of exceptional genius or opportunities, the unaccountable 
phases of whose opinions and inclinations sw.iy tjie whole 
body. From time to time arise critical situations, battles, 
delicate negotiations, internal disturbances, in which the 
slightest incidents may change the course of history. A 
rainy day nfay hinder a forced march, and change the course 
of a campaign; a few injudicious words in a dospab'h may 
irritate the^ national pride; the accidental discliarge of a 
gun may precipitate a collision the effects of wliich will 
last for centuries. It is said that tlie history of Europe 
depended at one moment upon the question whether the 
look-out man upon Nelson’s vessel would or would not 
descry a ship of Napoleon’s expedition to Egypt which was 
passing not far off*. In human affairs, then, tlie smallest 
•causes may produce the greatest efl‘ects, and the real appli- 
cation of scientific method is out of the (piestion. 

The Tlieonj of Ewlidion, 

Profound philosophers hav e lately generalised conceiiiiiig 
the production of living forms and the mental and moral 
phenomena regarded as their highest development. Herbert 
Spencer’s theory of evolution purports to explain the origin 
of all specific differences, so that not even the rise of a 
Homer or a Beethoven would escape from liis broad theories. 
The homogeneous is unstable and must differentiate 
itself, says Spencer, and hence comes the variety of human 
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institutions and chMaot^rs. ^ In order that a livin^ form 
shall continue te exi^t and propagate ^ts Ijind, says Darwin, 
it must be suitable tfp its circumstances, and the most 
suitable fopns will preVaii pver and extirnate tljps^i which 
are less suitable. ‘‘From these fruitful idefe are dev^oped 
theories of revolution and natural selection whicfi go far 
towards accounting for the existfence of immense nuiril)crs 
of living creatures — plants, and animals. Apparent adap- 
tations of organs to i^seful purposes, which Paley regarded 
as distinct products of creative intelligence, are now seen 
to follow as natural effects of a constantly a9ting tendency. 
Even man, according to these theories, is no distinct crea- 
tion, but rather an extreme case of brain development. 
His nearest cousins are the apes, and his pedigree extends 
backwards until it joins that of the lowliest zoophytes. < 
The theories of Darwin and Spencer are doubtless not 
demonstvated ; they are to some extent hypothetical, just 
as all the theories of physical science are to some extent 
hypothetical, and open to doubt. Judging from the 
immense numbers of diverse facts which they harmonise 
and explain, I venture to look upon the theories of evolu- 
tion and natural selection in their main features as two of 
the most probable hypotheses ever proposed. I question 
whether any scientific works which have appeared since>the 
Principia of Newton are comparable in importance with 
those of Darwin and Spencer, revolutionising as they do all 
our views of the origin of bodily, mental, moral, and social 
jjhenomena. ,, ‘ 

Granting all this, I cannot for a moment adtnit that the 
theory of evolution will destroy theology. That theory 
embraces several laws or uniformfties which ate observed 
to be true in the production of living forms ; but these laws 
do not determine the size and figure of living creatures, any 
more than the law of gravitation determines the magnitudes 
and distances of the planets. Suppose that Darwin is 
correct in saying that man is descended from the Ascidians ; 
yet the precise form of the human body must have been 
influenced by an infinite train of circumstances affecting 
the reprtduction, growth, and health of the whole chain of 
intermediate beings. No doubt, the circumstances being 
what they were, man conid not be otherwise than he is, and 
if in any other part of the universe an exactly similar earth, 
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furnished with exactly similar gi?rm« of life, existed, a 
race must havejgro\*ni up there exactly* similar to tlie 
human race. 

By a ^i^ferent distribution of ^itbrns in the prir^eval world 
a difi^ient series of living forms on this*earth would have 
b^en produced. From the same causes acting j^ccording to 
the •same laws, the samS results will follow; but from 
different causes acting according to the same la\, s, different 
results will follow. So far as we caij sec, then, infinitely 
diverse living creatures •might have been created con- 
sistently wit^j the theory ot* evolution, and the precise 
reason why we have a backbone, two hands with opposable 
thumbs, an erect stature, a complex brain, about 223 bones, 
and many other peculiarities, is only to be found in tlie 
original act of creation. L do not, any less than Paley, 
believe that the eye of man manifests design.* T believe 
that the eye was gradnaJiy <leveloped, and we can in fact 
trace its gradual development from the first germ of a nerve 
affected hy light-r!lys in some simple zoophyte. In propor- 
tion as the eye became a more accurate instrument of 
vision, it crfabled its possessor the better to escape destruc- 
tion, but Urn ultimate result must have bccu contained in 
the aggregate of the causes, and these causes, as far us we 
can see, were subject to the arbitrary choice of the Creator. 

Although Agassiz was clearly wrong in holding that 
eveiy species of living creature appeared on earth by the 
immediate intervention of the Creator, wliich would amount 
to saying that no laws of jconncction between forms are 
discoverable, yet he seems to bo right in asserting that 
diving forms are distinct from those produced by purely 
physical causes. “ The products of what are commonly 
called physical agents,’* he says,^ “ are everywhere the 
same {i.e. upon the whole surface of the earth), and have 
always been the same (i.e. during all geological periods) ; 
while organised beings are everywhere difierent and have 
differed in all ages. Between two such series of plienomena 
there can be no causal or genetic connection.” Living forms 
as we now regard them are essentially variable, but from 
constant mechanical causes constant effects would ensue. 
If vegetable cells are formed on geometrical principle^i 


‘ Agassiz, Esmy on Classification^ p. 75. 
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beiii.g first sphericifol* gind then by mutual compression 
dodecahedral, '-then all cells should hdve ^imilar forms. In 
the foramiiiifeVa ancf ^pine other lowly organisms, we seem 
to observe the production' of complex forms on ggopietrical 
principles.*^ But from similar causes actfcig accordYfig to 
similar law,^ only simiLai* results could be prodifced. df 
the original life germ of each creature is a simple particle 
of protoplasm, unendowed with any distinctive forces, then 
the whole of the com^plex phenomena of animal and ^?ege- 
table life are effects without causes. " Protoplasm may be 
chemically the same substance, and the germ- cell of a man 
and of, a fish may be apparently the same,* so far as tlie 
microscope can decide ; but if certain cells produce men, 
and others as uniformly produce a species of fish, tliere 
must be a hidden constitution determining the extremely ^ 
different results. If this were not so, the generation of 
every living creature from the uniform germ would have 
to be regarded as a distinct act of creation. 

Theologians have dreaded the establishment of the 
theories of Darwin and Huxley and Spencer, as if they 
thought that those theories could explain ever J thing upon 
the purest mechanical and material principles, and exclude 
all notions of design. They do not see that tliose theories 
have opened up more questions than they have closed. 
The doctrine of evolution gives a complete explanation of 
no single living form. While showing the general prin- 
ciples which prevail in the variation of living creatures, it 
only points out the infinite, cqmplexity of the causes and 
circumstances which have led to the present state of things. 
Any one of Mr. Darwin's books, admirable though they alL 
are, consists but in the setting f6rth of a multitude of 
indeterminate problems. He proves in the most beautiful 
manner that each flower of an orchid is adapted to some 
insect which frequents and fertilises it, and these adapta- 
tions are but a few cases of those immensely numerous ones 
which have occurred in the lives of plants and animals. 
But why orchids should have been formed so differently 
from other plants, why anything, indeed, should be as it is, 
rather than in some of the other infinitely numerous possible 
inodes of existence, he can never show. The origin of every- 
thing that exists is wrapped up in the past history of the 
\miverse. At some one or more points in past time there 
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must liave been arbitrary detetmi nations wliich led to the 
► production of things aS tliey are. i 


Pos^ility of Divl-iic Interference, ^ 

t willtiow draw tlie reader’s att^i^ion to pages^i49 to 152. 
I tlj^re pointed out ihat^ill inductive inference involves 
tlie assuiii])tioii tliat our knowledge of what exi:ds is com- 
plete* and that the conditions of tliii^s remain unaltered 
between the time of *0111* experience and the time to wliich 
our inferences^ refer, liccurring to the illustration of a 
ballot-box, employed in the cha,[)ter on the inverse method 
of probabilities, we assume when predicting the probable 
nature of the next drawing, lirstlv, that our previous 
fdrawings have been sutri(hently numerous to give us 
knowledge of the contents of the box ; and, secondly, that 
no interference with the ballot-box takes place ^between 
the previous and the next drawings. Tlie results yielded 
by the theory of •probability are quite plain. No finite 
number of casual drawings can give us sure knowledge of 
the content'? of the box, so that, even in the absence of all 
disturbance, our inferences are merely the best which can 
l)e made, ai^a do not approach to infallibility. IJ' however, 
interference lie possible, even tlie theory of ])robability 
ceases to be applicable, for, the amount and nature of that 
interference b^ing arbitrary and unknown, there ceases to 
be any connection between premises and conclusion. Many 
years of reflection Lave not enabled me to see the way of 
, avoiding this hiatus in scientific certainty. The conclusions 
•bf scientific inference aj^pear to be always of a hypothetical 
and provisional nature. Given certain experience, the 
theory of probability yields us the true interpretation of 
that experience and is the surest guide open to us. But 
the best calculated results which it can give are never 
absolute probabilities; they are purely relative to the extent 
of our information. It seems to be impossible for us to 
judge bow far our experience gives us adequate information 
of the universe as a whole, and of all tlie forces and pheno- 
mena which can have place tlierein. 

1 feel that I cannot in the space remaining at my com- 
mand in the present volume, sufficiently follow out the 
lines of thought suggested, or define with precision my 
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own conclusions. chapter contains merely Refiections 

upon subjects so weighty a character that I should 
my^^elf wish for maiiyr years — cay for mAre than a lifetime 
of further reflection. My^ purpose, as I have repeatedly 
said, is tlfe purely negative, one of shov\^i'ig that afteheism 
and materialism are n6 necessary results of 'scientiflc 
method. Frpin the preceding mviews of the value of our 
scientific knowledge, I draw one distinct conclusion, "^that 
we cannot disprove ^the possibility of Divine interference 
in the course of nature. Such interference might arise, so 
far as our knowledge extends, in two ways. It might 
consist in the disclosure of the existence of some agent or 
spring of energy previously unknown, but which effects a 
given purpose at a given moment. Like the pre-arranged 
change of law in Babbage’s imaginary calculating machine, , 
there may* exist pre-arranged surprises in the order of 
nature, as it presents itself to us. Secondly, the same 
Power, which created material nature, might, so far as 
I can see, create additions to it, or {tiiniliilate portions 
wdiich do exist. Such events are in a certain sense incon- 
ceivable to us; yet they are no more inconceivable than 
the existence of the world as it is. The indestructibility 
matter, and the conservation of energy, are Very probable 
scientific hypotheses, which accord satisfactorily with ex- 
periments of scientific men during a few years past, but it 
would be gross misconception of scientific inference to 
suppose that they are certain in the sense that a propo- 
sition in geometry is certain. Philosophers no doubt hold 
that de niliilo nihil fit, that is to say, their senses give them 
no means of imagining to the mind how creation can take 
place. But we are on the horns 6i a trilemma ; we must 
either deny that anything exists, or we must allow that it 
was created out of nothing at some moment of past time, 
or that it existed from eternity. The first alternative is 
absurd ; the other twa seem to me equally conceivable. 

Comlusion^ 

It may seem tliat there is one point where our specu- 
lations must end, namely where contradiction begins. The 
laws of Identity and Difference and Duality were the 
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foundations from which we started^ they are, so far as 
I can see, the foundations which ,we can neyer quit without 
tottering. Scienfific Methgd must ^J^in and end with the 
laws of^thought, but it does not folfcw that it will save us 
fromi^ncSuntellftg inexplicable, and aU least Apparently 
contradfttory results. The natui^^.of continuous quantity 
leads us into extreme difficulties. Any finite space is 
composed of an iiitinite number of infinitely small spaces, 
eaclf of which, again, is composed of an intinite number of 
spaces of a second order gf smallness*; these spaces of the 
second order are composed, again, of iiiliiiitely small 
spaces of the third order. Even these spaces of the third 
order are not absolute geometrical points answrfing to 
Euclid’s definition of a point, as position without mag- 
^ nitude. Go on as far as we will, in the subdivision of 
continuous quantity, yet we never get down -to the ab- 
solute point. Thus scientific method leads iis to the 
inevitable conception of an infinite series of shccessive 
orders of infinitely small quantities. If so, there is nothing 
impossible in the existence of a myriad universes within 
the compass of a needle’s point, each with its stellar sys- 
tems, and its suns and planets, in nurubci and variety 
unlimited. ♦Science does nothing to reduce the number 
of Strang# things that we may believe. When fairly 
pursued it makes absurd drafts upon our powers of com- 
prehension and belief. 

Some of the most precise and beautiful theorems in 
mathematical science seem to me to involve apparent con- 
tradiction. Can we imagine that a point moving along a 
» perfectly straight line towards the west would ever get 
round to the east and Acme back again, having performed, 
as it were, a circuit through infinite space, yet without 
ever diverging from a perfectly straight direction? Yet 
this is what liappens to the intersecting point of two 
straight lines in tlie same plane, when one line revolves. 
The same paradox is exhibited in the hyperbola regarded 
as an infinite ellipse, one extremity of which has passed to 
an infinite distance and come back in the opposite direction, 
A varying quantity may change its sign by passing either 
through zero or through infinity. In the latter case there 
must be one intermediate value of the variable for which 
the* variant is indifferently negative infinity and positive 
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infinity. Professor^pljlforditells me that he has found a 
mathematical ^inction \yhich approaches infinity as the 
variable approaches 'fw^certain iirnit ; yet? ‘at the limit the 
function is finite! Mathematicians may shirk difficulties, 
but they chnnot make such results of m!k?hema\icak»prin- 
ciples appear otlierwise^than contradictory to our ^common 
notion^ of space. ® 

The hypothesis that there is a Creator at once all-power- 
ful and all-benevolent is pressed, as it must seem to 6:very 
candid investigator, with difficulties verging closely upon 
logical contradiction. The existence of tlie smallest amount 
of pain and evil would seem to show that He is either not 
perfectly benevolent, or not all-poweiTul. No one can 
liave lived long without experiencing sorrowful events., 
of which tlie significance is inex])licable. But if \ve^ 
cannot succeed in avoiding contradiction in our notions of 
elementary geometry, can we expect that the ultimate 
purposes of existence shall present themselves to us with 
perfect clearness ? 1 can see nothing forbid the notion 

that in a higher state of intelligence much that is now 
obscure may become clear. We perpetually find .ourselves 
in the position of finite minds attempting infinite problems,, 
and can we be sure that where we see contradiction, an 
infinite intelligence might not ^jiscover perfect logical 
harmony ? 

From science, modestly pursued, with a due conscious- 
ness of the extreme finitude of our intellectual powers, 
there can arise only nobler and wider notions of the pur- 
pose of Creation. Our philosophy will be an affirmative 
one, not the false and negative dogmas of Auguste Comte,* 
which liave usurped tlie name, dfnd misrepresented the 
tendencies of a true iiositivc 'philosophy. True science will 
not deny the existence of things because they cannot be 
weighed and measured. It will rather lead us to believe 
that the wonders and subtleties of possible existence sur- 
pass all that our mental powers allow us clearly to perceive. 
The study of logical and mathematical forms has convinced 
me that even space itself is no requisite condition of con- 
ceivable existence. FNerything, we are told by materialists, . 
must be here or there, nearer or further, before or after. I. 
deny this, and point to logical relations as my proof. 

There formerly seemed to me to be something mysterious 
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in the denominators of the l^inoiijial^iiexpansion (p. 190), 
which are reproduoed^in the nati»ral constant* €, or 
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aad in %nany results of matheihatical analy^s. I now 
perceive, as already explained (pp. 33, 160, 383^ that tliey 
arise out of the fact that the relations of space ao not apply 
to the logical conditions governing yic numbers of com- 
binations as contrasted t© those of pcrmutatLons. So far 
am I Irom accepting Kant’s doctrine that spa.e is a 
necessary forrft of thought, that I regard it as an agcident, 
and an impediment to pure logical reasoning. Material 
existences must exist in space, no doubt, but intellectual 
existences may be neither in space nor out of space ; they 
may have no relation to space at all, just as space itself 
has no relation to time. For all that 1 can see, then, there 
may be intellectual existences to which both time and 
space are nullities? 

Now among the most unquestionable rules of scientific 
method is 4 )hat first law that whatever phenomenon is, is. 
We must ignore no existence whatever; we may variously 
interpret or^xplain its meanijag and origin, but, if a phe- 
nomenon dbes exist, it demands some kind of explanation. 
If then there is to be competition for scientific recog- 
nition, the world without us must yield to the undoubted 
existence of the spirit within. Our own hopes and wishes 
and determinations are the most undoubted j)henomena 
within the sphere of consciousness. If men do act, feel, 
•and liye as if they were not merely the brief products of a 
casual conjunction of a1;oms, but the instruments of a far- 
reaching purpose, are we to record all other phenomena 
and pass over these ? We investigate the instincts of tlie 
ant and the bee and the beaver, and discover that they are 
led by an inscrutable agency to work towards a distant 
purpose. liCt us be faithful to our scientific method, iind 
investigate also those instincts of the huitiaii mind by 
which man is led to work as if the approval of a Higher 
Peing were the aim of life. 
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Deductive reasouiuj^ 534 ; miscel- 
laneous forms ot 60 ; probable, 
209. 

Defijiii(Ji,*39, 91^11, 723 ; jmr- 
pose of,^54 ; of cause and pow^r, 
•224. ^ 

De ^Morgan, Augustus, nega^^e 
terms, 14 ; Aristotle’s logic, 18 ; 
relatives, 23 ; logical universe, 
43 ; complex propositions, 75 ; 
contraposition, 83 ; foAnal Iggic 
<|uotcd, 101 ; error of his system, 
117 ; anagram#)f his name, 128 ; 
mimericaliy definite reasoning, 
168-172 ; probability, 198 ; belief, 
199 ; experiments in probability, 
207 ; probable deductive argu- 
ments, 209-210 ; trisection of 
angle, 233 ; probability of infer- 
ence, 259 ; arcual unit, 306 ; 
matlieniatical tables, 331 ; per- 
sonal error, 348 ; average, 363 ; 
bis works on prol^bility, 394- 
395 ; apparent sequence, 409 : 
sub- equality 480 ; rule of ap- 
proximatioi? 481 ; negative areas, 
529 ; generalisation, 600 ; double 
algebra, 634fl^ bibliography, 716 ; 
catalogues, •716 ; ^extensions of 
algebra, 753. 

’ Density, unit of, 316 j of earth, 
387 ; negative, 642. 

Descartes, vortices, 517 ; geometry, 
682. 

Description, 62. 

Design, 762-763. 

Determinants, inference by, 50. 

Development, logical, 89, 97^ 

Diagnosis, 708. 

Dichotomy, 703. 

Difference, 44 ; law of, 5 ; sign of, 
17 ; representation of, 45 ; infer- 
ence with, 52, 166 ; form of, 158. 

Differences of numbers, 185. 

Differential calculus, 477. 

Differential thermometer, 345. 

Diffraction of light, 420. 

Dimensions, theory of, 825. 

Dip-needle, observation of, 855. 

Direct deduction, 49. 

Direction of motion, 47. 

Discoi^tinuity, 620. 

Discordance, of theory and experi- 
ment, 558 ; of theories, 587. 


# Discoveri^, accidental, 629 ; pre- 
dicted, 536 ; scftpe for, 752> 

Dilcrimiiiationf 24 ; power of, 4. 

Disjui^ive, tcr&s, 66; conjunction, 
67 ;* propositions, 66 ; syllvgism^ 

• 77 ; argument, 1061 

Di^ipatioii of energy, 810. 

Distflfnco of statements, 144. 

Divergence from average, 188. 

Diversity, 166. 

'Divine interference, 765. 

DolIoiid|i achromatic lenses, 608. 

Donkin, Professor, 375 ; on proba- 
bility, 199, 216 ; principle of 
inverse method, 244. 

Double refraction, 426. „ 

Dove’s law of winds, 534. 

Draper’s law, 606. 

Drooitscb, 15. 

Duality, 73, 81 ; law^of, 5, 45, 92, 

97: 

Dulong and Petit, 341, 471. 

Duration, 308. 

€, 330, 769. 

Kartb, density of, 387 ; ellii»ticity, 
565. 

Eclipses, 656 ; Eg\ ntian recor<is of, 
246; of Jupiter’s sal lliies, 294, 
372 ; solar, 486. 

Electric, sense, 405 ; nciil, 428 ; 
^ lluid, 523. 

Electric telegraph, anticipations of, 
671. 

Electricity, theories of, 522 ; duality 
of, 690. 

Electrolysis, 428, 530. 

Electro-magnet, use of, 423. 

Elements, confusion of, 237 ; jLlefiui- 
tioii, 427 ; classification, 676, 
677, 690. 

Elimination, 58. 

Ellicott, observation on clocks, 465. 

Ellipsis, 41 ; of terms, 67. 

Elliptic variation, 474. 

Ellipticity of earth, 565. 

Ellis, A. J., contributions to formal 
logic, 172. 

Ellie, Leslie, 23, 375. 

Ellis, W., on moon’s influence, 410. 

Emanation, law of, 463. 

Emotions, 732. 

Empirical, knowledge, 505, 525- 
526 ; measurement, 552. 

Encke, on mean, 386, 389 ; his 
comet, 570, 605 ; on resisting 
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medium, 523; solarf«]>arA]lax, • 

662. 0i 

Energy, unit of, ; conncn’valion 
of, 465; reconcentration 6 t, 7,51. 

Rnglisii ianguage, words in, 175. 

Eozoon canadfcsc, 412^*668. 

Equality, sign of, 14 ; axiom, L^53; 
four n\eaiiin(;s of, 479. ' 

Equations, 46, 53, 160 ; solution of, 
123. 

Equilibrium, unstable, 270, 654. 

E(iui.setaceai, 721. i 

Equivalence of propositions, 115, 
120, 132; remarkable case of, 
529, 057. 

Eratosthenes, sieve of, 82, 123, 

1 3!) ; measurement of degree, 
293. 

I'inor, function, 330, 376, 381 ; 
elimination of,* 339, 353 per- 
sonal, 347 ; law of, 374 ; origin 
of law, 383 ; verification of law, 
383 ; probable!, 380 ; mean, 387 ; 
constant, 396 ; variation of small 
eiroi’s, 479. 

Ktlior, luminiferous, 512, 514, 605. 

Euclid, axioms, 51, 163; indirect 
proof, 84; lOtli book, 117tli 
Itroposition, 275 ; on analogy, 
631. 

Euler, on certainty of inference, 
238 ; corpuscular theory, 435 ; 
gravity, 463 ; on ether, 514. 

Everett, Professor, unit of angle, 
306 ; metric system, 328. 

Evolution, theory of, 761. 

Exact science, 456, 

Exceptions, 132, 644, 728 ; classili- 
cation of, 645 ; imaginary, 647 ; 
apparent, 649 ; singular, 652 ; 
ciivergeiit, 655 ; accidental, 658 ; 
novel, 661 ; limiting, 663 ; real, 
606 ; unclassed, 668. 

Excluded middle, law of, 6. 

Exclusive altoriiatives, 68. 

Exhaustive investigation, 418. 

Expansion, of bodies, 478 ; of 
liquids, 488. 

Experiment, 400, 416 ; in proba- 
bility, 208 ; test or blind, 433 ; 
negative results of, 434; limits 
of, 487 ; collective, 445 ; sim- 
]dification of, 422 ; failure in 
simplification, 424. 

Ex}>eTimontalist, character of, 574, 

592. 


r (- 

Experimentum cwicis, 518, 667. 
Explana'don, 532. 

Extent of mcf-piiig, 26 ; of terms, 
*■ 48 . 

Extrapol ati on ,^4^ 

FaCtouials, 179. p 
Facts, ^nportanco of hilse, 41 4 , 
1?onformity with, 516. , 

Fallacies, 62 ; analysed by indirect 
method, 102 ; of observiitiov,408, 
Faraday, Michael, measurement of 
g*)ld-lcaf, 296 ; on gravity, 342 
589 ; magnetism of gases, 352 ; 
vibrating plat*,* 419 ; electric 
poles, 421 ; circularly polarised 
light, 424, 588, 630; freezing 
mixtures, 427 ; magnetic experi- 
ments, 431, 434 ; lines of mag- 
netic force, 446, 580 ; errors of 
experiment, 465 .electrolysis, 
502 ; velocity of light, 520 ; pre-‘ 
diction, 543 ; relations of phy- 
sical forces, 547 ; character of, 
578, 587 ; ray vibrations, 579 ; 
mathematical power, 580 ; philcf- 
sophic resorvatioi^ of opinion, 
592 ; use* of heavy glass, 609 ; 
electricity, 612 ; radiant matter, 
642 ; liydrogen, 611, 

Fatality, belie.'^in, 2di. 

Ferio, 56. 

Fignrato numbers, 183, 186. 

Figure of earth, 459, 565. 

Pizeau, use of Newton’s rings, 297, 
582 ; fixity of properties, 313 ; 
velocity of light, 441, 561. 
Flamsteed, use of wells, 294 ; 
standard stars, 301 ; parallax of 
polqpstar, 338 ; selection of obser- 
vations, 358 ; astronomical in- 
struments, 391 ; solar eclipses, 
486. 

Fluorescence, 664. 

Fontelielle on the senses, 405 
Forbes, J. D., 248 
Force, unit of, 322, 326 ; ema- 
nating, 464 ; representation of, 
633. 

Formul®, empirical, 487 ; rational, 

489. 

Fortia, TratU des Progressions, 183. 
Fortuitous coincidences, 261. 
Fossils, 661. 

Foster, G. C., on classification, 691. 
Foucault, rotating mirror, ; pen- 
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diSuiii, 342, 431. 522 ; on velocity 
of 441, 521, 561. . 

Fourier, Joseph, th^ry of cliiaen- 
sioiis, 325 ; tlioory of heat, 46St 

^ 744. 

Fowlc^ fTUbma-^^ligi method of 
diflereiice, 439 ; reasoning fi-fm 
^aso to ftise, 227. 

F'rankland, Professor Edward, •ii 
s])T‘etrum of gases, 606. 

Franklin's cxpeiinicnts on lieat, 
42f. 

Frannliofcr, dark lines of SpecLrym, 
420. 

Fj eezing-})oint, 5^6. 

FriH'zing mixtin cs, 546. 

FrcisneJ, inllexion of light, 420 ; 
eorpnscnlar tlieory, 521 ; on use 
of Jiy])othesis, 538 ; doulde re- 
fraction, 539. 

Friction, 417 ; determination of, 
347. 

Function, denuitions of, 480. 

Functions, discovery of, 406. 

• 

GaiJleo, 626«; on cycloid, 232, 
235 ; diiierential method of obser- 
vation, 34f ; projectile.s, 447, 
466 ; d.se of telescope, 522 ; 
gravity, 604; principle of con- 
tinuity, 617^ , 

Gallon, d«dinition of, 318. 

Galton, Francis, divergence from 
mean, 188; works by, 188, 655 ; 
on hereditary genius, 385, 655. 

Galvanometer, 351. 

Ganieres, dc, 182. 

Gases, 613 ; properties of, 601, 602 ; 
perfect, 470 ; liquefiable, 665. 

Gauss, ])enduluin experiments, 316; 

^ law of error, 375-6 ; detemion of 
error, 396 ; on gravity, 463. 

Gay Lussac, on boiling point, 659 ; 
law of, 6''0. 

Genealogical classification, 680, 719. 

Gcneml, term.s, 29 ; truths, 647 ; 
notions, 673. 

Generalisation, 2, 594, 704 ; mathe- 
matical, 168 ; two meanings of, 
597 ; value of, 599 ; hasty, 623. 

Genius, nature of, 575. 

Genus, 433, 698 ; general issimum, 
701 ; natiii-al, 724. 

Geology, 667 ; records in, 408 ; 
slowness of changes, 438 ; excep- 
tions in, 660. 


f- 

GeoifljCdri^j^mcan, 361. 

Geometric reasoniiig, 458 ; certainty 
<tf, 264. • ' 

GiiVardUb injectof, 536 

Ginjorf, on rotation of earth, 2^91; 

• magnet isiii of silvdt, 431 ; expe- 
443. 

Ola?’# one, J. H., 445^ 

Glaisher, J. W. Tj., on matlTomatb^al 
tables, 331’; law of error, 375,395. 

Gold, discovery of, 413. 

Gold-assfy y)rocc.s.s, 434. 

Gold-leaf, thickness of, 296. 

Graham, Profc.s.sor Tbo ia.s, on 
(diemical affinity, 614; conti- 
nuity, 616, nature of hydrogfm, 
691. 

Giiunmar, 39; rules of, 31. 

Grammatica], cliaiigc, 119 ; c<[ui- 

valcnee, 120. 

Gramme, 317. 

Grapliical melliod, 492. 

Gr.ivesande, on inflection of light, 
420. 

Gravity, 422, 512, 514, 604, 740 ; 
determination of, 302 ; elimi- 
nation of, 427 ; biAv of, 458, 462, 
474 ; inconeadv .bility of, 510; 
Newton’s theory, 555 ; vaiiation 
of, 565 ; di.scovery of law, 581 ; 
Faraday on, 589 ; di.scontiiiuity 
in, 620 ; Aristotle on, 649 ; 
Hooke’s ex])erinicnt, 436. 

Grimaldi on the spectrum, 584. 

Grove, Jlr, Justice, on etlicr, 514 ; 
electricity, 615. 

Guericke, Otto von, 432. 

Habit, forntation of, 618. 

Halley, trade-wiiid.s, 534. 

llalley’.s comet, 537, 570. 

Hamilton, Sir William, disjunctive 
proi)ositions, 69 ; inference, 118 ; 
free-will, 223. 

Hamilton, Sir W. Rowan, on conical 
refraction, 540 ; quaternions, 634. 

Harley, Rev. Robert, on Boole’s 
lo^c, 23, 155. 

Harris, standards of length, 312. 

Hartley, on logic, 7. 

Hatchett, on alloys, 191. 

Haughton, Professor, on tides, 
460 ; muscular exertion, 490. 

Haiiy, on crystallography, 529. 

PI ay ward, R. B., 142. 

Heat, unit of, 324 ; measurement 
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of, 349; experiments ,444 ; f. pendulum stanc^rd, 315 ; cycloidal 

mechanical equivalent of, 668. pendulum, 341 ; differential me- 

Heavy glass, 588, 6^9. ♦ ‘ thod, 344; d^^itaut stars, 405 ; use 

Helrxiholtz, on mfcroscopyf 406 ; ' of hypothesis, 508 ; philosophical 

t undulations, 414 ; sound, l7 6.' method of, 6^ ; on analogy, 

Hcmihedral crystals, 649. ‘ 639. n ' ‘ 

Herschel, Sir John, on rotatioueof H^orid.s, 727. 
j)lane olpolafisatioii of light, ®129, Hydrogen, expansion off 471; iV)- 

630 ; quartz crystals,. 246 ; nu- Inactive power, 627 ; metallic 

nierical precision, 273 ; photo- nature of, 691. 
iiietry, 273 ; light of stars, 302 ; Hygrometry, 563. ^ 

actinometor, 337 ; iiiecin and Hypotheses, use of, 265, 504 ; sub- 
average, 363 ; eclipses of Jupiter’s stitutioh of simple hypotheses, 
satellites, 372 ; law of error, 377 ; 458 ; working hypotheses, 509 ; 

error iu obsoi vatioiis, 392 ; on requisites of, §10 ; descriptive, 

observattion, 400 ; moon’s iiillu- 522, 686 ; representative, 524 ; 
enco on clouds, 410 ; comets, 411 ; probability of, 559. 
spectrum analysis, 429 ; collective 

instances, 447, xninciplo of forced Identical propositions, 119. 
vibrations, 451, 663 ; metcoro- Identities, simple, 37 ; partial, 40 ; ^ 

logical variations, 489 ; double limited, 42; simple and partial, 

stars, 499, 685 ; direct action. 111; mference from, 51, 55. 

502 ; use of theory, 508 ; ether, Identity, law of, 5, 6, 74 ; expres- 

515 ; CTyperimentim craciSy 519 ; sioii of, 14 ; propagating power, 
interference of light, 539 ; inter- 20 ; reciprocal, 46. 
fereiice of sound, 540 ; density of Illicit process, of m&jor term, 65, 
cartb, 567 ; residual pheuomeua, 103 ; of minor term, 65. 

569; helicoidal dissymmetry, Immediate inference, 50, 61. 

630 ; lluoresceiice, 664. Imperfect induction, 146, 149. 

Ilindenburg, on cqmhinatorial Inclusion, relation olj 40. 

analysis, 176. Incommensurable qutviti ties, 275. 

Hipparchus, used method of repeti- tncompossible events, 205. 

tiou,289 ; longitudes of stars,294. Independence of small effects, 475 
Hippocrates, area of lunulo, 480. Independent events, 204. 

History, science of, 760. Indestructibility of matter, 466. 

Hobbes, Thomas, deliiiitiou of cause, Indexes, classification by, 714.; 

224 ; definition of time, 307 ; on formation of, 717. 
hypothesis, 510. India-rubber, properties of, 545. 

Hofmann, unit called crith, 321 ; Indirect method of deduction, 49, 

on prediction, 544 ; on anomalies, 31 ; illustrations of, 98 ; fallacies 
670. analysed by, 102 ; the test of ' 

Homogeneity, law of, 159, 327. equivalence, 115. 

Hooke, on gravitation, 436, 581 ; Induction, 11, 121 ; symbolic state- 

philosophical method, 507 ; on ment of, 131 ; perfect, 146 ; im^ 
strange things, 671. perfect, 149 ; philosophy of, 218 ; 

Hopkinson, John, 194 ; method of grounds of, 228 ; illustrations of, 
interpolation, 497. 229 ; quantitative, 483 ; problem 

Horrocks, use of mean, 358 ; use of two classes, 184 ; proWm of 
of hypothesis, 507. three classes, 137. 

Hume on perception, 34. Inductive truths, classes of, 219. 

Hutton, density of earth, 566. Inequalities, reasoning by, 47, 163, 

Huxley, Professor Thomas, 764; 166-166, 

on hypothesis, 509; classification, Inference, 9; general formula of, 
676 ; mammalia, 682 ; palaeon- 17 ; immediate, 50 ; witii two 
tology, 682. simple identities, 61 ; fram 

Huy ghens, theory of pendulum, 302; simple and paiiial identity, 68; 





with partial idiiiitities, 55 ; by 
sum of predicates, (il ; i)y dis- 
junctive pro posit 76 ; indi- 

rect method of, 81 ; iiiiturc ol? 
118 ; miimiph^jfiiiathematiciil, 
162 ^ TOrRiuty^^®36. 

Inlima spoiies, 701, 702. • 

Innniteness of universe, 738. 

I nfle^tioii of li "ht, 420. » 

Install tiie, citaiites, evocaiites, radii, 
cuRiiiculi, 270 ; monodicaej irre^ifu- 
lares, heteroclitiB, 608 : clandes- 
tinae, 610. • 

Instruments of measurement, 284. 
Insufficient enumgration, 176. 
Integration, 123. 

Intellect, etymology of, 5. 

Intension of logical terms, 26, 48 ; 

of propositions, 47. 
Interchangeable system, 20. 
Interpolation, 495 ; in meteorology, 
497. 


Inverse, process, 12; operation, 122, 
689 ; problem of two classes, 134 ; 
problem of three Classes, 137 ; 
problem of p%babiUty, 240, 251 ; 
rules of inverse method, 257 ; 
simple illustrations, 253 ; general 
solution, 255. 

Iodine, the sul^tance X, 523. 

Iron, properti«s of, 6)18, 670. 

In, ambiguity of verb, 16, 41. 

Isomorphism, 6(J2. 

Ivory, 375. 


James, Sir H., on density of earth, 
567. 

Jenkin, Professor Fleming, 328, 

Jevons, W. S., on use of mean, 361 ; 
on pedcsis or molecular^nove- 
raent of microscopic particles, 406, 
549 ; cirrous clouds. 411 ; spec- 
trum analysis, 429 ; elevated 
rain-gauges, 430 ; expeiimcnts 
on clouds, 447 ; on muscular 
exertion, 490 ; resisting medium, 
670 ; anticipations of the electric 
telegraph, 671. 

Jones, Dr. Bence, Life of Faraday, 

. 678. 

Jordanu.s, on tlie mean, 360, 

Joule, 645 ; on thermopile, 299, 
300 ; mechanical equivalent of 
heat, 325, 347, 568 ; temperature 
of 343 ; rarefaction, 444 ; 
on luomsoa’g predictiofi, 543 ; 


# lno^pcui^r theory of gases, 548 ; 
friction, 549 ; *thermHl pheno- 
mena <d IluidS, 557, 

JupiteiJ satellite* of, 372, 458, 63^L 
m)6 ; long ine(juality of, 456l 
• figure of, &6. * 

t 

KamAs, Lord, on bifiircatq classifi- 
cation, 697, 

Kant, disjunctive i»ropo8itions, 69 ; 
analogy, 597 ; doctrine of space, 
769. ♦ 

Rater’s pendulum, 316. 

Keill, law of emanating foi es, 464 ; 
axiom of simplicity, 625. 

Kepler, on star-discs, 390 ^ comets, 
408 ; laws of, 456 ; refraction, 
501 ; character of, 678. 

Kinds of things, 718. 

King Charles and the Royal Society, 
647. 

Kirchhoff, on linos of spectrum, 245. 

Kolilraustdi, rules of ap-^noximate 
calculation, 479. 

Lagiian(je, formula for interpola- 
tion, 497 ; accideulal discovery, 
531 ; union of Igohra and geo- 
m(3try, 633. 

Lambert, 15. 

Lamont, 452. 

Language, 8, 628, 643, 

Laplace, on })robabiUty, 200, 216 , 
principles of inverse method, 242 ; 
solution of inverse problem, 2.56 ; 
planetary motions, 249, 250 ; 
conjunctions of planets, 293 ; 
observation of tides, 372 ; at- 
mospheric tides, 367 ; law of 
errors, 378 ; dark stars, 404 ; 
hyperbolic comets, 407 ; his 
works on probability, 395 ; ve- 
locity of gravity, 435 ; sbibility 
of planetary system, 448, 746 ; 
form of Jupiter, 566 ; corpuscular 
theory, 521 ; cllipticity of earth, 
566 ; velocity of sound, 671 ; 
analogy, 597 ; law of gravity, 
615 ; inhabitants of planets, 640 ; 
laws of motion, 706 ; jajwer of 
science, 739. 

l^voisier, mistaken inference of, 
238 ; i)yrometer, 287 ; on expeii- 
ments, 423 ; prediction of, 544 ; 
theor}', 611 ; on acids, 667. 

Law, 3 ; of simplicity, 38, 7^ 161 ; 
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comniutativeness, 35, .1^9 s. (iis- 
jimctivo relatiqn, 71 ; unity, 72, 
167, 162 , identify, 74 contfra- 
dictioii, 74, 82 ; 'duality, f 3, 74, 

1^81, 97, 169 ; homogeneity,*' 159 ; 

^ error, 374 continuity, 615; of 
Boyle, 619 ; natural, 737. 

Laws, of thought, 6 ; empiTical 
matheAiatical, 487 ; of motion, 
617 : of botanical noiiDmclaturc, 
727 ; natural hierarchy of, 742. 

Ltiast squares, method of, 5^86, 393. 

ficgcndre, on geometry, 275 ; re- 
jection of observations, 391 ; 
method of least squares, 377. 

Leibnitz, 154, 163 ; on substitution, 
21 ; ])ropositions, 42 ; blunder in 
])robubility, 213 ; on Newton, 
515) ; continuity, 618. 

Leslie, dilierential thermometer, 
345 ; radiating power, 425 ; on 
alTcet alien of accuracy, 482. 

Letters, combinations of, 193. 

Leverrier, on solar parallax, 662. 

Lewis, Sir G. 0., on time, 307. 

Life is change, 173. 

Light, intensity of, 296 ; unit, 324 ; 
velocity, 535, 560, 561 ; science of, 
538 ; total reflection, 650 ; waves 
of, 637 ; classification of, 731. 

Liglitbouscs, Babbago on, 194. 

Limited identities, 42 ; inference of 
59. 

Lindsay, Prof. T. M., 6, 21. 

Linear variation, 47 4. 

Liiinoeus on synopsis, 712 ; genera 
and species, 725. 

Liquid state, 601, 614. 

Locke, John, on induction, 121 ; 
origin of number, 157 ; on proba- 
bility, 215 ; the word power, 221. 

Loekyer, J. Norman, classification 
of elements, 676. 

Logarithms. 148 ; errors in tables, 
242. 

Logic, etymology of name, 5. 

Logical abacus, 104. 

Logical alphabet, 93, 116, 173, 417, 
701 ; table of, 94 ; connection 
with arithmetical triangle, 189 ; 
in probability, 205. 

Logical conditions, numerical mean- 
ing of, 171. 

Logical machine, 107. 

Logical relations, number of, 142. 

Logical slate, 95. 


Logical truths, ceptainty of, 163, 

Lottery, ^thc infinite, 2. 

Jiovering, ProL- on ether, 606. 

Jiubbock and Driiikwater-Bcthune, 
386, 395. , 

Lucretius, raiEf^#^tomi, 741 ; 

fiidestnictibility of maj.ter, 622. 

MifccniNE, logical, 107. ^ 

Macleay, system of classification, 
719. ^ 

Magnetism of gases, 352. 

Mayct, 6ii earthquakes, 314. 

Malus, polarised light, 530. 

Mammalia, characters ol‘, 681. 

Manchester Literary and Pliilo- 
sophical Socnety, papers quoted, 
137, 143, 168. 

Manscl, on disjunctive propositions, 

cr. 

Mars, white spots of, 596. 

Maskelyne, on pei'sonal error, 347 ; 
deviation of plumbline, 369 ; 
density of earth, 566. 

Mass, unit of«’3l7, 325. 

Mathematical sciened; 767 ; incom- 
pleteness of, 754. 

Matter, uniform properties of, 603 ; 
variable pro])ertios, 606. 

Matthiessen, 528. « 

Maximum poiT,\ts, 371« 

Maxw'ell, Professor Clerk, on. the 
balance, 3Q4 ; natural system of 
standards, 311, 319 ; velocity of 
electricity, 442 ; on Faraday, 
580 ; his book on Matter and 
Motion^ 634. 

Mayer, proposed r(q)eating circle, 
290 ; on mechaiiicai equivalent of 
heat,J)68, 572. 

Mean, etymology of, 359-360 ; 
geometric, 362 ; fictitious^ 863; 
precise, 365 ; probable, 385 ; 
rejection of, 389 ; method of, 
357, 554. 

Mean error, 887. 

Meaning, of uames, 25 ; of propo- 
sitions, 47. 

Measurement, of phenomena, 270 , 
methods of, 282 ; instruments, 
284 ; indirect, 296 ; accuracy of, 
303 ; units and standards of, 805 ; 
explained results of, 554 ; agree- 
ment of modes of, 564. 

Mediate statements, 144. 

Melodies, possible number.^, 191. 







Thomas, on the specfram, 
429. • 

Membra dividcntiat 68. 

Metals, probable cMraoter pf iie\l| 
258 ; transparency, 548 ; classi- 
ficeUq^,^75 ;^%^ty, 706. 

Meth(^, indirect, 9o ; of avoidance 
•of erroi^ 340 ; diiferential, 344 : 
correction, 346 ; conipensati^i, 
SSO ; reversal, 354 ; means, 357 ; 
least squares, 377, 386, 393 ; 
vaftatioiis, 439 ; graphical, 492 ; 
Baconian, 507. 

Meteoric streams, 372. 

Meteoric cycle, 537. 

Metre, 349 ; err*' of, 314. 

Metric system, 318, 323. 

Michell, speculations, 212 ; on 
double stars, 247 ; Pleiades, 248 ; 
torsion balance, 566. 

Middle tenn undistributed, 64. 

Mill, John Stuart, disjunctive, j>ro- 
Ijositiou.^ 69; iiiduction, 121, 
594 ; music, 191 ; probability, 
200-201, 222 ; supposed reform 
of logic, 22> ; deductive method, 
265, 5u8 ; elimination of chance, 
385 ; joint Tnethod of ngr<*<‘jn<‘nt 
and didereiice, 425 ; method of 
variations, J84 ; on collocations, 
740 ; erroneous tendency of his 
])lnlosophy, 752. 

♦Miller, Prol'. W. 11., kilogram, 318. 

Mind, powers of, 4 ; ])lienomena 
of, 672. 

Minerals, classification of, 678. 

Minor term, illicit ju’ocess of, 65. 

Mistakes, 7. 

Modus, Colendo i^oyieus, *11 ; 2>oi\endo 
toilers, 78. 

Molecular movement, or pede.si.s, 

406. 

Molecules, number of, 195, 

Momentum, 322, 326. 

Monro, C. J., correction by, 172 ; 
on Comte, 753. 

Monstrous productions, 657. 

Moon, 8upf»oscd influence on clouds, 
410 ; utmosi>here of, 434 ; mo- 
tions, 485 ; fall towards earth, 
655. 

Morse alphabet, 193. 

Mother of pearl, 419. 

Muller, Max, on etymology of intel- 
lect, 5. 

Multipli:>ation in logic, 161. 


Murpliy, J. J., on disjunctive 
relJltiorl* 71. ^ 

Murray, ^ntrodficed UR(>of ice, 343. 

Mnsciii|prsiisuritis, 298. 

Mtisicy possible combi Jiatio'is A 

. 191 “ ^ 

Njfivwc.s, 25 ; of peison.s, shii).s, &c., 
680. • • 

Nature, 1 ; laws of, 737 ; unifonn- 
ity of, 745. 

Nebular^tlieory, 427. 

Negation, 44, 

Negative, arguments, 621. 

.Njegative density, 642. 

N«^gativc premises, 68, 103. 

Negative projaisitions, 43, 

Negative results of experinujiit, 434. 

Negative terms, 14, 45, 54, 74. 

Neil on use of hypothesis, 509. 

Neptune, discovery of, 537, 660. 

Newton, Sir Isaac, binomial tlieo- 
rem, 281; s|)e<3rurn, , 262, 418, 
420, 424, 583 ; rings of, 288, 
470 ; velocity of sound, 295 ; 
wave-lengths, 297 ; use of pen- 
dulum, 303 ; on time, 308 , 
ileliiiitiou of n attor, 316 ; j)eu- 
dulum <*X})eriim‘iit, 3 IS, 443, 
604 ; centrobaric botiies, 365; on 
weight, 422 ; achromatic lenses, 
432 ; resistance of B])aco, 435 ; 
alKSorplion of light, 445 ; ]>la- 
notary motions, 249, 457, 463, 
466), 467 ; infinitesimal caleulu.s, 
477 ; as an alchemist, 505 ; lii.s 
knowledg(j of Bacon’s works, 507 ; 
hi/pothcscs non Jingo, 51 5 ; on vor- 
ti(;es, 517 ; theory of colours, 
518 ; coipu sen lar theory of liglit, 
520 ; tits of easy retlection, 

523 ; combustible suUstanc.e.s, 
527 ; giavity, 555, 650; density oi 
(jarlh, 566 ; velocity of sound, 
571 ; third law of motion, 622 ; 
his nilcs of philosophising, 625 ; 
liuxionsf 633 ; theory of sound, 
635 ; negative density, 642 ; 
rays of light having sides, 662. 

Newtonian Method, 581. 

Nicholson, discovery of electroly.sis, 
530. 

Ninth Bridgewater Treatise quoted, 

743, 757. 

Nipher, Professor, on muscular 
exeilion, 490. 
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ICaptain, chronoi^gppe, 808,^ 

Nomenclatere, Taw® of botanical, 

727. 

-on-observation, argiiment^ from, 
411. 

Norwocnrs measureme^ of a degree, 
272. 

Nothings 32. ' 

Number, nature of, 163, 166 ; con- 
crete and abstract, 159, 805. 

Numbers, prime, 123 ; ^of Ber- 
noulli, 124 ; figurate, 188 ; tri- 
angular, &c., 185. 

Numerical abstraction, 168. 

Observa'tion, 399 ; mental con- 
ditions, 402 ; instrumental and 
sensual conditions, 404 ; external 
conditions, 407. 

Obverse statements, 144. 

Ocean, depth of, 297. 

Odom'S, 7^2. 

Oersted, on electro-magnetism, 630, 
635. 

Or, meaning of, 70. 

Order, of i»remises, 114 ; of terms, 
33. 

Orders of combinations, 194. 

Original research, 674. 

Oscillation, centre of, 364. 

Ostensive instances, 608. 

Ozone, 663. 

r, value of, 2-34, 629. 

Pack of cards, arrangement of, 241. 

Paley on design, 762, 763. 

Parallax, of stars, 344 ; of sun, 
560. 

Parallel forces, 652. 

Paralogism, 62. 

Parity of reasoning, 268. 

Partial identities, 40, 56,' 67, 111; 
induction of, 180. 

Particular (juantity, 56- 

P.^ticulars, reasoning from, 227. 

Partition, 29. 

Pascal, 176 ; arithmetical machine, 
107 ; arithmetical triangle, 182 ; 
binomial formula, 182 ; error in 
probabilities, 218 ; barometer, 
619. 

Passive state of steel, 659. 

Pedesis, or molecular movement 
of miorosoopic particles, 406, 
612. 


Peime, Professor, 23 ; on rejection 
of observation^, 891. 

Pendultim, 290, 802, 316 ; faults 
f. of, 311 ; v!..rations, 463, 464 ; 

cycloidal, 461. 

Perfect inductupisr 146|i 14^. 
Pcigon, 806.^ 

Permutations, 173, 178 ;/distiiictjon 
^from combinations, 177. 

Personal error, 347. * 

Photometry, 288. 

Physiology, exceptions in, 66fd. 
Planets, conjunctions of, 181, 187, 
i'b7 ; discovery of, 412 ; motions, 
467 ; i>erturbations of, 667 ; 
classification, ^83 ; system df, 
748. 

Plants, classification of, 678. 
Plateau’s experiments, 427. 

Plato on science, 695. 

Plattes, Gabriel, 434, 438. 

Pliny on tides, 451. 

Plumb-line, diverg'^nce of, 461, 
Plurality, 29, 156. _ 

Poinsot, on probability, 214. 
Poisson, on priiicifVe of the in- 
verse method, 244 ; . work on 
Probability, 396; '^ '^wton’s rings, 
470 ; simile of ballot-box, 624. 
Polarisation, 653 ; discovery of, 
530. 

Pob>-star, 661^ obseri^ations of, 366. 
Poles, of magnets, 865 ; Qf battery^ 
421. 

Political economy, 760. 

Pori>hyry, on the Predicables, 698 ; 

tree of, 702. 

Port Royal logic, 22. 

Positive philosophy, 760, 768. 
Pouillet’s pyrheliometer, 837. 

Powe] IT Baden, 628 ; on* planetary 
motions, 660. ,, 

Power, definition of, 224. - / 

Predicables, 698. - . 

Prediction, 686, 789 ; in science hi' 
light, 638 ; theory of undulations, 
540 ; bther sciences, 642 ; by 
inversion of cause and effect, 545. 
Premises, order of, 114. 

Prime numbers, 123, 139 ; formula 
for, 230. 

PrincipiOf Newton’s, 681, 688. 
Principle, of probability; 200; in- 
verse method, 242 ; forced vibra- 
tions, 451 ; approximation, 471 ; 
co-existence pf small vi^ations. 
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4:^; superposition of small 
effects, 476. • 

Probable error, 555. ^ * 

Probability, etym^lbgy of, 197# 
theory of, 197 ; principles, 200 ; 
calc]j)|ti« 4 s, (lifiiculties of 

theory, 213; application of tbe«)#y, 
4215 ; iii^nduction, 219 ; injudi- 
cial proceedings, 216 ; works c#, 
39^ ; results of law, 656. 
ProbleiuR, to be worked by reader, 
129; inverse problem of two 
classes, 135 ; of three cliisses,;^37. 
Proclus, commentaries of, 232. 
Proctor, li.A., stnr-drifts, 248. 
Projectiles, theo^ of, 466. 

Proper names, 27. 

Properties, generality of, 600 ; 
uniform, 603 ; extreme instances, 
607 ; correlation, 681. 

Property, logical, p‘99 ; peculiar, G99. 
Proportion, simple, 501. 
Propositions, 36 ; negative, 43 ; 
conversion of, 46 ; twofold mean- 
ing, 47 ; d.isjunctim', 66 ; c(iui- 
valenco of, *115; identical, 119; 
taiitologous, 119. 

Protean verses^ 175. 

Protoplasm, 524, 764, 

ProuPs law, 2jj3, 464. 

Provisional u^its, 32J. 

Proximate staterae»u.s, 144. • 

I yramidal numbers, 185. 
Pythagoras, on duality, 95; on the 
number seven, 262, 624. 

QuADiilO variation, 474. 
Qualitative, reasoning, 48 ; proposi- 
tions, 119. 

Quantification of predicate,-^!. 
^Quantitative, reasoning, 45; pro- 
. poMtion-s, 119 ; questions, 278 ; 
uiduction, 483. 

Quantities, continuous, 274 ; iu- 
connnensurable, 275. 

Quaternions, 160, 634. , 

Quetelet, 188 ; experiment on pro- 
bability, 208 ; on mean and 
average, 363 ; law of error, 378, 
380 ; verification of law of error, 
885. 

Radiak, 306. 

Radiant matter, 642. 

Radiation of best, 480. 

Radiom^ler, 485. 


Rainbow^ theory of, 626, eJk. 

RainfMl, Variation of, 480. 

Ravtean tree, 7^3, *704.1 

Ramsd^s bala»ce, 304. 

'Rankine, on specific he|||^of ai^ 

« ^7 ; rec(yiqeiitration cu energy, 

Raftcgifil formulai, 489. • 

Rayleigh, Lord, f>u graphical 
iBjethod, 496. 

Reasoning, arithmetical, 167 ; nii- 
jnericii^ly definite, 168 ; geome- 
trical 4f»8. 

Rccorde, Robert, 15. 

Reduction, of syllogisms, 85 ; ad 
ahsiirdum, 41.5 ; of obs( . vation.s, 
652, 572. 

Reflection, total, 650. 

Refraction, atmospheric, 340, 366, 
500 ; Jaw of, 501 ; conical, 5i0 ; 
double, 585. 

Regnault, dilatation of mercury, 
342 ;• measurement of boat, 360 ; 
exact experiment, 397 ; on Boyhj’s 
law, 468, 471 ; latent heat of 
.steam, 487 ; graphical method, 
494 ; specific heat of air, 557. 

Reid, on bifurcate cla8sifi(;ation,697. 

Reign of law, 741, 769, 

Rejection of obser* ations, 890. 

Relation, sign of, 17 ; logic of, 22 ; 
logical, 35 ; axiom of, 164. 

Itepctition, method of, 287, 288. 

Representative hypoth eses, 524. 

Reproduction, modes of, 730. 

Reservation of judgment, 592. 

Residual effects, 558 ; phenomena, 
660, 569. 

Resisting medium, 310, 523, 570. 

Resonance, 453. 

Reusch, on substitution, 21, 

Reversal, method of, 354. 

Revolution, quantity of, 306. 

Robertson, Prof. Oroom, 27, 101. 

Robison, electric curves, 446. 

Rock-salt, 609. 

Rcemer, divided circle, 355 : velocity 
of light, 535. 

Rosooe, Prof., plioiometrical re- 
searches, *273 ; solubility of salts, 
280 ; constant ilame, 441 ; ab- 
sorption of gases, 499 ; vanadium, 
528 ; atomic weight of vanadium, 
392, 649. 

Rousseau on geometry, 233. 

Rules, of inference, 9, 17 ; indirect 
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metCod of inference.^ 89 ; for^ 
calculation of ^ombinAion^, 180 ; 
of probabilities, €103 ; pf inverse 
metliod, 257 ; for elimiiy'tion of 
r error, 853. 

iininforcl, Ccunt, experiments mi 
heat, 843, 350, 467. ’ 

Ilitlninants, Cuvier on, 683. - 
lUisscllj’^^cott; o]i sound, 641. 

Sample, use of, 9. 

Sandoinan, on perigon, ^06 ; ap- 
proximate arithmetic, 481. 

Saturn, motions of satellites, 293 ; 
rings, 293. 

^Schehalljen, attraction of, 369, 566. 
Schottua, on combinations, 179. 
Schwabe, on sun-spots, 452. 

Science, nature of, 1, 673. 

Selenium, 663, 670. 
Self-contradiction, 32. 

Senior s definition of wealth, 75. 
Senses, fallacious indications of, 
276. 

Seven, coincidences of number, 262 ; 

fallacies of, 624. 

Sextus, fatality of name, 264. 

Sieve of Eratosthenes, 82, 123, 139. 
Similars, substitution of, 17. 

Simple identity, 37, 111 ; inference 
of, 58 ; contrapositive, 86 ; in- 
duction of, 127. 

Simple statement, 143. 

Simplicity, law of, 33, 68, 72, 
Simpson, discovery of property of 
chloroform, 531. 

Simultaneity of knowledge, 34. 
Singular names, 27 ; terms, 12.9. 
Siren, 10, 298, 421. 

Slate, the logical, 95. 

Smeaton’s experiments, on water- 
wheels, 347 ; windmills, 401, 
441. 

Smee, Alfred, logical machines, 107. 
Smell, delicacy of, 437. 

Smithsonian Institution, 829. 
Smyth, Prof. Piazzi, 452. 

Socrates, on the sun, 011. 

Solids, 602. 

Solubility of salts, 279. 

SoTiUy the adjective, 41, 56, 

Sorites, 60. 

Sound, obseiwations on, 366 ; un- 
dulations, 405, 421 ; velocity of, 
671 : classification of sounds, 
783 


Space, relations of, 220. 

Species,. 698 ; iiifima, 701 ; natural, 
724. ^ 

Specific gravit^fe, 301 ; heat of air, 
557. ^ 

Spence, on b(»]i^*!?g poi?t, f^^6. 

Spencer, Herbert, nature of logic, 
4, 7 ; sign of cff^lality, ^5 ; 
rhythmical motion, 448 ; abstrac- 
tion, 705 ; philosophy of,'* 718, 
761, 762. 

Spectroscope, 437. 

Sp^xtruuSK 583. 

Spiritnali.srn, 671. 

Spontaneous generation, 432. 

Standards of measurement, 305 ; 
the bar, 312 ; terrestrial, 314 ; 
pendulum, 315; provisional, 318 ; 
natni’al .system, 319. 

Star.s, <liscs of, 277 ; inotious of, 
280, 474 ; variations of, 281 ; 
fi])])roach or recess, 298 ; standard 
stars, 301 ; apparent diameter, 
390 ; variable, 450 ; proy)er mo- 
tioiLS, 572^. 15runo on, 639 ; new, 
644 ; pole-star, 65^ ; conflict with 
wandering stars, 748. 

Stas, M., ids balraice, 304 ; on 
atomic weights, 464. 

Statements, kinds of. 144, 

Statistical condition's^. 168. 

StCpinus, on nclined plane, 622, 

Stewart, Professor Balfour, on rt',- 
sisting medium, 670 ; theory of 
exchanges, 571. 

Stifels, arithmeticial triangle, 182. 

Stokes, Professor, on resistance, 
475 ; fJiioresccuco, 664. i 

Stone, E. J., heat of the stars, 370 ; 
tenyueratiire of earth’s surface, 
45^'; transit of Venus, 562, ^ 

Struve on double star.s, 247. 

Substantiijl terms, 28. 

Substantives, 14. 

Substitution of similars, 17, 45^ 
49, 104, 106 ; anticipations of, 
21 . 

Substitutive weighing, 346 

Sui genei'iSy 629, 728. 

Sulphur, 670. 

Suminum genus, 93, 701. 

Sun, distance, 660 ; variations ol 
spots; 452. 

Superposition, of small effects, 460 ; 
snml motions, 476. 

Swan, W., on sodium ligl^t, 43i> 
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Syllogism, 140 ; moods of, 65, 84, ^ Tooke, lijorne, on caus^ S2p. 

86, 88, 106, 141 ; #numerically Torricelli, cycloid, 23#; his tbeo- 

detinite, 168. Iheni, #05 ; dh baroiireter, 066. 

Symbols, use of, ^3, 31, 32; ^ Torsidit balanc^ 272, 287. f 
quantity, 33 ^ Transit of Venus, 204, 348, 562. 

Synth0#a,^22 30. •Transit-circle, 356. * 

Ti^e of Porphyry, 702 ; of Radius, 
T*ablb-tiAnino, 671. 70B. ^ ^ 

Tac^t knowledge, 43. Triangle, arithmetical, 98, 182. 

Tacquet on combinations, 179. Triangular numbers, 186. 

Tait^P. G., 375 ; theory of comets. Trigonometrical survey, 301 ; cal- 
57i. culatHms of, 756. 

Talbot oil the spectrum, 129. • Trisection of angles, 414. 

Tartaglia on projectiles, 466. Tuning-fork, 64 1 . 

Tastes, classmcaJ|jLon of, 732. Tycho Braho, 271 ; on discs, 

Tautologous propositions, 119. 277; obliquity of eauih’s axis, 

Teeth, use in classification, 710. 289 ; circumpolar stars, 366 ; 

Temperature, variations of, 453. Sirius, 390. 

Tension of aqueous vapour, 500. Tyndall, Professor, on natural con- 

Terms, 24 ; abstract, 27 ; sub- stunts, 328 ; magnetism of gases, 
stantial, 28 ; collective, 29 ; syn- 362 ; precaution in experiments, 
thesis of, 30 ; negative, 45. 431 i use of imagination, 609 ; 

Terrot, Bishop, on'probability, 212. on Faraday, 547 ; iha^netism, 

Test experiments, 847, 433. ^ 649, 607 ; scope for discovery, 

Tetractys, 95. • 753. 

Thales, predicted eclipse, 537. Types, of logical conditions, 140, 

Theory, results of, 634 ; facts known 144 ; of statements, 145 ; classi- 
by, 647 ; cJViantitative, 551 ; of fication by, 722. 
exchanges, 671 ; freedom of form- 
ing, 57? , d evolution, 761. Uebeuwbg’s logic, C. 

Themionieter^ differential, ^6 ; Ultimate statements, 144. 

reading of, 890 ; change of “ ro, Undistributed, attribute, 40 ; middle 

I 390. term, 64, 103. 

Thermopile, 300. Undulations, of light, 568 ; analogy 

Thomas, arithmetical machine, 107. in theory of, 635. 

Thomson, Archbishop, 50, 61. Uiidulatory theory, 468, 520, 538, 

Thomson, James, prediction by, 540 ; inconceivability of, 510. 

542 ; on gaseous state, 654. Unique objects, 728. 

Thomson, Sir W., lighthouse sig- Unit, definiti.)u of, 157 ; groups, 
nals, 194; size of atomf, 195; 167; of measurement, 305; 

tides, 450 ; capillary attraction, arcual, 306 ; of time, 807 ; 

614 ; magnetism, 666 ; disaipa- space, 312 ; density, 316 : mass, 

tion of energy, 744. • 317 ; subsidiary, 320 ; derived, 

Thomson and Tait, chronometry, 321; provisional, 823; of heat, 

311 ; standards of length, 316 ; 325 ; magnotical and electrical 

the crowbar, 460 ; polarised light, units, 326, 327. 

653. Unity, law of, 72. 

Thomson, Sir Wyville, 412. Universe, logical, 43 ; iiifiniteness 

Thunder-cloud, 612. of* 7^ ; heat-history: of, 744, 

Tides, 366, 450, 476, 541 ; velocity 749 possible states of, 749. 

of, 298 ; gauge, 368 ; atmospheric, Uranus* Snomalies of, 660. 

Tim^’22(f ; definition of, 307. Vaouitm, Nature's abhorrence of, 

Todhunter, Isaac, Hidory of the 518. 

The<mi of PrbhdbUUy\ 256, 375, Vapour densities, 648. 

396 insoluble problems, 757. Variable, variant, 440, 441, 483. 

3 tt 
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Variation, Ijnear, elliptiq|f&c.#, 474 ; « 

method ^ * 

Varia&ons, logical, 140 ; *^110510, 

/ 447 ; combined, 450 ; intCgrnted, 

[t 452 ; Bimpl^ proportional, 601. ^ 
Variety, o^ nature, 178 ; of nature 
and art, 1 90 ; higher orderar of, 
192. c , 

Velocity, unit of, 321. 

Venn, Rev, John, logical problem 
by, 90 ; on Boole, 166 ; niswork 
on Logic of GhancCf 894.** 

Venus, 449 ; transits of, 294. 

Verses, Protean, 175. 

Vibrations, law of, 295 ; iirinciple 
of forced, 451 ; co-existence of 
small, 476. 

Vital force, 623. 

Voltaire on fossils, 661. 

Vortices, theory of, 513, 617. 
Vulcan, supposed planet, 414. 

Walus, 124, 175. 

Water, compressibility of, 338 ; 

properties of, 610. 

Watt’s parallel motion, 462. 

Waves, 699, 636 ; nature of, 468 •• 
in canals, 535; earthquake, 29'/. 
W euk arguments, effect of, 211. 
W^Us, on .dew, 425. 

Wenzel, on* neutral salts, 295. 


% 

Whately, disjuij^itive propositions, 
69 ; pi'ob'.ble arguments, 210. 
^hcatstone, ^hor, 124 ; galva- 
’ nometer, 28 d; revolving mirro]’, 
299, 308 ; H^^tlophoiie, 445 ; 
^clocity of Cil^trlcit^ 

V^ewell, on tides, 37 542 ; me- 
thod of least squares, 386. * 

tvhitworth, Sir Joseph, 304, 436. 
Whitworth, Rev. W. A., on Choice 
mid Chance f 395. f 

Wilbrah^rn, on Boole, 206. 
Williamson, .Professor A. W., che- 
mical unit, 321 ; prediction by, 
544. 

Wollaston, the goniometer, 287 ; 
light of moon, 302 ; spectrum, 
429. 

Wren, Sir C., on gravity, 581. 

X, THE substance, 523. 

Yard, standard, 897. 

Young, Dr^ Thoina.s, tension of 
aqueous vapour,^ 500 ; use ol 
hypotheses, 608 ; ethereal me- 
dium, 515. „ 

Zero point, 368. 

Zodiacal light, 276.*’ 
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